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Preface

The development of the theory of probability metrics — a branch of probability
theory — began with the study of problems related to limit theorems in probability
theory. In general, the applicability of limit theorems stems from the fact that they
can be viewed as an approximation to a given stochastic model and, consequently,
can be accepted as an approximate substitute. The key question that arises in
adopting the approximate model is the magnitude of the error that must be accepted.
Because the theory of probability metrics studies the problem of measuring dis-
tances between random quantities or stochastic processes, it can be used to address
the key question of how good the approximate substitute is for the stochastic model
under consideration. Moreover, it provides the fundamental principles for building
probability metrics — the means of measuring such distances.

The theory of probability metrics has been applied and has become an important
tool for studying a wide range of fields outside of probability theory such as
statistics, queueing theory, engineering, physics, chemistry, information theory,
economics, and finance. The principal reason is that because distances are not
influenced by the particular stochastic model under consideration, the theory of
probability metrics provides some universal principles that can be used to deal with
certain kinds of large-scale stochastic models found in these fields.

The first driving force behind the development of the theory of probability
metrics was Andrei N. Kolmogorov and his group. It was Kolmogorov who stated
that every approximation problem has its own distance measure in which the
problem can be solved in a most natural way. Kolmogorov also contended that
without estimates of the rate of convergence in the central limit theorem (CLT) (and
similar limit theorems such as the functional limit theorem and the max-stable limit
theorem), limit theorems provide very limited information. An example worked
out by Y.V. Prokhorov and his students is as follows. Regardless of how slowly
a function f(n) > 0, n = 1,..., decays to zero, there exists a corresponding
distribution function F(x) with finite variance and mean zero, for which the CLT is
valid at a rate slower than f(n). In other words, without estimates for convergence
in the CLT, such a theorem is meaningless because the convergence to the normal
law of the normalized sum of independent, identically distributed random variables
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viii Preface

with distribution function F(x) can be slower than any given rate f(n) — 0. The
problems associated with finding the appropriate rate of convergence invoked a
variety of probability distances in which the speed of convergence (i.e., convergence
rate) was estimated. This included the works of Yurii V. Prokhorov, Vladimir V.
Sazonov, Vladimir M. Zolotarev, Vygantas Paulauskas, Vladimir V. Senatov, and
others.

The second driving force in the development of the theory of probability metrics
was mass-transportation problems and duality theorems. This started with the work
of Gaspard Monge in the eighteenth century and Leonid V. Kantorovich in the 1940s
—for which he was awarded the Nobel Prize in Economics in 1975 — on optimal mass
transportation, leading to the birth of linear programming. In mathematical terms,
Kantorovich’s result on mass transportation can be formulated in the following
metric way. Given the marginal distributions of two probability measures P and Q
on a general (separable) metric space (U, d), what is the minimal expected value —
referred to as k (P, Q) or the Kantorovich metric — of a distance d(X,Y) over
the set of all probability measures on the product space U x U with marginal
distributions Py = P and Py = Q? If the measures P and Q are discrete,
then this is the classic transportation problem in linear programming. If U is
the real line, then « (P, Q) is known as the Gini statistical index of dissimilarity
formulated by Corrado Gini. The Kantorovich problem has been used in many
fields of science — most notably statistical physics, information theory, statistics,
and probability theory. The fundamental work in this field was done by Leonid V.
Kantorovich, Johannes H. B. Kemperman, Hans G. Kellerer, Richard M. Dudley,
Ludger Riischendorf, Volker Strassen, Vladimir L. Levin, and others. Kantorovich-
type duality theorems established the main relationships between metrics in the
space of random variables and metrics in the space of probability laws/distributions.
The unifying work on those two directions was done by V. M. Zolotarev and his
students.

In this book, we concentrate on four specialized research directions in the theory
of probability metrics, as well as applications to different problems of probability
theory. These include:

* Description of the basic structure of probability metrics,

* Analysis of the topologies in the space of probability measures generated by
different types of probability metrics,

* Characterization of the ideal metrics for a given problem, and

» Investigation of the main relationships between different types of probability
metrics.

Our presentation in this book is provided in a general form, although specific
cases are considered as they arise in the process of finding supplementary bounds or
in applications to important special cases.

The target audience for this book is graduate students in the areas of functional
analysis, geometry, mathematical programming, probability, statistics, stochastic
analysis, and measure theory. It may be partially used as a source of material for
lectures for students in probability and statistics. As noted earlier in this preface,
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the theory of probability metrics has been applied to fields outside of probability
theory such as engineering, physics, chemistry, information theory, economics, and
finance. Specialists in these areas will find the book to be a useful reference to gain
a greater understanding of this specialized area and its potential application.

New York, USA Svetlozar T. Rachev
Prague, Czech Republic Lev B. Klebanov
Singapore Stoyan V. Stoyanov

Nice, France Frank J. Fabozzi
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Part I
General Topics in the Theory of
Probability Metrics



Chapter 2
Probability Distances and Probability Metrics:
Definitions

The goals of this chapter are to:

* Provide examples of metrics in probability theory;

* Introduce formally the notions of a probability metric and a probability distance;

* Consider the general setting of random variables (RVs) defined on a given
probability space (€2, .4, Pr) that can take values in a separable metric space U
in order to allow for a unified treatment of problems involving random elements
of a general nature;

* Consider the alternative setting of probability distances on the space of proba-
bility measures P, defined on the o-algebras of Borel subsets of U? = U x U,
where U is a separable metric space;

* Examine the equivalence of the notion of a probability distance on the space of
probability measures P, and on the space of joint distributions £X, generated by
pairs of RVs (X, Y) taking values in a separable metric space U.

S.T. Rachev et al., The Methods of Distances in the Theory of Probability and Statistics, 11
DOI 10.1007/978-1-4614-4869-3_2, © Springer Science+Business Media, LLC 2013
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2 Probability Distances and Probability Metrics: Definitions

Notation introduced in this chapter:

Notation Description

EN Engineer’s metric

xr Space of real-valued random variables with E|X|? < oo
P Uniform (Kolmogorov) metric

X=X[R) Space of real-valued random variables

L Lévy metric

K Kantorovich metric

0, L ,-metric between distribution functions
K, K* Ky Fan metrics

L, L ,-metric between random variables
MOM,, Metric between pth moments

(S, p) Metric space with metric p

R” n-dimensional vector space

r(Cy, Cy) Hausdorff metric (semimetric between sets)
s(F,G) Skorokhod metric

K=K, Parameter of a distance space

H Class of Orlicz’s functions

ol Birnbaum—Orlicz distance

Kr Kruglov distance

U,d) Separable metric space with metric d

S.IM.S. Separable metric space

U* k-fold Cartesian product of U

By = By (U) Borel o-algebra on U*

P = Pr(U) Space of probability laws on By

Tygp.,..yP Marginal of P € Py on coordinates «, S, ...,y
Pry Distribution of X

nw Probability semidistance

X:=XU) Set of U-valued RVs

LX, 1= LX,(U) Space of Pryy, X,Y € X(U)

u.m. Universally measurable

U.Mm.s.m.s. Universally measurable separable metric space

2.1 Introduction

Generally speaking, a functional that measures the distance between random
quantities is called a probability metric." In this chapter, we provide different
examples of probability metrics and discuss an application of the Kolmogorov

"Mostafaei and Kordnourie (2011) is a more recent general publication on probability metrics and

their applications.
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metric in mathematical statistics. Then we proceed with the axiomatic construction
of probability metrics on the space of probability measures defined on the twofold
Cartesian product of a separable metric space U. This definition induces by
restriction a probability metric on the space of joint distributions of random elements
defined on a probability space (€2, .4, Pr) and taking values in the space U . Finally,
we demonstrate that under some fairly general conditions, the two constructions are
essentially the same.

2.2 Examples of Metrics in Probability Theory

Below is a list of various metrics commonly found in probability and statistics.

1. Engineer’s metric:
EN(X,Y) := [E(X) —E(Y)|, X,Y €X', (2.2.1)

where X7 is the space of all real-valued RVs) with E| X |? < oo.
2. Uniform (or Kolmogorov) metric:

p(X.Y) :=sup{|Fx(x) — Fr(x)|:x € R}, X, Y eX=X[R), (22.2)

where Fy is the distribution function (DF) of X, R = (—o00, +o0), and X is the
space of all real-valued RVs.
3. Lévy metric:

LX,Y):=infle >0: Fy(x —e) —e < Fy(x) < Fx(x +¢)+¢, VxeR}.
(2.2.3)

Remark 2.2.1. We see that p and L may actually be considered metrics on the
space of all distribution functions. However, this cannot be done for EN simply
because EN(X,Y) = 0 does not imply the coincidence of Fy and Fy, while
p(X,Y) =0 < L(X,Y) =0 < Fy = Fy. The Lévy metric metrizes
weak convergence (convergence in distribution) in the space F, whereas p is often
applied in the central limit theorem (CLT).?

4. Kantorovich metric:

k(X,Y)zAlFX(x)—Fy(x)|dx, X,y e x!.

2See Hennequin and Tortrat (1965).
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5. L,-metrics between distribution functions:
o0 1/p
0,(X.Y) = (/ | Fx(t) — Fy(t)lpdt) ., p>1, X, YeXxl 224
—0o0

Remark 2.2.2. Clearly, K = 0. Moreover, we can extend the definition of 8 , when
p = oo by setting o = p. One reason for this extension is the following dual
representation for 1 < p < oo:

0,(X,Y) = sup |[Ef(X)—Ef(Y)|, X,YeX'
fE€F,

where F, is the class of all measurable functions f with || f|, < 1. Here,
I f1l4(1/p + 1/q = 1) is defined, as usual, by*

(/|f|’f)l/q, I <q <o

esssup|f]|, ¢ = oo.
R

Ifllg =

6. Ky Fan metrics:
K(X.Y):=inf{le > 0:Pr(|X — Y| > ¢) < ¢}, X, Y €X, (2.2.5)
and
X 7|
1+ |X-Y|
Both metrics metrize convergence in probability on X = X(R), the space of

real RVs.*
7. L,-metric:

K*(X.,Y):= E (2.2.6)

L,(X,Y):={EX -Y|"}V/? p>1 X,YeX’. (2.2.7)
Remark 2.2.3. Define
mP(X) :={E|X|"}'/?, p>1 X eXx’. (2.2.8)
and

MOM,(X.Y) := |m”(X)—m?(Y)|. p=1. X.Y X" 2.2.9)

3The proof of this representation is given by (Dudley, 2002, p. 333) for the case p = 1.
4See Lukacs (1968, Chap. 3) and Dudley (1976, Theorem 3.5).
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Then we have, for Xy, X;,... € X7,

K(XI’H XO) - Oa

£, (X, Xo) = 0
p o X0) = 0= MoM, (X, Xo) — 0

(2.2.10)

[see, e.g., Lukacs (1968, Chap. 3)].

Other probability metrics in common use include the discrepancy metric,
the Hellinger distance, the relative entropy metric, the separation distance metric, the
x2-distance, and the f-divergence metric. These probability metrics are summa-
rized in Gibbs and Su (2002).

All of the aforementioned (semi-)metrics on subsets of X may be divided into
three main groups: primary, simple, and compound (semi-)metrics. A metric u is
primary if u(X,Y) = 0 implies that certain moment characteristics of X and Y
agree. As examples, we have EN (2.2.1) and MOM,, (2.2.9). For these metrics

EN(X,Y) =0 < EX = EY,
MOM,,(X.Y) =0 <= m”(X) = m"(Y). (2.2.11)

A metric u is simple if
wX,Y)=0 < Fx = Fy. (2.2.12)

Examples are p (2.2.2), L (2.2.3), and 8 , (2.2.4). The third group, the compound
(semi-)metrics, has the property

WX, Y)=0 < Pr(X =Y) = 1. (2.2.13)

Some examples are K (2.2.5), K* (2.2.6), and £, (2.2.7).

Later on, precise definitions of these classes will be given as well as a study of
the relationships between them. Now we will begin with a common definition of
probability metric that will include the types mentioned previously.

2.3 Kolmogorov Metric: A Property and an Application

In this section, we consider a paradoxical property of the Kolmogorov metric and
an application in the area of mathematical statistics.

Consider the metric space § of all one-dimensional distributions metrized by the
Kolmogorov distance

p(F,G) = sup |F(x) — G(x)], 2.3.1)

x€R

which we define now in terms of the elements of § rather than in terms of RVs as
in the definition in (2.2.2). Denote by B(F, r) an open ball of radius r > 0 centered
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Fig. 2.1 The ball B(F,,d,). 1.2
The solid line is the center of
the ball and the dashed line 1
represents the boundary of
the ball 08
0.6
0.4
0.2
0
_0.2 1 1 1
-0.5 0 0.5 1 1.5

at F in the metric space § with p-distance and let F, be a continuous distribution
function (DF). The following result holds.

Theorem 2.3.1. For any r > 0 there exists a continuous DF F, such that
B(F,,r) C B(F,,r) (2.3.2)

and
B(F,,r) # B(F,,r).

Proof. Let us show that there are F, and F, such that (2.3.2) holds. Without loss of
generality we may choose

0, x<O0,
Fa(x): X, 0§x<17
1, x>1.

For a given (but fixed) n define §, such that (2.3.1) is true.

Figure 2.1 provides an illustration of the ball B(F,, §,). The boundary of the ball
is shown by means of a dashed line, the center of the ball is the solid line, and the
radius 8, equals 0.2.

Consider now F, defined in the following way:

0, x < 64/2,
2x — 84, 8a/2 < x < 4,
Fa(x) = qx, $a < x < 1—28q,

2x—(1=8,), 1—8y<x<1—28,/2,
1, x> 1—384/2.
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Fig. 2.2 The ball B(F,, é)- 1.2
The solid line is the center of
the ball and the dashed line
represents the boundary of
the ball

_0.2 1 1 1
-0.5 0 0.5 1 1.5

An illustration is given in Fig. 2.2. Comparing Figs.2.1 and 2.2, we can see that
B(F,,64) C B(Fy,64)

and
B(Faaga) 7é B(F,,,(Sa), O

We demonstrate that this property leads to biasedness of the Kolmogorov
goodness-of-fit tests. Suppose that Xi,..., X, are independent and identically
distributed (i.i.d.) RVs (observations) with (unknown) DF F. Based on the observa-
tions, one needs to test the hypothesis

H() D F = F(u
where F, is a fixed DF.

Definition 2.3.1. For a specific alternative hypothesis, a test is said to be unbiased
if the probability of rejecting the null hypothesis

(a) Is greater than or equal to the significance level o« when the alternative is true
and
(b) Is less than or equal to the significance level when the null hypothesis is true.

A test is said to be biased for an alternative hypothesis if it is not unbiased for this
alternative.

Let d be a distance in the space of all probability distributions on the real line.
Below we consider a test with the following properties:

1. We reject the null hypothesis H, if

d(Gp, Fy) > 84,
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where G, is an empirical DF constructed on the basis of the observations
X1,..., X, and §, satisfies

Pr{d(G,, F,) > §,} < a. (2.3.3)
2. The test is distribution free, i.e.,
Prp{d(G,, F,) > 64}

does not depend on continuous DF F'.
We refer to such tests as distance-based tests.

Theorem 2.3.2. Suppose that for some a > 0 there exists a continuous DF F, such
that

B(F,,84) C B(F,,84) (2.3.4)
and
Prr,{G, € B(Fy,84) \ B(Fy,84)} > 0. (2.3.5)
Then the distance-based test is biased for the alternative F,.
Proof. Let X, ..., X, be a sample from F, and G, be the corresponding empirical
DEFE. Then

Prp,{G, € B(F,,84)} > 1 —«.
In view of (2.3.4) and (2.3.5), we have

Prp, {G, € B(F,,80)} > 1 — 0,

that is,
Pry {d(G,, F,) > 64} < . |

Now let us consider the Kolmogorov goodness-of-fit test. Clearly, it is a distance-
based test for the distance
d(F.G) = p(F.G).

From Theorem 2.3.1 it follows that (2.3.4) holds. The relation (2.3.5) is almost
obvious. From Theorem 2.3.2 it follows that the Kolmogorov goodness-of-fit test is
biased.

Remark 2.3.1. The biasedness of the Kolmogorov goodness-of-fit test is a known
fact.’ The same property holds for the Cramér—von Mises goodness-of-fit test.’

3See Massey (1950) and Thompson (1979).
6See Thompson (1966).
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2.4 Metric and Semimetric Spaces, Distance,
and Semidistance Spaces

Let us begin by recalling the notions of metric and semimetric spaces. Generaliza-
tions of these notions will be needed in the theory of probability metrics (TPM).

Definition 2.4.1. A set S := (5, p) is said to be a metric space with the metric p
if p is a mapping from the product S x S to [0, co) having the following properties
foreach x,y,z € §:

(1) Identity property: p(x,y) =0 <= x = y;

(2) Symmetry: p(x,y) = p(y,x);

(3) Triangle inequality: p(x,y) < p(x,z) + p(z, y).
Here are some well-known examples of metric spaces:

(a) The n-dimensional vector space R" endowed with the metric p(x, y) := ||x —
¥, where

n min(1,1/p)
lxllp = (leflp) s X =(x1...,x) ERY, 0 <p<oo,

i=1

[xlloo := sup |xi].
1<i<n

(b) The Hausdorff metric between closed sets

r(Ci, Cy) :max{ sup inf p(x,x7), sup in£ p(x1,x2)¢,

x1€Cy X2€C02 szszle 1

where the C; are closed sets in a bounded metric space (S, p).”

(c) The H-metric. Let D(R) be the space of all bounded functions f : R — R,
continuous from the right and having limits from the left, f(x—) = lim;4, f(¢).
For any f € D(R) define the graph I as the union of the sets {(x,y) : x €
R,y = f(x)}and {(x,y) : x € R,y = f(x—)}. The H-metric H(f, g) in
D(R) is defined by the Hausdorff distance between the corresponding graphs,
H(f,g) := r(I'y, I'y). Note that in the space F(R) of distribution functions,
H metrizes the same convergence as the Skorokhod metric:

7See Hausdorff (1949).
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s(F,G) = inf{ e > 0 : there exists a strictly increasing continuous

function A : R — R such that A(R) = R, sup |[A(t) —¢]| < &,
1€R

and sup |F(A(t)) — G(@)| < &y .
teR

Moreover, H -convergence in F implies convergence in distributions (the weak
convergence). Clearly, p-convergence [see (2.2.2)] implies H -convergence.®

If the identity property in Definition 2.4.1 is weakened by changing prop-
erty (1) to
x=y=py =0, (1)

then S is said to be a semimetric space (or pseudometric space) and p a semimetric
(or pseudometric) in S. For example, the Hausdorff metric r is only semimetric in
the space of all Borel subsets of a bounded metric space (S, p).

Obviously, in the space of real numbers, EN [see (2.2.1)] is the usual uniform
metric on the real line R [i.e., EN(a,b) := |a — b|, a,b € R]. For p > 0,
define F7 as the space of all distribution functions F with fi) oo F(x)Pdx + fooo(l —
F(x))Pdx < oo. The distribution function space 7 = JF° can be considered a
metric space with metrics p and L, while 6 ,(1 < p < o00) is a metric in F7. The
Ky Fan metrics [see (2.2.5), (2.2.6)], resp. £ ,-metric [see (2.2.7)], may be viewed
as semimetrics in X (resp. X') as well as metrics in the space of all Pr-equivalence
classes

X:={Y eX:Pr(Y =X)=1}, VX € X [resp. X”]. (2.4.1)

EN, MOM,, 6 ,, and £, can take infinite values in X, so we will assume, in the
next generalization of the notion of metric, that p may take infinite values; at the
same time, we will also extend the notion of triangle inequality.

Definition 2.4.2. The set S is called a distance space with distance p and parameter
K = K, if p is a function from S x S to [0, c0], K > 1, and for each x,y,z € S
the identity property (1) and the symmetry property (2) hold, as does the following
version of the triangle inequality: (3*) (Triangle inequality with parameter K)

p(x,y) < Klp(x,2) + p(z. y)]. (2.4.2)

If, in addition, the identity property (1) is changed to (1*), then S is called a
semidistance space and p is called a semidistance (with parameter K,).

Here and in what follows we will distinguish the notions metric and distance,
using metric only in the case of distance with parameter K = 1, taking finite or
infinite values.

8 A more detailed analysis of the metric H will be given in Sect. 4.2.
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Remark 2.4.1. 1t is not difficult to check that each distance p generates a topology
in S with a basis of open sets B(a,r) := {x € S;p(x,a) <r}, € S,r > 0. We
know, of course, that every metric space is normal and that every separable metric
space has a countable basis. In much the same way, it is easily shown that the same is
true for distance space. Hence, by Urysohn’s metrization theorem,’ every separable
distance space is metrizable.

Actually, distance spaces have been used in functional analysis for a long time,
as shown by the following examples.

Example 2.4.1. Let H be the class of all nondecreasing continuous functions H
from [0, co) onto [0, co), which vanish at the origin and satisfy Orlicz’s condition

Ky :=su HCY < 00
e HO T

(2.4.3)

Then s := H(p) is a distance in S for each metric p in S and K’; = Ky.

Example 2.4.2. The Birnbaum—Orlicz space L™ (H € H) consists of all integrable
functions on [0, 1] endowed with the Birnbaum—Orlicz distance'?

1
pi(fir fo) 1= /0 H(LA® — A00))dx. (2.4.4)

Obviously, K,,, = Ky.

Example 2.4.3. Similarly to (2.4.4), Kruglov (1973) introduced the following
distance in the space of distribution functions:

Kr(F,G) = / ¢ (F(x) — G(x))dx, (2.4.5)

where the function ¢ satisfies the following conditions:

(a) ¢ is even and strictly increasing on [0, 00), ¢(0) = 0;
(b) For any x and y and some fixed 4 > 1

p(x+y) = A@(x) + ¢(y)). (2.4.6)

Obviously, Kk, = A.

9See Dunford and Schwartz (1988, Theorem 1.6.19).
19Birnbaum and Orliz (1931) and Dunford and Schwartz (1988, p. 400)
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2.5 Definitions of Probability Distance and Probability
Metric

Let U be a separable metric space (s.m.s.) with metric d, U¥ = U >]<C -x U the
times

k-fold Cartesian product of U, and Pr = Pr(U) the space of all probability
measures defined on the o-algebra By = By (U) of Borel subsets of U*. We will use
the terms probability measure and law interchangeably. For any set {«, B,...,y} C
{1,2,...,k} and for any P € Py let us define the marginal of P on the coordinates
o, fB,....y by Typ ., P. For example, for any Borel subsets A and B of U,
TWP(A) = P(AxU x---xU), Ti1zP(AxB) = PAxU x B x---xU).
Let B be the operator in U? defined by B(x, y) := (y,x) (x,y € U). All metrics
(X, Y) cited in Sect.2.2 [see (2.2.1)—~(2.2.9)] are completely determined by the
joint distributions Pry y (Pryxy € P>(R)) of the RVs X, Y € X(R).

In the next definition we will introduce the notion of probability distance, and
thus we will describe the primary, simple, and compound metrics in a uniform way.
Moreover, the space where the RVs X and Y take values will be extended to U, an
arbitrary s.m.s.

Definition 2.5.1. A mapping p defined on P, and taking values in the extended
interval [0, oo] is said to be a probability semidistance with parameter K := K, > 1
(or p. semidistance for short) in P, if it possesses the following three properties:

(1) (Identity property (ID)). If P € P, and P(Uxepy{(x,x)}) = 1, then u(P) = 0;

(2) (Symmetry (SYM)). If P € P,, then u(P o B~ ') = u(P);

(3) (Triangle inequality (TI)). If Py3, Py,, P,3 € P, and there exists alaw Q € Ps
such that the following “consistency” condition holds:

T30 = Pis, T12Q = Pi», 1230 = Ps, (2.5.1)

then
w(Pr3) < K[u(Pr2) + u(Pr3)].

If K = 1, then u is said to be a p. semimetric. If we strengthen the condition
ID to
ID: if P € P,, then

P(U{(x,x):xeU}) =1 < u(P)=0,

then we say that u is a probability distance with parameter K = K, > 1 (or
p. distance for short).

Definition 2.5.1 acquires a visual form in terms of RVs, namely: let X := X(U)
be the set of all RVs on a given probability space (€2, .4, Pr) taking values in
(U,By). By LX; := LX,(U) := LX,(U; 2, A,Pr) we denote the space of all
joint distributions Pry y generated by the pairs X,Y € X. Since £LX; C P,, the
notion of a p. (semi-)distance is naturally defined on £X,. Considering u on the
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subset £LX,, we will put

w(X,Y) = uPryy)
and call p a p. semidistance on X. If p is a p. distance, then we use the phrase
p. distance on X. Each p. semidistance p on X is a semidistance on X in the sense

of Definition 2.4.2."" Then the relationships ID, ID, SYM, and TI have simple
“metrical” interpretations:

D™ Pr(X =Y)=1= u(X.Y) =0,
¥  P(X=VY)=1 < uX.Y)=0,
SYM™  u(X.Y) = pu(Y.X),
TI™  u(X.Z) <KX, Z) + w(Z.Y)].
Definition 2.5.2. A mapping u : £LX; — [0, oo] is said to be a p. semidistance on

X (resp. distance) with parameter K := K, > 1if u(X,Y) = u(Pryy) satisfies
the properties ID™ [resp. ID™], SYM™, and TI® for all RVs X, Y, Z € X(U).
Example 2.5.1. Let H € H (Example 2.4.1) and (U,d) be an s.m.s. Then
Ly(X,Y) = EH(d(Z,V)) is a p. distance in X(U). Clearly, L is finite in the
subspace of all X with finite moment EH (d(X,a)) for some a € U. Kruglov’s
distance Kr(X, Y) := Kr(Fy, Fy) is a p. semidistance in X(R).

Examples of p. metrics in X(U) are the Ky Fan metric

K(X,Y):=inf{le >0:Pr(d(X,Y) >¢) <e}, X,Y € X(U), (2.5.2)
and the £ ,-metrics (0 < p < 00)
L,(X,Y) :={Ed"(X,Y)y™VP 0 < p < oo, (2.5.3)

Loo(X,Y) :=esssupd(X,Y) :=infle >0:Pr(d(X,Y) >¢) =0}, (2.54)
Lo(X,Y):=EI{X,Y}:=Pr(X,Y). (2.5.5)

The engineer’s metric EN, Kolmogorov metric p, Kantorovitch metric , and the
Lévy metric L (Sect. 2.2) are p. semimetrics in X(R).

Remark 2.5.1. Unlike Definition 2.5.2, Definition 2.5.1 is free of the choice of the
initial probability space and depends solely on the structure of the metric space U.
The main reason for considering not arbitrary but separable metric spaces (U, d) is
that we need the measurability of the metric d to connect the metric structure of U
with that of X(U). In particular, the measurability of d enables us to handle, in a
well-defined way, probability metrics such as the Ky Fan metric K and £ ,-metrics.

'If we replace “semidistance” with “distance,” then the statement continues to hold.
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Note that Ly does not depend on the metric d, so one can define Ly on X(U), where
U is an arbitrary measurable space, while in (2.5.2)—(2.5.4) we need d(X, Y) to be
an RV. Thus the natural class of spaces appropriate for our investigation is the class
of s.m.s.

2.6 Universally Measurable Separable Metric Spaces

What follows is an exposition of some basic results regarding universally measur-
able separable metric spaces (u.m.s.m.s.). As we will see, the notion of u.m.s.m.s.
plays an important role in TPM.

Definition 2.6.1. Let P be a Borel probability measure on a metric space (U, d).
We say that P is tight if for each ¢ > 0 there is a compact K € U with P(K) >
1—gl2

Definition 2.6.2. An s.m.s. (U, d) is universally measurable (u.m.) if every Borel
probability measure on U is tight.

Definition 2.6.3. An s.m.s. (U,d) is Polish if it is topologically complete [i.e.,
there is a topologically equivalent metric e such that (U, e) is complete]. Here the
topological equivalence of d and e simply means that for any x, x;, x5,... in U

d(x;,x) > 0 < e(x,,x) > 0.

Theorem 2.6.1. Every Borel subset of a Polish space is u.m.

Proof. See Billingsley (1968, Theorem 1.4), Cohn (1980, Proposition 8.1.10), and
Dudley (2002, p. 391). O

Remark 2.6.1. Theorem 2.6.1 provides us with many examples of u.m. spaces but
does not exhaust this class. The topological characterization of u.m.s.m.s. is a well-
known open problem.'3

In his famous paper on measure theory, Lebesgue (1905) claimed that the
projection of any Borel subset of R? onto R is a Borel set. As noted by Souslin
and his teacher Lusin (1930), this is in fact not true. As a result of the investigations
surrounding this discovery, a theory of such projections (the so-called analytic or
Souslin sets) was developed. Although not a Borel set, such a projection was shown
to be Lebesgue-measurable; in fact it is u.m. This train of thought leads to the
following definition.

12See (Dudley, 2002, Sect. 11.5).
13See Billingsley (1968, Appendix III, p. 234)
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Definition 2.6.4. Let S be a Polish space, and suppose that f is a measurable
function mapping S onto an s.m.s. U. In this case, we say that U is analytic.

Theorem 2.6.2. Every analytic s.m.s. is u.m.

Proof. See Cohn (1980, Theorem 8.6.13, p. 294) and Dudley (2002, Theorem
13.2.6). O

Example 2.6.1. Let QQ be the set of rational numbers with the usual topology. Since
Q is a Borel subset of the Polish space R, then Q is u.m.; however, Q is not itself a
Polish space.

Example 2.6.2. In any uncountable Polish space, there are analytic (hence u.m.)
non-Borel sets. '

Example 2.6.3. Let CJ0, 1] be the space of continuous functions f : [0,1] — R
under the uniform norm. Let £ € C|[0, 1] be the set of f that fail to be differentiable
atsome? € [0, 1]. Then a theorem of Mazukiewicz (1936) says that E is an analytic,
non-Borel subset of C [0, 1]. In particular, E is u.m.

Recall again the notion of Hausdorff metric r := r, in the space of all subsets of
a given metric space (S, p)

r(A, B) = max q sup inf p(x, y), sup inf p(x, y)
xeAYEB yeB ¥€4
=inf{e > 0: A°* O B, B* D A}, (2.6.1)

where A° is the open g-neighborhood of A, A° = {x : d(x.A) < ¢}.

As we noticed in the space 25 of all subsets A # @ of S, the Hausdorff distance
r is actually only a semidistance. However, in the space C = C(S) of all closed
nonempty subsets, r is a metric (Definition 2.4.1) and takes on both finite and infinite
values, and if S is a bounded set, then r is a finite metric on C.

Theorem 2.6.3. Let (S, p) be a metric space, and let (C(S),r) be the space
described previously. If (S, p) is separable (or complete, or totally bounded), then
(C(S), r) is separable (or complete, or totally bounded).

Proof. See Hausdorff (1949, Sect. 29) and Kuratowski (1969, Sects. 21 and 23). O

Example 2.6.4. Let S = [0, 1], and let p be the usual metric on S. Let R be the set
of all finite complex-valued Borel measures m on S such that the Fourier transform

m(t) = /01 exp(iut)m(du)

14See Cohn (1980, Corollary 8.2.17) and Dudley (2002, Proposition 13.2.5).
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vanishes at f = +o00. Let M be the class of sets E € C(S) such that there is some
m € R concentrated on E. Then M is an analytic, non-Borel subset of (C(S), r,)."
We seek a characterization of u.m.s.m.s. in terms of their Borel structure.

Definition 2.6.5. A measurable space M with o-algebra M is standard if there is a
topology T on M such that (M, t) is a compact metric space and the Borel o-algebra
generated by 7 coincides with M.

An s.m.s. is standard if it is a Borel subset of its completion.'® Obviously, every
Borel subset of a Polish space is standard.

Definition 2.6.6. Say that two s.m.s. U and V are called Borel-isomorphic if there
is a one-to-one correspondence f of U onto V' such that B € B(U) if and only if

f(B) € B(V).

Theorem 2.6.4. Two standard s.m.s. are Borel-isomorphic if and only if they have
the same cardinality.

Proof. See Cohn (1980, Theorem 8.3.6) and Dudley (2002, Theorem 13.1.1). O
Theorem 2.6.5. Let U be an s.m.s. The following are equivalent:

(1) U isu.m.
(2) For each Borel probability m on U there is a standard set S € B(U) such that
m(S) = 1.

Proof. 1 = 2: Letm be alaw on U. Choose compact K,, € U with m(K,) > 1—
1/n.PutS = U,> K,. Then S is o-compact and, hence, standard. Thus, m(S) = 1,
as desired.

2 < 1: Let m be alaw on U. Choose a standard set S € B(U) with m(S) = 1.
Let U be the completion of U. Then S is Borel in its completion S, which is closed
in U. Thus, S is Borel in U. It follows from Theorem 2.6.1 that

1 = m(S) = sup{m(K) : K compact}.

Thus, every law m on U is tight, so that U is u.m. O

Corollary 2.6.1. Let (U,d) and (V,e) be Borel-isomorphic separable metric
spaces. If (U, d) is u.m., then so is (V, e).

Proof. Suppose that m is a law on V. Define a law n on U by n(A4) = m(f(A)),
where f : U — V is a Borel isomorphism. Since U is u.m., there is a standard
set € U with n(S) = 1. Then f(S) is a standard subset of V' with m(f(S)) = 1.
Thus, by Theorem 2.6.5, V is u.m. O

15See Kaufman (1984).
16See Dudley (2002, p. 347).
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The following result, which is in essence due to Blackwell (1956), will be used
in an important way later on.”

Theorem 2.6.6. Let U be a u.m. separable metric space, and suppose that Pr is a
probability measure on U. If A is a countably generated sub-o-algebra of B(U),
then there is a real-valued function P(B|x), B € B(U), x € U, such that

(1) For each fixed B € B(U) the mapping x — P(B|x) is an A-measurable
function on U;

(2) For each fixed x € U the set function B — P(B|x) isalawon U;

(3) Foreach A € Aand B € B(U) we have [, P(B|x)Pr(dx) = Pr(4 N B);

(4) There is a set N € A with Pr(N) = 0 such that P(B|x) = 1 whenever
xeU—N.

Proof. Choose a sequence F, F;, ... of sets in B(U) that generates B(U) and is
such that a subsequence generates .A. We will prove that there exists a metric e on U
such that (U, d) and (U, e) are Borel-isomorphic and for which the sets Fi, F>, ...
are clopen, i.e., open and closed. O

Claim. If (U,d) is an s.m.s. and Ay, 4,, ... is a sequence of Borel subsets of U,
then there is some metric e on U such that

(i) (U, e) is an s.m.s. isometric with a closed subset of R;
(ii) Aj, Az, ... are clopen subsets of (U, e);
(iii) (U, d) and (U, e) are Borel-isomorphic (Definition 2.6.6).

Proof of claim. Let By, By, ... be a countable base for the topology of (U, d).
Define sets C1, Cy,... by Cpy—; = Ayand C, = B, (n =1,2,...)and f : U —
R by f(x) = Yoo, 2Ic,(x)/3". Then f is a Borel isomorphism of (U, d) onto
f(U) € K, where K is the Cantor set

o
K = Za,,/B” ., take value Q or 2 .

n=1

Define the metric e by e(x,y) = |f(x) — f(»)|, so that (U, e) is isometric with
f(U) € K.Then A, = f~'{x € K;x(n) = 2}, where x(n) is the nth digit in the
ternary expansion of x € K. Thus, 4, is clopen in (U, e), as required.

Now (U, e) is (Corollary 2.6.1) u.m., so there are compact sets K; € K, C

- with Pr(K,) — 1. Let G| and G, be the (countable) algebras generated by
the sequences Fi, F>,... and Fi, F>,..., K1, K>, ..., respectively. Then define
P (B|x) so that (1) and (3) are satisfied for B € G,. Since G, is countable, there is
some set N € A with Pr(N) = 0 and such that for x € N,

(a) Pi(:|x) is a finitely additive probability on G,
(b) Pi(Alx) =1forAe ANG,and x € 4,
(¢) Pi(K,|x) > 1lasn — oo.

17See Theorem 3.3.1 in Sect. 3.3.
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Claim. For x € N the set function B — P;(B|x) is countably additive on ;.

Proof of claim. Suppose that Hy, H,, ... are disjoint sets in G; whose union is U.
Since the H, are clopen and the K, are compact in (U, e), there is, for each n, some
M = M(n) such that K, € H, U H, U---U Hy,. Finite additivity of P;(x,-) on G,
yields, for x ¢ N, Pi(K,|x) < XM Pi(Hi|x) < Y2, Pi(H;|x). Let n — oo,
and apply (c) to obtain Y =, (P;(H;|x) = 1, as required.

In view of the claim, for each x € N we define B — P(B|x) as the unique
countably additive extension of P; from G, to B(U). For x € N put P(B|x) =
Pr(B). Clearly, (2) holds. Now the class of sets in B(U) for which (1) and (3) hold
is a monotone class containing G, and so coincides with B(U).

Claim. Condition (4) holds.
Proof of claim. Suppose that A € A and x € A — N. Let Ay be the A-atom

containing x. Then Ay € A, and there is a sequence Ay, A, ... in G; such that
Ao = A1 N Ay N ---. From (b), P(A,|x) = 1 forn > 1, so that P(Ap|x) = 1, as
desired. ]

Corollary 2.6.2. Let U and V be u.m.s.m.s., and let Pr be a law on U x V. Then
there is a function P : B(V) x U — R such that

(1) For each fixed B € B(V) the mapping x — P (B|x) is measurable on U;
(2) For each fixed x € U the set function B — P(B|x) isalawonV;
(3) Foreach A € B(U) and B € B(V) we have

/ P(B|x)Pi(dx) = Pr(A N B),
A

where Py is the marginal of Pron U.

Proof. Apply the preceding theorem with A the o-algebra of rectangles A x U for
AeBU). O

2.7 Equivalence of the Notions of Probability (Semi-)
distance on P, and on X

As we saw in Sect. 2.5, every p. (semi-)distance on P, induces (by restriction) a
p. (semi-)distance on X. It remains to be seen whether every p. (semi-)distance on
X arises in this way. This will certainly be the case whenever

LX5(U, (2, A, Pr)) = P, (U). @.7.1)

Note that the left member depends not only on the structure of (U, d) but also on
the underlying probability space.
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In this section we will prove the following facts.

1. There is some probability space (£2,.4, Pr) such that (2.7.1) holds for every
separable metric space U'.

2. If U is a separable metric space, then (2.7.1) holds for every nonatomic
probability space (€2, A, Pr) if and only if U is u.m.

We need a few preliminaries.

Definition 2.7.1. '8 If (Q, A, Pr) is a probability space, then we say that A € A
is an atom if Pr(A) > 0 and Pr(B) = 0 or Pr(A) for each measurable B € A. A
probability space is nonatomic if it has no atoms.

Lemma 2.7.1. ' Let v be a law on a complete s.m.s. (U,d) and suppose that
(2, A, Pr) is a nonatomic probability space. Then there is a U-valued RV X with
distribution L(X) = v.

Proof. Denote by d* the following metric on U?: d*(x, y) := d(x1, x2)+d(y1, y2)
for x = (x1,y1) and y = (x2, y»). For each k there is a partition of U? comprising
nonempty Borel sets {A4;; :i = 1,2,...} with diam(A4;;) < 1/k and such that A,
is a subset of some A ;1.

Since (€2, A, Pr) is nonatomic, we see that for each C € A and for each sequence
pi of nonnegative numbers such that p; + p,+- - - = Pr(C) there exists a partitioning
C1,Cy, ... of Csuchthat Pr(C;) = p;,i =1,2,...%

Therefore, there exist partitions {B;; : i = 1,2,...} € A, k = 1,2,..., such
that Bjx € Bjix—1 for some j = j(i) and Pr(B;x) = v(A;x) for all i, k. For each
pair (i, j) let us pick a point x;; € A;; and define U?-valued Xi(w) = xji for
® € Bj. Then d*(Xj1m(®), Xx(w)) < 1/k,m =1,2,..., and since (U?,d*) is
a complete space, there exists the limit X (®) = limg— 00 Xi(®). Thus

—_—

d*(X (@), Xp(@)) < lm [d* (Xi4m(@), X (@) + d* (Xetrm(@), Xi ()] < =

Let Py := Pry, and P* := Pry. Further, our aim is to show that P* = v. For each
closed subset A € U

Pi(A) = Pr(Xy € A) <Pr(X € A%y = p*(AV%) < P (4%%),  (2.7.2)

where A'/¥ is the open 1/ k-neighborhood of A. On the other hand,

Pe(A) =) (Pe(xik) : xix € A} = {Pr(Bix) : xit € A}

18See Loeve (1963, p. 99) and Dudley (2002, p. 82).
19See Berkes and Phillip (1979).
203ee, for example, Loeve (1963, p. 99).
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=3 () txie € A} < > (A 0 AVF) 1y € A
A 3 (i) i € A4 < PUAVh). 273)

IA

Further, we can estimate the value Pj(A%/%) in the same way as in (2.7.2) and
(2.7.3), and thus we get the inequalities

P*(AVF) < P (AYF) < Pr(4%F), (2.7.4)
v(AYRY < P(A?F) < w(AYFy. (2.7.5)

Since v(A'/k) tends to v(A) with k — oo for each closed set A and, analogously,
P*(AY*)y — P*(A)ask — oo, thenby (2.7.4) and (2.7.5) we obtain the equalities

P*(4) = lim Pi(A*%) = v(4)

for each closed A4, and hence P* = v. O

Theorem 2.7.1. There is a probability space (2, A, Pr) such that for every s.m.s.
U and every Borel probability jn on U there is an RV X : Q — U with L(X) = L.

Proof. Define (2, A, Pr) as the measure-theoretic (von Neumann) product?' of the
probability spaces (C, B(C), v), where C is some nonempty subset of R with Borel
o-algebra B(C) and v is some Borel probability on (C, B(C)).

Now, given an s.m.s. U, there is some set C C R Borel-isomorphic with U
(Claim 2.6 in Theorem 2.6.6). Let f : C — U supply the isomorphism. If y is a
Borel probability on U, then let v be a probability on C such that f(v) :=vf~! =
u.Define X : Q — U as X = f om, where 7 : Q — C is a projection onto the
factor (C, B(C),v). Then L(X) = p, as desired. O

Remark 2.7.1. The preceding result establishes claim (i) made at the beginning of
the section. It provides one way of ensuring (2.7.1): simply insist that all RVs be
defined on a “superprobability space” as in Theorem 2.7.1. We make this assumption
throughout the sequel.

The next theorem extends the Berkes and Phillips’s lemma 2.7.1 to the case of
umsm.s. U.

Theorem 2.7.2. Let U be an s.m.s. The following statements are equivalent.

(1) U is u.m.
(2) If (2, A, Pr) is a nonatomic probability space, then for every Borel probability
P onU thereisan RV X : Q — U with law L(X) = P.

21See Hewitt and Stromberg (1965, Theorems 22.7 and 22.8, p. 432-133).
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Proof. 1 = 2: Since U is u.m., there is some standard set S € B(U) with P(S) =
1 (Theorem 2.6.5). Now there is a Borel isomorphism f mapping S onto a Borel
subset B of R (Theorem 2.6.4). Then f(P) := P o f~!is a Borel probability on R.
Thus, there is an RV g : Q@ — R with £(g) = f(P) and g(2) € B (Lemma 2.7.1
with (U,d) = (R,| - |)). We may assume that g($2) < B since Pr(g"'(B)) = 1.
Define x : @ — U by x(w) = f~'(g(w)). Then L(X) = v, as claimed.

2 = 1: Now suppose that v is a Borel probability on U. Consider an RV X :
Q2 — U on the (nonatomic) probability space ((0, 1), B(0,1),A) with L(X) = v.
Then range(X) is an analytic subset of U with v*(range(X)) = 1. Since range(X)
is u.m. (Theorem 2.6.2), there is some standard set S C range(X) with P(S) = 1.
This follows from Theorem 2.6.5. The same theorem shows that U is u.m. O

Remark 2.7.2. If U is a um.s.m.s., we operate under the assumption that all U-
valued RVs are defined on a nonatomic probability space. Then (2.7.1) will be valid.
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Chapter 3

Primary, Simple, and Compound Probability
Distances and Minimal and Maximal Distances
and Norms

The goals of this chapter are to:

* Formally introduce primary, simple, and compound probability distances;

* Provide examples of and study the relationship between primary, simple, and
compound distances;

* Introduce the notions of minimal probability distance, minimal norms, comini-
mal functionals, and moment functions, which are needed in the study of primary,
simple, and compound probability distances.

Notation introduced in this chapter:

Notation Description

L Primary distance generated by a probability semidistance p and mapping &
Ay Primary A-minimal distance

m; P = m,(p 'p Marginal moment of order p

My (8) Primary distance generated by g, H, p

M(g) Primary metric generated by g

Q@ Discrete primary metric

EN(X,Y; H) Engineer’s distance

EN(X,Y; p) L ,-engineer’s metric

— Weak convergence of laws

m Minimal distance w.r.t.

Ly Minimal distance w.r.t. £y (Kantorovich distance)
L, Minimal metric w.r.t. £,

o Total variation metric

F~! Generalized inverse of distribution function F

b4 Prokhorov metric

) Parametric version of Prokhorov metric

Ty Prokhorov distance

0y Birnbaum-Orlicz distance

Py Birnbaum-Orlicz uniform distance

uv(Py, Py, ) Cominimal metric functional w.r.t. the probability distances u and v
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Notation Description

wv(Py, Py, ) Simple semidistance with K7z = 2K, K,

e (m) Total cost of transportation of masses under plan m
l(zc Minimal norm w.r.t. i,

r Zolotarev semimetric

M(X,Y) Moment metric

Ly H-average compound distance

KFy Ky Fan distance

K, Parametric family of Ky Fan metrics

Ou Birnbaum-Otrlicz compound distance

0, Birnbaum-Orlicz compound metric

Ry Birnbaum—Orlicz compound average distance
m Maximal distance w.r.t.

p-upper bound with marginal sum fixed

(m.p)
M p-upper bound with fixed pth marginal moments
M p-lower bound with fixed pth marginal moments
(m.p)
w p-upper bound with fixed sum of pth marginal moments
nw p-lower bound with fixed sum of pth marginal moments

3.1 Introduction

The goal of Chap.2 was to introduce the concept of measuring distances between
random quantities and to provide examples of probability metrics. While we treated
the general theory of probability metrics in detail, we did not provide much theoret-
ical background on the distinction between different classes of probability metrics.
We only noted that three classes of probability (semi-)metrics are distinguished —
primary, simple, and compound. The goal of this chapter is to revisit these ideas but
at a more advanced level.

When delving into the details of primary, simple, and compound probability
metrics, we also consider a few related objects. They include cominimal functionals,
minimal norms, minimal metrics, and moment functions. In the theory, these
related functionals are used to establish upper and lower bounds to given families
of probability metrics. They also help specify under what conditions a given
probability metric is finite.

3.2 Primary Distances and Primary Metrics

Leth : P; — R’ be a mapping, where P; = P;(U)! is the set of Borel probability
measures (laws) for some s.m.s. (U, d) and J is some index set. This function 4

! At times, when no confusion can arise, we suppress the subscript in P, and use P instead.



3.2 Primary Distances and Primary Metrics 35

induces a partition of P, = P,(U) (the set of laws on U?) into equivalence classes
for the relation

h
P ~Q << h(P) =h(Q,)and h(P2) = h(Q>),
where P, : =T; P, Q; :=T;Q, (3.2.1)
in which P; and Q; (i = 1,2) are the ith marginals of P and Q, respectively. Let
M be a probability semidistance (which we denote hereafter as p. semidistance) on

‘P> with parameter K, (Definition 2.5.1 in Chap. 2), such that 4 is constant on the
equivalence classes of ~; that is,

PLQ — uP)=wo). (3.2.2)

Definition 3.2.1. If the p. semidistance u = p;, satisfies relation (3.2.2), then we
call u a primary distance (with parameter K,), which we abbreviate as p. distance.
If K, = 1 and p assumes only finite values, we say that . is a primary metric.

Obviously, by relation (3.2.2), any primary distance is completely determined by
the pair of marginal characteristics (AP, hP,). In the case of primary distance u,
we will write w(h Py, hPy) := u(P), and hence i may be viewed as a distance in
the image space h(P;) € R, i.e., the following metric properties hold:

1)1 hPy = hP2 <= wu(hP;,hPy) =0;
SYM"  ju(hP\,hPy) = w(h Py, hPy);
IV if the following marginal conditions are fulfilled :
a =T PY) = (T P?),
b =h(T»P?)=h(T\P?), and
¢ = h(T,PW) = (T, P®) for some law PV, PO PO ¢ P,
then u(a, c) < K,[u(a,b) + u(d,c)].

The notion of primary semidistance p; becomes easier to interpret assuming that
a probability space (€2, A, Pr) with property (2.7.1) is fixed (Remark 2.7.1). In this
case Wy, is a usual distance (Definition 2.4.1) in the space

h(X) :={hX := hPr,, where X € X(U)}, (3.2.3)

and thus the metric properties of u = u; take the simplest form (Definition 2.4.2):
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D" hX =hY < u(hX,hY) =0,
SYM®  u(hX,hY) = u(hY,hX),
TI®™  w(hX,hZ) <K, [uhX,hY) + p(hY, hZ)].

Further, we will consider several examples of primary distances and metrics.

Example 3.2.1 (Primary minimal distances). Each p. semidistance pu and each
mapping & : P; — R’ determine a functional 7z, : h(P;) x h(P;) — [0, o0]
defined by the following equality:

wh(@y,as) ;= inf{u(P) : hP; =a;,i = 1,2} (3.2.4)

(where P; are the marginals of P) for any pair (a;,az) € h(Py) x h(Py).
Subsequently, we will prove (Chap. 5) that 11, is a primary distance for different
special functions h and spaces U'.

Definition 3.2.2. The functional 11, is called a primary h-minimal distance with
respect to the p. semidistance u.

Open Problem 3.2.1. In general it is not true that the metric properties of a p.
distance pu imply that 71 is a distance. The following two examples illustrate this
fact (see further Chap.9).

(a) LetU =R, d(x,y) = |x — y|. Consider the p. metric
wX,Y)=X%X,Y)=Pr(X #Y) X,Y € X(R)

and the mapping / : X(R) — [0, o0] given by X = E|X]|. Then (see further
Sect. 9.2 in Chap.9)

Tn(a,b) = inf{Pr(X #Y): E|X| =a, E|Y| =b} =0

foralla > 0 and b > 0. Hence in this case the metric properties of p imply
only semimetric properties for iiy,.

(b) Now let u be defined as in (a) but 2 : X(R) — [0, oo] x [0, 0o] be defined by
hX = (E|X|, EX?). Then

pr((ar, az), (b1, by)) = inf{Pr(X #Y) : E|X| = ay,
EX?=a, E|Y|=b,EY? = b))}, (3.2.5)

where 71, is not even a p. semidistance since the triangle inequality 77 3% is
not valid.
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With respect to this, the following open problem arises: under which condition
on the space U, p. distance |1 on X(U), and transformation h : X(U) — R’ is the
primary h-minimal distance [, a primary p. distance in h(X)?

As we will see subsequently (Sect. 9.2), Examples 3.2.2—-3.2.5 below of primary
distances are special cases of primary s#-minimal distances.

Example 3.2.2. Let H € H (Example 2.4.1), and let 0 be a fixed point of an s.m.s.
(U,d). For each P € P, with marginals P; = T; P, let m; P and m, P denote the
marginal moments of order p > 0,

/

p
miP:=mPP = (/ d”(x,G)Pi(dx)) p>0 p :=min(l,1/p).
U
Then
MH,p(P) = ./\/lH,p(mlP,mzP) = H(|m1P —m2P|) (326)

is a primary distance. One can also consider My , as a distance in the space

p/
m®P(Py) = {m® = (/ dP(x,a)P(dx)) < o0, P € P(U) (3.2.7)
U
of moments m?) P of order p > 0.If H(t) = t, then
M(P) := Mu,(P) = ‘/ d(x,0)(Py — Py)(dx)
U
is a primary metric in m(?) (P)).
Example 3.2.3. Let g :[0,00] > Rand H € H. Then
M(@)np(miP,myP) := H(|g(mP) — g(myP)]) (3.2.8)
is a primary distance in g o m(P;) and
M(g)(m P, myP) := |g(m P) — g(ma P)]| (3.2.9)

is a primary metric.
If U is a Banach space with norm | - ||, then we define the primary distance
My ,(g) as follows:
Mu,(g)mPX,mPY) = HimP P —mPY)), (3.2.10)

where [see (2.2.8)] m(P X is the p-th moment (norm) of X
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mPX = {E| X[},
By (3.2.9), My ,(g) may be viewed as a distance (Definition 2.4.2) in the space

gom(X):={gom(X):=g({E|X|"}"). XX} p'=min(l, p~"), X = X(V)
(3.2.11)

of moments g o m(X). If U is the real line R and g(¢) = H(¢t) = t, where t >
0, then My ,(mP X, mP)Y) is the usual deviation between moments m‘?) X and
m®PY [see (2.2.9)].

Example 3.2.4. Let J be an index set (with arbitrary cardinality) and g; (i € J)
real functions on [0, oo], and for each P € P(U) define the set

hP = {g;(mP),i € J}. (3.2.12)

Further, for each P € P,(U) let us consider 2P, and h P,, where the P; are the
marginals of P. Then

0 ifl’lPl = hP2

3.2.13
1 otherwise ( )

i) = |
is a primary metric.

Example 3.2.5. Let U be the n-dimensional Euclidean space R"”, H € . Define
the engineer’s distance

XH:(EXi - EY))

i=1

EN(X.Y:H):= H ( ) , (3.2.14)

where X = (Xy,...,X,;)and Y = (Y1,...,Y,) belong to the subset %(R”) C
X(R") of all n-dimensional random vectors that have integrable components. Then
EN(-,-; H) is a p. semidistance in X(R"). Analogously, the L ,-engineer metric

n min(1,1/p)
EN(X.Y, p) := [Z |EX — EY|1’:| ,p>0, (3.2.15)
i=1

is a primary metric in F%V(R”). In the case p = 1 and n = 1, the metric EN(, -; p)
coincides with the engineer metric in X(R) [see (2.2.1)].
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3.3 Simple Distances and Metrics: Cominimal Functionals
and Minimal Norms

Clearly, any primary distance p(P) (P € P,) is completely determined by the pair
of marginal distributions P; = T; P, where i = 1,2, since the equality P; = P,
implies i Py = hP; [see relations (3.2.1), (3.2.2), and Definition 3.2.1]. On the other
hand, if the mapping /% is “rich enough,” then the opposite implication

hP, =hP, = P, = P,

takes place. The simplest example of such “rich” h : P(U) — R is given by the
equalities
h(P):={P(C), CeC, PeP(U)}, (3.3.1)

where J = C is the family of all closed nonempty subsets C C U. Another
example is

h(P) = {Pf ::/deP,f eC’)}., PePU),

where C?(U) is the set of all bounded continuous functions on U. Keeping in mind
these two examples we will define the notion of “simple” distance as a particular
case of primary distance with / given by equality (3.3.1).

Definition 3.3.1. The p. semidistance p is said to be a simple semidistance in P =
P(U) if for each P € P,

wW(P) =0« TP =T,P.

If, in addition, w is a p. semimetric, then p will be called a simple semimetric. If the
converse implication (=) also holds, then we say that u is simple distance. If, in
addition, w is a p. semimetric, then p will be called a simple metric.

Since the values of the simple distance (P) depend only on the pair marginals
Py, P,, we will consider p as a functional on P; x P; and use the notation

w(Pr, Py) := u(Py x Py) (P, P, ePy),

where P; x P, means the measure product of laws P; and P,. In this case, the metric
properties of u take the form (Definition 2.5.1) (for each Py, P, P; € P)

IDP P, = P, <= u(P1, P) =0,
SYMP u(Py, Py) = (P2, Py),
TI? (P, Py) < Ku(w(Pr. Py) + w(Py. Ps)).
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Hence, the space P of laws P with a simple distance p is a distance space
(Definition 2.4.2). Clearly, each primary distance is a simple semidistance in P.
The Kolmogorov metric p (2.2.2), the Lévy metric L (2.2.3), and the 6 ,-metrics
(2.2.4) are simple metrics in P(R).

Let us consider a few more examples of simple metrics, which we will use
later on.

Example 3.3.1. Minimal distances

Definition 3.3.2. For a given p. semidistance p on P, the functional iz on P; x P;
defined by the equality

(P, Py) :==inf{u(P): ;P =P;, i =12}, P.P,eP (33.2)

is said to be a (simple) minimal (w.r.t. ) distance.

As we showed in Sect. 2.7 that, for a “rich enough” probability space, the space
P, of all laws on U2 coincides with the set of joint distributions Pry y of U-valued
random variables. For this reason, u(P) = u(Prx y) always holds for some X, Y €
X(U), and therefore (3.3.2) can be rewritten as follows:

W(Py, Py) = inf{u(X,Y) : Pry = Py, Pry = Pp}.

In this form, the equation is the definition of minimal metrics introduced by
Zolotarev (1976).
In the next theorem, we will consider the conditions on U that guarantee [i to be

. . . w
a simple metric. We use the notation —> to mean “weak convergence of laws.”?

Theorem 3.3.1. Let U be a u.m.s.m.s. (Definition 2.6.2) and let |1 be a p. semidis-
tance with parameter K. Then [i is a simple semidistance with parameter Kj[ =
K. Moreover, if u is a p. distance satisfying the “continuity” condition

PWep, PW L pep,

L(P™) 0 = uw(P) =0,

then L is a simple distance with parameter Kﬁ = K,.

Remark 3.3.1. The continuity condition is not restrictive; in fact, all p. distances we
will use satisfy this condition.

Remark 3.3.2. Clearly, if i is a p. semimetric, then, by Theorem 3.3.1, [t is a simple
semimetric.

Proof. ID®): If P, € Py, then we let X € X(U) have the distribution P;. Then, by
ID™ (Definition 2.5.2),

2See Billingsley (1999).
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w(Pr, P1) < u(Prex x)) = 0.

Suppose now that p is a p. distance and the continuity condition holds.
If (P, P,) = 0, then there exists a sequence of laws P € P, with fixed
marginals 7; P = P; (i = 1,2) such that u(P™) — 0 as n — oo. Since P; is a
tight measure, then the sequence { P, n > 1} is uniformly tight, i.e., for any ¢ > 0
there exists a compact K, C U? such that P(")(KE) >1—gforalln > 1, Using
Prokhorov compactness criteria* we choose a subsequence P@) that weakly tends
toalaw P € P,; hence, T; P = P; and u(P) = 0. Since u is a p. distance, P is
concentrated on the diagonal x = y, and thus P; = P, as desired.

SYM®:  Obvious.

TI?: Let Py, P>, P; € P;. For any ¢ > 0 define a law P, € P, with marginals
TP, = Pi(i = 1,2)and alaw Py; € P> with Ty Py = Piyy (i = 1,2)
such that (P, P2) > w(P2) — € and [i(Pa, P3) > u(Px) — &. Since U is
a u.m.s.m.s., there exist Markov kernels P’(A|z) and P”(A|z) defined by the
equalities

Plz(Al X Az) = /A P’(A1|z)P2(dz), (333)
Pr(Ay x A3) 1= / P"(A3]2) P2(dz) (334
Az

for all Ay, Ay, A3 € B (Corollary 2.6.2). Then define a set function Q on the
algebra A of finite unions of Borel rectangles A; x A, x A3 by the equation

O(A) x Ay x A3) i= / PADP (A Po(d).  (33.5)
Aa

It is easily checked that Q is countably additive on A and therefore extends to
alaw on U>. We use “Q” to represent this extension as well. The law Q has
the projections 71,0 = Pz, T30 = Pp3. Since pu is a p. semidistance with
parameter K = K,, we have

w(Pr, P3) < u(Ti30) < K[u(Pr2) + p(Pr3)]
< K[ﬁ(Pl, Pz) + ,a(Pz, P3)] + 2Ke.

Letting ¢ — 0 we complete the proof of TI?. O

As will be shown in Part II, all simple distances in the next examples are actually
simple minimal I distances w.r.t. p. distances u that will be introduced in Sect. 3.4
(see further Examples 3.4.1-3.4.3).

3See Dudley (2002, Sect. 11.5).
4See, for instance, Billingsley (1999, Sect. 5).
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Example 3.3.2 (Kantorovich metric and Kantorovich distance). In Sect.2.2, we
introduced the Kantorovich metric ¥ and its “dual” representation

+o00
K(Py, Py) [ |Fy(x) = Fy(x)ldx

o0

fR—R, fexistsae.and |f'| < 1lae.; ,

SWHAfMH—&)

where the P; are laws on R with distribution functions (DFs) F; and a finite first
absolute moment. From the preceding representation it also follows that

k(Py, Pp) = sup{ ‘/ fd(Py— Py)|: f:R—R, fis (1, 1)-Lipschitz,
R

ie, [f(xX)=fO)]=<|x—ylVx,y eR

In this example, we will extend the definition of the foregoing simple p. metric of
the set P(U) of all laws on an s.m.s. (U, d). For any @ € (0,00) and 8 € [0, 1]
define the Lipschitz function class

Lip,s :={f:U >R:|[f(x) = f())| <ad’(x.y) Vx,y €U}  (33.6)
with the convention

d(x,y) = { Lifx 7, (3.3.7)
0if x = y.

Denote the set of all bounded functions f* € Lip,z(U) by Lipf)’a3 (U).LetGu (U)
be the class of all pairs ( f; g) of functions that belong to the set

Lip’(U) := | J Lip,, (V) (33.8)
a>0
and satisfy the inequality
f(x)+g(y) < H(x,y)), Vx,yelU, (3.3.9)

where H is a convex function from H. Recall that H € H if H is a nondecreasing
continuous function from [0, co) onto [0, 00) and vanishes at the origin and Ky :=
sup,., H(2t)/H(t) < oo. For any two laws P; and P, on an s.m.s. (U, d) define

Ly (P, Py) := sup {/U fdp + /U gdP: (f,g) e Gu(U);. (3.3.10)
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We will prove further that £ is a simple distance with K;,, = Ky in the space
of all laws P with finite “H-moment,” [ H(d(x, a)) P(dx) < oo. The proof is based

on the representation of £ as a minimal distance £y = Ly (Corollary 5.3.2) w.r.t.
a p. distance (with Kz, = Kp) Ly(P) = [, H(d(x,y))P(dx,dy) and then
an appeal to Theorem 3.3.1 proves that £y is a simple p. distance if (U,d) is a
universally measurable s.m.s. In the case H(t) = t? (1 < p < 00), define

L,(Py, Py) := Ly (P, PP, 1< p<co. (3.3.11)

In addition, for p € [0, 1] and p = oo denote

€,(Pr. Py) = sup { ‘ [ rari-p): s e Lipi’,pw)},

p€(0,1], P, P, e P(U), (3.3.12)

Eo(Pl—Pz)iz{‘/ fd(Pr — P)
U

fe Lipl,ow)}

= o(Py, Py) := sup |P1(A) — P,(A)|, (3.3.13)
A€B;
Lo (P, Py) :=inf{e > 0: Pi(A) < P,(A®*) VA € By}, (3.3.14)

where, as above, B; = B(U) is the Borel o-algebra on an s.m.s. (U, d), and A® :=
{x:d(x,A) < ¢}

Forany 0 < p < 1, p = 00, {, is a simple metric in P(U), which follows
immediately from the definition. To prove that £, is a p. metric (taking possibly
infinite values), one can use the equality

sup [P1(A) — P2(A%)] = sup [P2(A) — Pi(A%)].
A€B) A€B;

The equality £y = o in (3.3.13) follows from the fact that both metrics are minimal
w.r.t. one and the same probability distance Lo(P) = P((x,y) : x # y) (see further
Corollaries 6.2.1 and 7.5.2). We will prove also (Corollary 7.4.2) that £y = ZH,
as a minimal distance w.r.t. Ly defined previously, admits the Birnbaum—Orlicz
representation (Example 2.4.2)

1
Cu(Pr Py) = Ly (Fy, ) = /0 HOFT @0 - F7 obde (33.15)

in the case of U = R and d(x, y) = |x — y|. In (3.3.15),

Fi_l(t) =sup{x : Fi(x) <t} (3.3.16)
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is the (generalized) inverse of the DF F; determined by P; (i = 1,2). Letting
H(t) =t we claim that

1
G(PLPy) = /0 F7N ) — Fy ()]

[e.]

= IC(Pl, Pz) Z:/ |F1()C) — Fz(x)|dx P e P(R), i =1,2.

(3.3.17)

Remark 3.3.3. Here and in the rest of the book, for any simple semidistance p on
P(R") we will use the following notations interchangeably:

u=u(Py, P2), VP, P, € P(R");

Mm = ,u(Xl, Xz) = /L(PFXI,PIXZ), VX],XZ (S %(Rn),

= p(Fi, F2) := u(Pr, P2), VFi, F; € F(R"),
where Pry, is the distribution of X;, F; is the distribution function of P;, and F(R")
stands for the class of distribution functions on R”.

The £;-metric (3.3.17) is known as the average metric in F(R) as well as the
first difference pseudomoment, and it is also denoted by k.> A great contribution
in the investigation of £;-metric properties was made by Kantorovich (1942, 1948)
and Kantorovich and Akilov (1984, Chap. VIII). That is why the metric ¢ is called
the Kantorovich metric. Considering £y as a generalization £;, we will call £ the
Kantorovich distance.

Example 3.3.3 (Prokhorov metric and Prokhorov distance). Prokhorov (1956)
introduced his famous metric

(P, Py) :=inf{e > 0: P;(C) < P,(C®) + &,
P, (C) < Pi(C°)+¢, VC e}, (3.3.13)

where C := C(U) is the set of all nonempty closed subsets of a Polish space U and
CP:={x:d(x,C) <e¢}. (3.3.19)

The metric = admits the following representations: for any laws P; and P, on an
s.m.s. (U,d)

w(Py, Py) =inf{e > 0: P(C) < P,(C®) + ¢, forany C € C}

3See Zolotarev (1976).
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=inf{e > 0: P|(C) < P,(C?) + ¢, forany C € C}
= inf{e > 0: P;(A) < P,(A®) + ¢, forany A € B},
where
Cl={x:d(x,C)<z¢}
is the e-closed neighborhood of C.°

Let us introduce a parametric version of the Prokhorov metric:

7 (P, Py) :=inf{e > 0: P{(C) < P»(C**) + ¢ forany C € C}.

45

(3.3.20)

(3.3.21)

(3.3.22)

The next lemma gives the main relationship between Prokhorov-type metrics and

the metrics £y and £, defined by equalities (3.3.13) and (3.3.14).
Lemma 3.3.1. Forany P, P, € P(U)

lim 7y (P, P2) = o (P, P2) = Lo(P1, P),
A—0

}iH})lﬂA(Pl, Py) =Lo(P1, P).

(3.3.23)

Proof. For any fixed ¢ > 0 the function A.(1) := sup{P;(C) — P,(C*): C € C},

A > 0, is nonincreasing on ¢ > 0, hence

(P, P;) =inf{le >0: A, (L) < ¢} = max min(e, A;(1)).

For any fixed ¢ > 0, A.(-) is nonincreasing and

lim A, (A) = A:(0) = sup(P1(C) — P»(C)) = sup (P1(A) — P2(A))
240 cec

AeB(U)
= Sup |P1(A) — P2(A)| =: O'(Pl, Pz)
AeBU)
Thus
lim z, (P, P;) = max min (e, lim As(/\))
A—0 e>0 A—>0
= maggmin(s,a(Pl, P)) = o (P, Py).
£>

Analogously, as A — oo,

Am, (P, Py) = inf{le > 0: A, (L) < &}

%See, for example, Dudley (1976, Theorem 8.1).
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=inf{e > 0: A.(1) <eg/A} —> inf{e > 0: A.(1) <0}
= Lloo(P1, P»).
As a generalization of w) we define the Prokhorov distance
wu (P, Py) :=inf{H(e) > 0: P1(A®°) < P,(A) + H(e), VA e B} (3.3.24)
for any strictly increasing function H € H. From (3.3.24),
m(P1, P,) =inf{§ > 0: P;(A) < P,(A" @) 4 Sforany A € B}, (3.3.25)

and it is easy to check that w4 is a simple distance with K, = Kpy [condition
(2.4.3)]. The metric xr, is a special case of m y with H(t) =t/A.

Example 3.3.4 (Birnbaum—Orlicz distance (0 i) and 0 ,-metric in P(R)). Let
U = R, d(x,y) = |x — y|. Following Example 2.4.2, we define the Birnbaum—
Orlicz average distance

+o00
0u(F, F) = H(F @) - F(@))d HeH FeFR), =12,
- (3.3.26)
and the Birnbaum—Orlicz uniform distance
pu(Fi. F2) := H(p(Fy, F2)) = sup H(|F\(x) — F>(x)]). (3.3.27)

x€R

The 0 ,-metric (p > 0)

00 14
0,(F, F): = {/ |F1(t) — F>(1)|Pdt ., p :=min(1,1/p), (3.3.28)

is a special case of 6y with appropriate normalization that makes 6 , a p. metric
taking finite and infinite values in the DF space F := F(R). In the case p = oo,
we denote 0 o, to be the Kolmogorov metric

0o (F1, F2) := p(F1, F2) 1= sup | F1(x) — Fa(x)]. (3.3.29)
X€E

In the case p = 0, we set

o0

00(F1, Fz) = / ]{t : Fl(l) 75 Fz(l)}dt = Leb(F1 75 Fz).

—00

Here, as in what follows, /(A) is the indicator of the set A.
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Example 3.3.5 (Cominimal metrics). As we saw in Sect. 3.2, each primary distance
w(P) = pu(TyP),h(Tr,P)) (P € P,) determines a semidistance (Defini-
tion 2.4.2) in the space of equivalence classes

{PePy:h(T\P)=a,h(T,P)=h}, abecR’. (3.3.30)
Analogously, the minimal distance
U(P) == (T P, T2 P)
:= inf{ ,u(?) :Pe P2(U), P and P have one and the same marginals,
T,P = T;P,i = 1,2}, P € P(U),

may be viewed as a semidistance in the space of classes of equivalence
{P€P22T1P=P1,T2P=P2}, Py, P, € Pr. (3.3.31)

Obviously, the partitioning (3.3.31) is more refined than (3.3.30), and hence each
primary semidistance is a simple semidistance. Thus

{the class of primary distances (Definition 3.2.1)}
C {the class of simple semidistances (Definition 3.3.1)}
C {the class of all p. semidistances (Definition 2.5.1)}.

Open Problem 3.3.1. A basic open problem in the theory of probability metrics
is to find a good classification of the set of all p. semidistances. Does there exist a
“Mendeleyev periodic table” of p. semidistances?

One can get a classification of p. semidistances considering more and more
refined partitions of P,. For instance, one can use a partition finer than (3.3.31),
generated by

{PeP,: TP =P, THP=P, PecPC}, te€T, (3.3.32)
where P; and P, are laws in Py and PC, (t € T) are subsets of P, whose union
covers P,. As an example of the set PC, one could consider

PC,z{PePZ:/ fidP <b;,ield}, t=(J]b,f), (3.3.33)
U2

where J is an index set, b := (b;,i € J)isasetofreals,and f = {f;,i € J}isa
family of bounded continuous functions on U?2.

Another useful example of a set PC; is constructed using a given probability
metric v(P) (P € P,) and has the form

7See Kemperman (1983) and Levin and Rachev (1990).
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Fig. 3.1 Cominimal distance
wv(Pr, P2)

o= uv(Py, P, a)

wv(Py, Py, )

uv(Py, Py,o0) = (P, Py)

uv(Py, Py) *

PC, ={P € Py: v(P) <t}, (3.3.34)
where ¢t € [0, 0o] is a fixed number.

Open Problem 3.3.2. Under what conditions is the functional
W(Py, Pp;PCy) :=inf{u(P): P € P,,T;P = P;(i =1,2), P € PC,}
(P1, P, ePy)

a simple semidistance (resp. semimetric) w.r.t. the given p. distance (resp. metric) £ ?

Further, we will examine this problem in the special case of (3.3.34) (Theo-
rem 3.3.2). Analogously, one can investigate the case of PC;, = I[{P € P, :
vi(P) < a;,i = 1,2...} [t = (01,0,...)] for fixed p. metrics v;, and o; €
[0, o).

Following the main idea of obtaining primary and simple distances by means
of minimization procedures of certain types (Definitions 3.2.2 and 3.3.2), we will
present the notion of cominimal distance.

For given compound semidistances p and v with parameters K, and K,,
respectively, and for each @ > 0 denote

/LV(Pl,Pz,Ol):in{M(P)ZPEPz,Tlp:Pl,TQP:Pz,v(P)EOl},
P, P, e P (3335)

[see (3.3.32) and (3.3.34)].

Definition 3.3.3. The functional uv(Py, P2, ) (Py, P> € Py, a > 0) will be called
the cominimal (metric) functional w.r.t. the p. distances | and v (Fig.3.1)
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As we will see in the next theorem, the functional pv(-, -, o) has some metric
properties, but nevertheless it is not a p. distance; however, uv(:,-, @) induces
p. semidistances as follows.

Let pv be the so-called cominimal distance

(P, Py) = inf{a > 0; uv(Py, Py, ) < o} (3.3.36)
(Fig.3.1), and let
RV (P1, Py) = lim supapv(Pr, P2, o).

Then the following theorem is true.

Theorem 3.3.2. Let U be a u.m.s.m.s. and p be a p. distance satisfying the
“continuity” condition in Theorem 3.3.1. Then, for any p. distance v,

(a) pv(,-, «) satisfies the following metric properties:

ID® :  uu(P, Pra) =0 < P, = P,,

SYM® : uv(Py, Pr,a) = pv(Py, P, ),

TIO . po(Py. P K, (@ + B)) < Ku(uo(Pr. Py.a) + uv(Py, P3. B))
forany Py, P, P3 € P1,a > 0,8 > 0;

(b) wv is a simple distance with parameter K, = max[K,, K,]. In particular, if p
and v are p. metrics, then v is a simple metric;
(c) mv is a simple semidistance with parameter K = 2K, K,,.

Proof. (a) By Theorem 3.3.1 and Fig.3.1, uv(Py, P,a) = 0 = (P, P,) =
0 > P = P,and if P; € P, and X is an RV with distribution P;, then
uv(Py, Pr,a) < u(Pryy) = 0. Thus, ID® is valid. Let us prove TI®. For
each P;, P,, P; € Pra > 0,8 > 0, and ¢ > 0 define laws P, € P, and
Py; € Pysuchthat T; Py, = P, T; Py = Py (i = 1,2), v(P12) < a,
v(Py3) < B, and puv(Py, Pr,a) > w(Pr2) — &, pv (P, P3, ) > ju(Pr3) — e.
Define a law Q € P; by (3.3.5). Then Q has bivariate marginals 71,0 = Pi»
and 7230 = Py3; hence, v(T130) < K, [v(P12) + v(P2)] <K, (¢ + B) and

uv(Pr, P3, K, (o + B)) < u(T130) < K[u(Pr2) + n(Pa3)]
< Kpu[puv(Pr, Py, a) + pv (P, P3, B) + 2¢].

Letting ¢ — 0, we get TI®.

(b) If pv(Py, Po) < o and pv(P,, P3) < B, then there exists P, (resp. Pp3) with
marginals P; and P, (resp. P, and Ps3) such that u(Pp) < «, v(Pp) < «,
w(Py3) < B.In a similar way, as in (a), we conclude that uv(P, P3, K, (e +
B)) < Ku(a + B); thus, uv(Py, P,) < max(K,,K,)(a + B).

(c) Follows from (a) with @ = 8.
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Example 3.3.6 (Minimal norms). Each cominimal distance v is greater than the

o

minimal distance & (Fig.3.3). We now consider examples of simple metrics U

corresponding to given p. distances [ that have (like pv) a “minimal” structure
o

but 4 < [i.

Let My be the set of all finite nonnegative measures on the Borel o-algebra
B; = B(U*) (U is an s.m.s.). Let M denote the space of all finite signed measures
v on B; with total mass m(U) = 0. Denote by CS(U?) the set of all continuous,
symmetric, and nonnegative functions on U?2. Define the functionals

e (m) :=/ c(x,y)ym(dx,dy), meM,, ceCSU?), (3.3.37)
UZ

and
[t (v) := inf{u.(m) : Tim —Tom = v}, ve Mo, (3.3.38)

where T;m denotes the i th marginal measure of m.

Lemma 3.3.2. For any ¢ € CS(U?) the functional ,&C is a seminorm in the space
M.

o
Proof. Obviously, 4, > 0. For any positive constant @ we have

Ie(av) = inf{e(m) : Ti(1/aym — Ty(1/aym = v}
ainf{p.((1/aym) : Ti(1/aym — T>(1/aym = v}

a#otc(v).

Ifa <0andm(A x B) := m(B x A), where A, B € By, then by the symmetry of
c we get

we(av) = inf{pu.(m) : To(=1/a)ym — Ti(—=1/a)m = v}
= inf{pc(m) : Ti(=1/aym — To(=1/a)m = v}

= la|lt.(v).

Let us prove now that ,lotc is a subadditive function. Let vy, vo € M. For my,
my, € My with Tym; — Tom; = v; (i = 1,2),let m = m; + m,. Then we have
He(m) = pe(my) + pe(my) and Tym — Tom = vy + vy; hence, U, (v + Vo) <
He(01) + He(v2). o

In the next theorem, we give a sufficient condition for

HC’(PlaPz) = /"LL(PI_PZ)a PlaPZGPla (33'39)

to be a simple metric in P;. In the proof we will make use of Zolotarev’s semimetric
{r. That is, for a given class F of the bounded continuous function f : U — R we
define
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é‘]:(PlsPZ) = sup
feF

/fd(Pl_PZ)
U

. P eP).

Clearly, {r is a simple semimetric. Moreover, if the class F is “rich enough” to
preserve the implication { (P, P;) =0 <= P} = P, then we have that {r is a
simple metric.

Theorem 3.3.3. The following statements hold:

(i) Foranyc € CS(U?), ELC(PI, P,), defined by equality (3.3.39), is a semimetric
in Py.

(ii) Further, if the class F. :={f : U - R, |f(x) — f(¥)] <c(x,y), Vx,y €

U} contains the class G of all functions

f(x) = frc(x) :=max{0,1/k —d(x,C)}, xeU
(k is an integer greater than some fixed ko, C is a closed nonempty set), then
MK is a simple metric in Py.

Proof. (i) The proof follows immediately from Lemma 3.3.2 and the definition of
semimetric (Definition 2.4.1).
(ii) Forany m € M, such that Tym — Tom = P} — P, and for any f € F. we have

'/ fd(Py — P2)
U

_ ‘ /U @)~ fIm(ax.dy)

< /U @) = Flm(dx. dy) < e m);

hence, the Zolatarev metric {r,(P;, P») is a lower bound for ﬁc(Pl, P,). On
the other hand, by assumption, {r, > {g. Thus, assuming ELC(PI, P) =0, we

get 0 < {g(P1, P2) < Cr. (P, P2) < IOLC(PI, P,) = 0. Next, for any closed
nonempty set C we have

Pi(C) < k/ Je.cdPy < kig(Py, P) +k/ frcdPy < Py(CY5).
U U

Letting k — oo we get P;(C) < P,(C), and hence, by symmetry,
P, = P,. O

Remark 3.3.4. Obviously, F; 2 G, and hence ,&d is a simple metric in P;; however,

if p > 1, then lidp is not a metric in Pj, as shown in the following example. Let
U =10,1], d(x,y) = |x — y|. Let P; be a law concentrated on the origin and P,
a law concentrated on 1. For any n = 1,2, ... consider a measure m™ e M, with
total mass m™ (U?) = 2n + 1 and
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Fig. 3.2 Support of measure )i
m™ with marginals P,
and P,
Y e— S T ——
7% R SRS S S T
s S s
0 ; i ; ;
0 1/n 2/n (n—1)/n 1

m‘")Gl—,l—D =1, i=0,....n,
n n

il
m(n)({l_’M}) =1, i=0...n-1
n n

(Fig.3.2). Then, obviously, Tym™ — Tom™ = P, — P, and

n—1
1 p
[ sty =3 (5] =t
UxU i—o \

hence, if p > 1, then

iLa(Py, Py) < inf / | — y[Pm®(dx,dy) = 0,
n>0 U2

and thus ﬁdp(Pl, Pz) =0.

Definition 3.3.4. The simple semimetric ELC [see equality (3.3.39)] is said to be the
minimal norm w.r.t. the functional |L..

Obviously, for any ¢ € CS,

Je(Py. P2) < (Py, Py) i= inf{pc(P) : P € Po, T, P = Pri = 1,2},
Py, P, € Py; (3.3.40)
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hence, for each minimal metric of the type [i, we can construct an estimate from

below by means of ,lotc, but what is more important, ELC is a simple semimetric,
even though [, is not a probability semidistance. For instance, let c;(x,y) =
d(x, y)h(max(d(x,a),d(y,a))), where h is a nondecreasing nonnegative contin-
uous function on [«, 00) for some o > 0. Then, as in Theorem 3.3.3, we conclude

that §., < ’&Ch and ., (P1, P,) = 0= Py = P,. Thus, ,lOLC,l is a simple metric, while
if h(t) =t (p > 1), then i, is not a p. distance. Further (Sect. 5.4 in Chap. 5), we

will prove that IOL admits a dual formula: for any laws P; and P, on an s.m.s. (U, d),
with finite [ d(x,a)h(d(x,a))(Pi + P>)(dx),

ﬁch(Pl,Pz):sup{‘/de(Pl—Pz) S f U >R,

S = fWI S anlx.y) VeyeUl. (3341

From equality (3.3.41) it follows that if U = R and d(x, y) = |x — y|, then LOLC

may be represented explicitly as an average metric with weight i (-—a) between DFs
o ] S

fro(P1 P = fo (PP = [ 1RG0 = B@lh(x—ahdx, (342

—00

where F; is the DF of P; (Sect.5.5).

3.4 Compound Distances and Moment Functions

We continue the classification of probability distances. Recall some basic examples
of p. metrics on an s.m.s. (U, d):

(a) The moment metric (Example 3.2.2):
MX,Y)=|Ed(X,a)— Ed(Y,a)|], X,Y € X(U)

[M is a primary metric in the space X(U) of U-valued RVs].
(b) The Kantorovich metric (Example 3.3.2):

k(X,Y)=sup{|Ef(X)—Ef(Y)|: f: U — R bounded,
[f(x) = f()| =d(x,y) VxandyeU}

[« is a simple metric in X(U)].
(c) The L;-metric [see (2.5.3)]:
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Li(X,Y) = Ed(X.Y), XY € X(U).

The L£i-metric is a p. metric in X(U) (Definition 2.5.2). Since the value of
L1(X,Y) depends on the joint distribution of the pair (X, Y), we will call £; a
compound metric.

Definition 3.4.1. A compound distance (resp. metric) is any probability distance p
(resp. metric). See Definitions 2.5.1 and 2.5.2.

Remark 3.4.1. In many papers on probability metrics, compound metric stands for
a metric that is not simple; however, all nonsimple metrics used in these papers are
in fact compound in the sense of Definition 3.4.1. The problem of classification of
p. metrics that are neither compound (in the sense of Definition 3.4.1) nor simple is
open (see Open Problems 3.3.1 and 3.3.2).

Let us consider some examples of compound distances and metrics.

Example 3.4.1 (Average compound distances). Let (U,d) be ans.m.s. and H € H
(Example 2.4.1). Then

Ly (P) :=/ H(d(x,y))P(dx,dy), P €Ps, (3.4.1)
U2

is a compound distance with parameter Ky [see (2.4.3)] and will be called an
H-average compound distance. If H(t) = t?, p > 0, and p’ = min(1, 1/p),
then

L,(P):=[Lu(P)’, PePy, (3.4.2)

is a compound metric in
P = {P eP: / d”(x,a)[P(dx.dy) + P(dy,dx)] < co
U2

In the space
XP(U):={X e X(U): Ed"(X,a) < oo},

the metric £, is the usual p-average metric
Ly(X,Y):=[Ed"(X,V)]”, 0<p<oo. (3.4.3)

In the limit cases p = 0, p = oo, we will define the compound metrics

LyP):=P|Jx»|. PeP. (3.4.4)
x#y

and
Loo(P) :=inf{e > 0: P(d(x,y) >e) =0}, P €P,, (3.4.5)
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that on X have the forms
Lo(X,Y):=EI{X#Y}=Pr(X #Y), X, Y eX, (3.4.6)

and

Loo(X,Y) :=esssupd(X,Y) :=inf{e > 0:Pr(d(X,Y) >¢) =0}. (3.4.7)
Example 3.4.2 (Ky Fan distance and Ky Fan metric). The Ky Fan metric K in
X(R) was defined by equality (2.2.5) in Chap. 2, and we will extend that definition
considering the space P,(U) for an s.m.s. (U, d). We define the Ky Fan metric in
P>(U) as follows:

KP):=inf{le >0: P(d(x,y)>¢)<e}, PeP,

and on X(U) by K(X,Y) = K(Pry y). In this way, K takes the form of the distance
in probabilityin X = X(U):

K(X,Y):=inf{e > 0:Pr(d(X,Y) >¢) <&}, X, Y e€X. (3.4.8)
A possible extension of the metric structure of K is the Ky Fan distance:

KFy(P) :=inf{e > 0: P(H(d(x,y)) > ¢) < &} (3.4.9)
for each H € H. It is easy to verify that KFy is a compound distance with
parameter Kgr := Ky [see (2.4.3)]. A particular case of the Ky Fan distance is
the parametric family of Ky Fan metrics given by

K, (P) :=inf{e > 0: P(d(x,y) > Ae) < &}. (3.4.10)
Foreach A > 0
Ki(X,Y):=infle > 0:Pr(d(X,Y) > Ae) <e}, X,Y €X,
metrizes the convergence “in probability” in X(U), i.e.,
K,(X,,Y) >0 < Pr(d(X,,Y) >¢) - Oforany ¢ > 0.
In the limit cases,

lim K, = £y, lim AK; = Lo, (3.4.11)
A—0 A—>00

we get, however, average compound metrics [see equalities (3.4.4)—(3.4.7)] that
induce convergence, stronger than convergence in probability, i.e.,
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Lo(Xn,Y) — Oz X, — Y “in probability”

and
Loo(Xy,Y) — OZ X, — Y “in probability.”

Example 3.4.3 (Birnbaum—Orlicz compound distances). Let U = R, d(x,y) =
|x — y|. For each p € [0, oo] consider the following compound metrics in X(R):

7

oo P
0,(X,X5) = [/ t”(l;Xl,Xz)dti| , 0<p<oop :=min(l,1/p),

—00
(3.4.12)
O (X1, X5) :=supt(t; X1, X), (3.4.13)
teR
o
@0(X12,X2) = / I{l I‘L'([;XI,Xz) 750}(1[,
—0Q
where
‘C(Z;Xl,Xz) = PI‘(Xl <t < Xz) + PI'(X2 <tr< Xl) (3.4.14)
If H € H, then -
Oy(X1, Xy = / H(z(t; X1, X))dt (3.4.15)
—0Q
is a compound distance with Kg,, = Kpg. The functional ® i will be called a
Birnbaum—Orlicz compound average distance, and
RH(XI, Xz) = H(GOO(Xla Xz)) = sup H(‘C(t; Xl, Xz)) (3416)
teR

will be called a Birnbaum—Orlicz compound uniform distance.

Each example 3.3.i. is closely related to the corresponding example 3.2.i. In
fact, we will prove (Corollary 5.3.2) that £z [see (3.3.10)] is a minimal distance
(Definition 3.3.2) w.r.t. Ly for any convex H € H, i.e.,

ly =Ly. (3.4.17)
Analogously, the simple metrics £, [see (3.3.11)-(3.3.14)], the Prokhorov metric

1) [see (3.3.22)], and the Prokhorov distance & gy [see (3.3.24)] are minimal w.r.t.
the £ ,-metric, Ky Fan metric K, and Ky Fan distance KFy, i.e.,

,=L,(pel0.x]), m=Ki(A>0), my=KFg. (3.4.18)

Finally, the Birnbaum-Orlicz metric and distance 6, and 6y [see (3.3.28)
and (3.3.26)] and the Birnbaum—Orlicz uniform distance p, [see (3.3.27)] are
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minimal w.r.t. their “compound versions” @ ,, @ y, and Ry, i.e.,
0,=0,(pecl0,00]), 0p =0y, pu=Ry. (3.4.19)

Equalities (3.4.17)—(3.4.19) represent the main relationships between simple and
compound distances (resp. metrics) and serve as a framework for the theory of
probability metrics (Fig. 1.1, comparison of metrics).

Analogous relationships exist between primary and compound distances. For
example, we will prove (Chap. 9) that the primary distance

Mup(a. p) == H(je — B) (3.4.20)

[see (3.2.6)] is a primary minimal distance (Definition 3.2.2) w.r.t. the p. distance
H(L)) (H € H),ie,

Mpy (o, B) :zinf{H(ﬁl(P)) : /(]2 d(x,a)P(dx,dy) = «a,

/ d(a,y)P(dx,dy) = ,3} (3.4.21)
U2

Since a compound metric ;4 may take infinite values, we have to determine a
concept of p-boundedness. With that aim in view, we introduce the notion of a
moment function, which differs from the notion of simple distance in the identity
property only [Definition 3.3.1 and ID®, TI?].

Definition 3.4.2. A mapping M : P; xP; — [0, 0o] is said to be a moment function
(with parameter Ky; > 1) if it possesses the following properties for all P;, P,
P; e Py

SYMY :M(Py, P,) = M(P2, Py),
TIY :M(Py, P3) < Ky[M(Py, P2) + M(P,, P3)].
We will use moment functions as upper bounds for p. distances p. As an

example, we will now consider u to be the p. average distance [see equalities (3.4.2)
and (3.4.3)]

»
typyi=| [ arep@nan| L p=o. = mini/p. e

(3.4.22)
For any p > 0 and a € U define the moment function

7 r
Apa(Pr, Pr) := |:/[.] d”(x,a)Pl(dx)} + |:/U d”(x,a)Pz(dx):| . (3.4.23)
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By the Minkowski inequality, we get our first (rough) upper bound for the value
L ,(P) under the convention that the marginals 7; P = P; (i = 1,2) are known:

Ly(P) = Apa(Pr, P2). (3.4.24)
Obviously, by inequality (3.4.24), we can get a more refined estimate
Lp(P) = Ap(P1, Py), (3.4.25)

where
Ap(P1, P) = inlf/ Apa(Pr, Py). (3.4.20)
ae
Further, we will consider the following question.

Problem 3.4.1. What is the best possible inequality of the type
L,(P) < L,(Py, Py), (3.4.27)

where £ » is a functional that depends on the marginals P; = T; P (i = 1,2) only?

Remark 3.4.2. Suppose (X, Y) is a pair of dependent random variables taking on
values in the s.m.s. (U, d). Knowing only the marginal distributions P; = Pry and
P, = Pry, what is the best possible improvement of the triangle inequality bound

Li(X,Y):=Ed(X,Y)<FEd(X,a)+ Ed(Y,a). (3.4.28)
The answer is simple: the best possible upper bound for Ed(X, Y) is given by
Li(Py, Py) := sup{L(X\, X») : Pry, = P;,i = 1,2}. (3.4.29)

More difficult is to determine dual and explicit representations for £, similar to
those of the minimal metric £ 1 (Kantorovich metric). We will discuss this problem
in Sect. 8.2 in Chap. 8.

More generally, for any compound semidistance p(P) (P € P,) let us define the
functional

(P, Pp) :=sup{u(P) : T; P = P;,i = 1,2}, P, P,eP. (3.4.30)
Definition 3.4.3. The functional ji : P; x P; — [0, co] will be called the maximal

distance w.r.t. the given compound semidistance /.

Note that, by definition, a maximal distance need not be a distance. We prove the
following theorem.

Theorem 3.4.1. If (U,d) is a u.m.s.m.s. and | is a compound distance with
parameter K, then [i is a moment function and K;; = K. Moreover, the following

stronger version of the TI¥ is valid:
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f(Py, P3) < K, [[L(Py, Py) + ji(P2, P3)], P, Py, Py € Py, (3.4.31)

where [L is the minimal metric w.r.t. [i.

Proof. We will prove inequality (3.4.31) only. For each ¢ > 0 define laws P,
P13 € P, such that

T\P, =P, ThPp=P, TiPi=P, LHP3=DP
and
U(Py, Py) > u(Pr2) —&,  ji(P1, P3) < pu(Pr3) +e.
As in Theorem 3.3.1, let us define a law Q € P; [see (3.3.5)] having marginals
T120 = Py, T130 = Py3. By Definitions 2.5.1, 3.3.2, and 3.4.3, we have
(P1, P3) < n(Ti30) + & < K [u(Pr2) + n(P3)] + &
< Kul[it(Pr, Py) + & + ji(Py, P3)] + &.

Letting ¢ — 0 we get (3.4.31). O

Definition 3.4.4. The moment functions ji will be called a maximal distance with
parameter Ky = K, and if K, = 1, then ji will be called a maximal metric.

As before, we note that a maximal distance (resp. metric) may fail to be a distance
(resp. metric). (The ID property may fail.)

Corollary 3.4.1. If (U,d) is a u.m.s.m.s. and |4 is a compound metric on P, then

|L(P1, P3) — fi(P2, P3)| < fi(Py, P) (3.4.32)

fOI" all Py, P,, P; € P,.
Remark 3.4.3. By the triangle inequality TI we have

|L(Pr, P3) — i(P2, P3)| < [1(Py, P2). (3.4.33)

Inequality (3.4.32) thus gives us refinement of the triangle inequality for maximal
metrics.

We will further investigate the following problem, which is related to a descrip-
tion of the minimal and maximal distances.

Problem 3.4.2. If ¢ is a nonnegative continuous function on U? and

e (P) :=/ c(x,y)P(dx,dx), P €P,, (3.4.34)
U2

then what are the best possible inequalities of the type
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¢(P1, Py) < jie(P) = Y (P1. P2) (3.4.35)

when the marginals 7; P = P;, i = 1,2, are fixed?

If ¢(x,y) = H(d(x,y)), H € H, then u. = Ly [see (3.4.1)] and the best
possible lower and upper bounds for Ly (P) [with fixed P, = T; P (i = 1,2)] are
given by the minimal distance ¢ (P;, P2) = Z(Pl, P,) and the maximal distance
v(Py, Py) = iH(Pl, P,). For more general functions ¢ the dual and explicit
representations of I, and ji. will be discussed later (Chap. 8).

Remark 3.4.4. In particular, for any convex nonnegative function ¥ on R and
c(x,y) = ¢¥(x —y) (x,y € R), the functionals of Ly and Ly have the following
explicit forms:

1
Lu(P, P) := /O H(F7'(t) — Fy ' (1))dt,
. 1
Lu(Py, P>) ::/0 H(F7'(t) — F;' (1 —1))dt,

where Fi_l is the generalized inverse function (3.3.16) w.r.t. the DF F; (Sect. 8.2).

Another example of a moment function that is an upper bound for Ly (H € H)
is given by

Amo(Pr, Po) i= Ky / H(d(x.0))(P; + P>)(dx). (3.4.36)
U

where 0 is a fixed point of U. In fact, since H € H, then H(d(x,y)) <
Kp[H(d(x,0)) + H(d(y,0))] forall x, y € U, and hence

Ly(P) < Apo(Pr. P). (3.4.37)
One can easily improve inequality (3.4.37) by the following inequality:

Ly(P)<Au(Pi, Py):= inlf/ Ata(Pr, P2). (3.4.38)
ae

The upper bounds Az, Ay of Ly depend on the sum P, + P, only; hence, if
P is an unknown law in P, and we know only the sum of marginals P, + P, =
T, P 4+ T, P, then the best improvement of inequality (3.4.38) is given by

Lu(P) < LY (P + Py), (3.4.39)
where

LY (P + Py) :=sup{Ly(P) : T\ P + TP = P, + Py}. (3.4.40)
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Remark 3.4.5. Following Remark 3.4.2, we have that if (X,Y) is a pair of
dependent U -valued RVs, and we know only the sum of distributions Pry + Pry,

then Eﬁ‘v) (Prx + Pry) is the best possible improvement of the triangle inequality
(3.4.28). Further (Sect.8.2), we will prove that in the particular case U = R,
d(x,y) =[x —y[.and p > 1,

1 1/p
LOP 1 Py = ( [ vo-va —r)|Pdr) |

where V™! is the generalized inverse [see (3.3.16)] of V(¢)
%(Fl(t) 4+ F>(t)),t € R, and F; isthe DF of P; (i = 1,2).

For more general cases we will use the following definition.

Definition 3.4.5. For any compound distance p the functional

(s)
(P, Py) :=sup{u(P): T'P + TP = P + Py}

will be called the w-upper bound with marginal sum fixed.

Let us consider another possible improvement of Minkowski’s inequality
(3.4.24). Suppose we need to estimate from above (in the best possible way)
the value £(X,Y) (p > 0) having available only the moments

m,(X):=[Ed?(X,0)]”, p':=min(l,1/p) (3.4.41)

and m ,(Y'). Then the problem consists in evaluating the quantity

Yplar,az) :==supq L,(P) : P € P,(U), (/U d”(x,O)T,-P(dx))pz a,-,i:l,Z},

p' =min(1,1/p),

foreacha; > 0anda, > 0.
Obviously, ¥, is a moment function. Subsequently (Sect.9.2), we will obtain an
explicit representation of ¥, (a1, a»).

Definition 3.4.6. For any p. distance u the function

(m,p)
K (ay,az):=sup

w(P): P e P(U), (/U dp(x,o)nP(dx))pz ai,izl,z},

where a; > 0,a, > 0, p > 0, is said to be the w-upper bound with fixed pth
marginal moments a, and a;.

(m,1)
Hence, [ (ai,az) is the best possible improvement of the triangle inequality
(3.4.28) when we know only the “marginal” moments
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ar = Ed(X,0), a,= Ed(Y,0).
We will investigate improvements of inequalities of the type
Ed(X,0)— Ed(Y,0) < Ed(X,Y) < Ed(X,0)+ Ed(Y,0)

for dependent RVs X and Y. We set down the following definition.
Definition 3.4.7. For any p. distance u

(i) The functional

/

1w(P): P e Py(U), [/U d"(x,O)T,-P(dx)T

K (aj,az) ;= inf
m,p)

= af,i=1,2§,

where a; > 0,a, > 0, p > 0, is said to be the u-lower bound with fixed
marginal pth moments a; and ay;
(i1) The functional

/

p
w(ay +az;m, p) :==sup u(P): P € P,(U), |:/U d"(x,O)TlP(dx)}

’

p/
+ |:/ d”(x,O)TzP(dx):| =a +a
U

where a; > 0,a; > 0, p > 0, is said to be the u-upper bound with fixed sum
of marginal pth moments a; + a»;
(iii) The functional

/

W(P): P e Py(U). [ /U df’(x,O)TlP(dx)T

— |:/ dp(x,O)TzP(dx)}p =a —az},
U

where a; > 0,a, > 0, p > 0, is said to be the p-lower bound with fixed
difference of marginal p. moments a; — a,.

lar —az;m, p) := inf

(m,p)
Knowing explicit formulae for 4 and M (Sect.9.2), we can easily determine
(m.p)
w(ay + a;m, p) and w(a; — a; m, p) using the representations
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(m,p)
w(a;m, p) = sup% M (ai,az) a1 > 0,a, > 0,a1 +ax = a}

and
ula;m, p) = inf{ K (a,az):a; = 0,a, >0,a; —a = a}.
- (m.p)
Let us summarize the bounds for x we have obtained up to now. For any

compound distance p (Fig.3.3) the maximal distance (& (Definition 3.4.4) is not
greater than the moment distance

(m,p)
K (ay,az) := sup

p/
W(Py, Py [/ d”(x,O)Pi(dx)} =a;,i = 1,2§.
U
(3.4.42)

As we have seen, all compound distances @ can be estimated from above by

(s) (m.p)
means of fi, X, K ,and u(-;m, p);in addition, the following inequality holds:

N . (m.p)
UW<p<p<plmp), L=< K. (3.4.43)

The p. distance p can be estimated from below by means of the minimal metric
i (Definition 3.3.2), the cominimal metric uv (Definition 3.3.3), and the primary

minimal distance 71, (Definition 3.2.2), as well as for such pu as 4 = . [see
(3.3.40)] by means of minimal norms lot (Definition 3.3.4).
Thus 5
E(';mv p) =< ﬁh = ﬁ Spv =y, He < e, (3444)

and, moreover, we can compute the values of 7, using the values of the minimal
distances u since

T(ar, a) = (Wn(ar, as) i= inf{@(Py, Py) : hPi = ai,i = 1,2}, (3.4.45)

Also, if c(x,y) = H(d(x,y)), H € H, then p, is a p. distance and

e < He < [ (3.4.46)

Inequalities (3.4.42)—(3.4.46) are represented in the scheme in Fig. 3.3.

(s) o
The functionals w(-;m, p), 4, i, i, v, i, 4, and p(;m, p), are listed in order
of numerical size in Fig. 3.3. The double arrows are interpreted in the following way.

(s) (s) (m.p)
The functional X dominates i, but /4 and Mp are not generally comparable.
As an example illustrating the list of bounds in Fig. 3.3, let us consider the case
p=1land u(X,Y) = Ed(X,Y). Then, for a fixed point 0 € U,
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Fig. 3.3 Lower and upper bounds for u(P) (P € P,) of a compound distance p when different
kinds of marginal characteristics of P are fixed. The arrow — indicates an inequality of the type <

(a)
wlay +axy;m,1) =sup{Ed(X,Y): Ed(X,0)+ Ed(Y,0) = a; + a»},
ay +ax > 0; (3.4.47)
(b)
(m.1)
M (ar,az) = sup{Ed(X,Y): Ed(X,0) = a;, Ed(Y,0) = a,},
ay >0, a>0; (3.4.48)
(©)
(s)
H(Py + Py) =sup{Ed(X,Y) : Pry +Pry = P} + Py},
Py, P, € Py; (3.4.49)
(d

,ll(Pl, Pz) = sup{Ed(X, Y) . PI‘X = Pl,PI'Y = Pz},
Py, P, € Py, (3.4.50)

and each of these functionals gives the best possible refinement of the inequality
Ed(X,Y) < Ed(X,0)+ Ed(Y,0)

under the respective conditions

(a)

Ed(X,0)+ Ed(Y,0) = a; + as,
(b)

Ed(X,0)=a,, EdY,0)=a,
()

Pry +Pry = P, + P>,
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(d)
PrX:P1, PrY:PZ.

Analogously, the functionals

1.
ﬁ(al —az;m, 1) =inf{Ed(X,Y) : Ed(X,0)— Ed(Y,0) = a; — ay},
a1, ar € R, (3.4.51)
2.
K (ay,ay) = inf{Ed(X,Y): Ed(X,0) =a;, EA(Y,0) = ay},
(m,1)
ay >0, a =0, (3.4.52)
3.
[L(P,, P,) = inf{aEd(X,Y) : forsomea > 0,X € X,Y € X
suchthata(PrX—Pry):Pl—Pz, P, P, € Py,
(3.4.53)
4.
ﬁ(Pl,Pz) = inf{Ed(X, Y) . PI‘X = Pl,PI'y = Pz},
P, P, € Py, (3.4.54)
5.

,LLV(Pl, Pz) = mf{Ed(X, Y) : PI'X = Pl,Pry = Pz, U(X, Y) < Ol},
[P, P, € Py, visap.distance in X(U)] (3.4.55)

describe the best possible refinement of the inequality
Ed(X,Y)> Ed(X,0)— Ed(Y,0)

under the respective conditions

. Ed(X,O)— Ed(Y,O) =da; —dadj,

. Ed(X,0)=a; Ed(Y,0)=a,

. a(Pry —Pry) = P, — P, for some o > 0,
. PI'X = P1 PI‘Y = P2,

.Pry =P, Pry = P, v(X,Y) <a.

[ S OST R
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Remark 3.4.6. If u(X,Y) = Ed(X,Y), then ,lct = [& (Theorem 6.2.1); hence, in
this case,

/?L(Pl, Pz) = ll’lf{Ed(X, Y) :Pry —Pry = P — Pz} (3456)
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Chapter 4

A Structural Classification of Probability

Distances

The goals of this chapter are to:

* Introduce and motivate three classifications of probability metrics according to
their metric structure,
* Provide examples of probability metrics belonging to a particular structural

group,

* Discuss the generic properties of the structural groups and the links between

them.

Notation introduced in this chapter:

Notation Description
L, Parametric version of Lévy metric
w Uniform metric between generalized inverse functions
) Hausdorff metric with parameter A
T Hausdorff semimetric between functions
hy.6.8 Hausdorff representation of a probability semidistance
F" = F(R") Space of distribution functions on R"
e Unit vector (1,1,...,1)in R”
Ly Lévy probability distance
H, Hausdorff metric in 7 (R")
w Limit of AHj as A — 00
P1 2) P2 p2-convergence implies p;-convergence
top top top
p1 < p2 p1 < pabutnot p; < p
top top top
p1~ P2 p1 < prand py < p
SB Skorokhod-Billingsley metric
0k, o} Moduli of continuity in the space of distribution functions
7H), Metric with a Hausdorff structure satisfying the property 7, < 7H) <o
Ay A-structure of a probability semidistance
chU) Set of bounded continuous functions on U

S.T. Rachev et al., The Methods of Distances in the Theory of Probability and Statistics,
DOI 10.1007/978-1-4614-4869-3_4, © Springer Science+Business Media, LLC 2013
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Notation Description

¢(-,-;G”)  Fortet-Mourier metric

B Dudley metric

Ko Q-difference pseudomoment

To Compound Q-difference pseudomoment
AS, Szulga metric

4.1 Introduction

Chapter 3 was devoted to a classification of probability [semidistances u(P) (P €
P>)] with respect to various partitionings of the set P, into classes PC such that
w(P) takes a constant value on each PC. For instance, if PC := PC(Py, P,) :=
{PeP,: T\P =P, T»P = P>}, P, P, € P,and u(P’) = u(P") for each P’,
P’ € PC, then u was said to be a simple semidistance. Analogously, if

PC :=PC(a),a) :=={P € P,: h(T\P) = a,, (T, P) = a,}

[see (3.2.2) and Definition 3.2.1 in Chap.3] and u(P’) = u(P”) as P/, P" €
PC(a,,ay), then u was said to be a primary distance.

In the present chapter, we classify the probability semidistances (p. semidis-
tances) on the basis of their metric structure. For example, a p. metric that admits a
representation as a Hausdorff metric [see (2.6.1) of Chap. 2] will be called a metric
with a Hausdorff structure. See, for instance, the H -metric introduced in Sect. 2.4.

Some probability metrics are more naturally defined in the following form:

M y(X,Y):=inf{le > 0: v(X,Y; Le) < ¢},

where the functional v(X,Y;t) has a particular axiomatic structure. Examples
include the Lévy metric L (2.2.3), the Prokhorov metric & (3.3.18), and the Ky
Fan metric K (2.2.5).

Finally, some simple probability distances can be represented as {z-metrics,
namely,

w(Pr, o) = Cx(P1, Po) := ;ug‘/ fd(Pi—Py)|, P ePCPU),

€
where F is a class of functions on an s.m.s. U that are P-integrable for any P € P.
In this case, u is said to be a probability metric with a ¢-structure. Examples of such
u are the Kantorovich metric £, (3.3.12), the total variation metric o (3.3.13), the
Kolmogorov metric p (2.2.2), and the 8 -metric (Remark 2.2.2).

From a general perspective, a single probability metric can enjoy all three
representations. In this case, the representation chosen depends on the particular
problem at hand. Three sections are devoted to these three structural classifications.
We begin with the Hausdorff structure, then we continue with the A-structure, and
finally we discuss the -structure.
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4.2 Hausdorff Structure of Probability Semidistances

The definition of a Hausdorff p. semidistance structure (henceforth simply -
structure) is based on the notion of a Hausdorff semimetric in the space of all subsets
of a given metric space (S, p):

r(A,B) =inf{e > 0: A° 2 B, B* O A}
= max{inf{e > 0: A* D B},inf{e > 0: B* D A}}, 4.2.1)

where A° is the open e-neighborhood of A.
From definition (4.2.1) the second Hausdorff semidistance representation follows
immediately:

r(A, B) := max(r',r"), (4.2.2)
where
¥’ = sup inf p(x,y)
xeAYEB
and

r” = sup inf1 o(x,y).

yEB xe

As an example of a probability metric with a representation close to that of
equality (4.2.2), let us consider the following parametric version of the Lévy metric
forA >0,X,Y € X(R) (Fig.4.1):

Ly(X,Y) :=Ly(Fx, Fy) :=inf{e > 0: Fx(x —Ae) —e < Fy(x)
< Fx(x+Ae)+e VxeR}. (4.2.3)

| —F®
-~ -SHF,. )

Fig. 4.1 St(Fx,h) is the
strip in which the graph of Fy
must be positioned in order
for the inequality

Ly(X,Y) < htohold
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Obviously, L is a simple metric in X(R) for any A > 0, and L := L, is the usual
Lévy metric [see (2.2.3)]. Moreover, it is not difficult to verify that L) (F, G) is
a metric in the space F of all distribution functions (DFs). Considering L, as a
function of A, we see that L, is nonincreasing on (0, 00), and the following limit
relations hold:

}in})LA(F, G)=p(F,G), F,GelF, “4.2.4)
and
}in}) ALy (F,G) = W(F,G). 4.2.5)
In equality (4.2.4), p is the Kolmogorov metric [see (2.2.2)] in F

p(F,G) :=sup|F(x) — G(x)|. (4.2.6)

x€R

In equality (4.2.5), W(F, G) is the uniform metric between the inverse functions
F',G™!
W(F,G) = sup |F~'(t) =G~ '(1), 4.2.7)

O<r<l

where F~! is the generalized inverse of F
F7Y(t) := sup{x : F(x) < t}. (4.2.8)

Equality (4.2.4) follows from (4.2.3) (Fig.4.1). Likewise, (4.2.5) is handled by the
equalities

lim AL,(F.G) = inf{6 > 0: F(x) < G(x +8).G(x) < F(x +§) Vx €R}
= W(F.G).

Another way to prove (4.2.5) is to use the representation of L) (F, G) in terms of
the inverse functions F~! and G™!:

L,(F,G) = inf{le > 0: Fy'(t —e) — Ae < F; ' (1),
Fy'(t—e)—de < Fy'(DVe <t < 1}

1 1
:Xinf{8>0:F;1(t—18)—8§FY“(t),
. 1 |
Fy t—XS -8 < Fy (Z)Vxé’ftfl .

We will prove subsequently [Corollaries 7.4.1 and (7.5.15)] that W coincides
with the £o-metric

Koo(Fl, Fz) = Eoo(Pl, Pz) = inf{e >0: Pl(A) < PQ(AE), VA C R},
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where P; is the law determined by F;. The equality W = £ illustrates — together
with equality (4.2.5) — the main relationship between the Lévy metric and £

Let us define the Hausdorff metric between two bounded functions on the real
line R. Let dmj (A > 0) be the Minkowski metric on the plane R2: that is, for each
A = (x1,y1) and B = (x2, y2) we have dm; (A, B) := max{(1/A)|x; — x2|, |y1 —
v2|}. The Hausdorff metric r; (A > 0) in the set C(R?) (of all closed nonempty sets
G C R?)is defined as follows: for G; € R? and G, C R?

r)(Gy, Gy) := max { sup 1nf dm;) (A, B), sup 1nf dm)(A, B);. 4.2.9)
AeG, B BeG,

We will say that r, is generated by the metric dm just as the Hausdorff distance
r was generated by p in equality (4.2.2). Let f € D(R) be the set of all bounded
right-continuous functions on R having limits f(x—) from the left. The set

f ={(x,y): x € Randeither f(x—) <y < f(x)or f(x) <y < f(x—)}

is called the completed graph of the function f.

Remark 4.2.1. Obviously, the completed graph F of a DF F € F is given by
F:={(x,y):x R F(x—) <y < F(x)}. (4.2.10)

Using equality (4.2.9), we define the Hausdorff metric ry = r, (7 2) in the space

of completed graphs of bounded, right-continuous functions.

Definition 4.2.1. The metric

n(f.g):=nr(f.2). fgeD®), (4.2.11)

is said to be the Hausdorff metric in D(R).
Lemma 4.2.1 (Sendov 1969). Forany f, g € D(R)

ri(f. ) = max jsup inf dm;((x, f(x)), (x2. y2)),

xeR (x2.02)€8

sup inf dmy((x1, y1), (x, g(x))¢.
X€R (x1.y1)ESf

Proof. Itis sufficient to prove that if for each x € R there exist points (x1, y;) € 7,
(x2,y2) € g such that max{(1/4)|xo — x1],g(x0) — y1[} =< &, max{(1/A)|xo —
x2], | f(x0) — ¥2|} < 6, then ry(f, g) < 6. Suppose the contrary is true. Then there
exists a point (xo, yo) in the completed graph of one of the two functions, say f(x),
such that in the rectangle |x — xo| < A4, |y — yo| < &, there is no point of the
completed graph g. Writing
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yo= min_y, Yy = max_y,
(x0.)Ef (x0.y)Ef

we then have y; < yo < y,. From the definition of (xo, y;) and (xo. y() it follows
that there exist two sequences {x/,} and {x/'} in R, converging to xo, such that
lim, oo f(x}) = yg. lim, o0 f(x])) = y(. Then from the hypothesis and the fact
that g is a closed set it follows that there exist two points (xi, y1), (x2,y2) € &
for which xi,x, € [xg — A8,x0 + A8], y1 < i, y» = /. This contradicts
our assumptions since by the definition of the completed graph g, there exists
Xo € [xo — A8, xo + Ad] such that (Xo, yo) € . O

Remark 4.2.2. Before proceeding to the proof of the fact that the Lévy metric is a
special case of the Hausdorff metric (Theorem 4.2.1), we will mention the following
two properties of the metric r;( f, g) that can be considered as generalizations of
well-known properties of the Lévy metric.

Property4.2.1. Let p be the uniform distance in D(R), ie., p(f,g) =

sup,eg | /(1) — g()|, and let ws(8) := sup{| f(u) — f@)| : |u—u'| < &},
f € Cpy(R), § > 0, be the modulus of f-continuity. Then

r(f.8) = p(f.8) = n(f.8) +min(ws(Ary(f.8)), ws (Ari(f.8))). (4.2.12)

Proof. 1f ry(f.g) = sup,c7infyeg dmy(a,b), then following the proof of Lemma
4.2.1 we have ‘

r(f.g) =sup inf _dm(x, f(x)), (x2,y2))

x€R (x2.02)€8

< sup inf max { =y () g(y)|} < o(f.).

xeR YER

For any x € R there exists ()9, z0) € g such that

P(h) = int dma(x. £, 0.) = max (51 = ul 10—l ).

Hence

A

|f(x) =g = [ f(x) = 20| + [g(x) — 20l
r(f.g) + max(|g(x) — g(yo-)|. Ig(x) = g(yo)])
r(f.8) + wg(Ara(f. 2)). o

IA

IA

As a consequence of inequalities (4.2.12), we obtain the following property.

Property 4.2.2. Let{f,(x),n = 1,2,...} be a sequence in D(R), and let f(x) be
a continuous-bounded function on the line. The sequence { f,,} converges uniformly
on R to f(x) if and only if lim,—eo 71 (fy, f) = 0.



4.2 Hausdorff Structure of Probability Semidistances 73

Theorem 4.2.1. Forall F,G € Fand A > 0
L) (F,G) = r(F,G). (4.2.13)

Proof. Consider the completed graphs F and G of the DFs F and G and denote by
P and Q the points where they intersect the line (1/A)x + y = u, where u can be
any real number. Then

Ly(F,G) = max|PQ|(1 + A3~z (4.2.14)
ue

where | PQ| is the length of the segment joining the points P and Q.' We will show
that ry (F, G) < L, (F, G) by applying Lemma 4.2.1.

Choose a point xo € R. The line (1/A)x + y = (1/A)xoy + F(xp) intersects
F and G at the points P(xo, F(x,)) and Q(x;, y;). It follows from (4.2.14) that
|F(x0) —y1| < Ly(F,G) and (1/1)|xo — x1| < Ly(F, G). Permuting F and G, we
find that for some (x2, y») € F

1
max [Xlxo — X2, |G (x0) — qu <L,(F,G).

By Lemma 4.2.1, this means that r, (F, G) < Ly (F, G).
Now let us show the reverse inequality. Assume otherwise, i.e., assume
L,(F,G) > r;,(F,G). Let Py(x', y’) and Qo(x”, y") be points such that

| PoQol

L/\(Fv G) = (1 +A.2)1/2

> FA(F, G).

Suppose that x” < x”. Since the points Py and Qg lie on some (1/A)x + y = uy,
and, say, up > 0, we have y’ > y”. By the definition of the metric r) (F, G) and our
assumptions, it follows that

| PoQol )
_1To%ol dm(A. B
(1227 ~ maxmindms(4. B)

[see (4.2.9)]. Since Py € F, there exists a point By(x*, y*) € G such that
| PoQol i
(14 A2)1/2 g g%dmA(PO’ B) = dm(Po, Bo).
Thus,

1
dm;y(Py, By) = max [I|x’ —x* |y = y*|:| < |PoQol(1 +AH7V2 (4.2.15)

I'The proof of (4.2.14) is quite analogous to that given in Hennequin and Tortrat (1965, Chap. 19),
for the case A = 1.
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Suppose that x” > x*. Then x* < x’ < x”. The function G is nondecreasing, so
y* <y ie,
,_ 1Pl
(1 + A2’
which is impossible by virtue of (4.2.15). If x’ < x™*, then

| PoQol 1
Ty =& )

y=y*=y -y

1
0< X(X* —-x') <

Then x* < x” and y* < y”, which, as we have proved, is impossible. Thus,
Ly(F,G) < ri(F,G). O

To cover other probability metrics by means of the Hausdorff metric structure,
the following generalization of the notion of Hausdorff metric r is needed. Let 7S
be the space of all real-valued functions F4 : A — R, where A is a subset of the
metric space (S, p).

Definition 4.2.2. Let f = f4 and g = gp be elements of FS. The quantity

Ta(f. ) = max(7 (f. ). 7,(g. /). (4.2.16)

where
. 1
75.(f. g) := sup inf max { ~p(x,y), f(x) —g(¥)¢.
xed YEB A

is called the Hausdorff semimetric between the functions f4 and gp.

Obviously, if f(x) = g(y) = constant for all x € A, y € B, then
T2(f.g) = r(A, B) [see (4.2.2)]. Note that 7, is a metric in the space of all upper
semicontinuous functions with closed domains.

The next two theorems are straightforward consequences of the more general
Theorem 4.3.1.

Theorem 4.2.2. The Lévy metric L) (4.2.3) admits the following representation in
terms of metric 7 [(4.2.16)]:

Ly (X,Y) =7(fa,88), (4.2.17)
where fy = Fy, gg = Fy, A= B =R, p(x,y) = |x—y|

Thus, the Lévy metric L, has two representations in terms of r; and in terms of
7. Concerning the Prokhorov metric 7 (3.3.22), only a representation in terms of
7 is known. That is, let S = C((U, d)) be the space of all closed nonempty subsets
of a metric space (U, d), and let r be the Hausdorff distance (4.2.1) in S. Any law
P € P1(U) can be considered as a function on the metric space (S, r) because P is
determined uniquely on S, that is,

P(A) :==sup{P(C):C € S,C < A} forany A € B;.
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Define a metric 7, (P1, P2) (P1, P, € P1(U)) by setting A = B =S and p = r in
equality (4.2.16).

Theorem 4.2.3. For any A > 0 the Prokhorov metric ) takes the form
(P, P) =To(P, ) (P P e Pi(D)),

where U = (U, d) is assumed to be an arbitrary metric space.

Remark 4.2.3. By Theorem 4.2.3, for all P;, P, € P; we have the following
Hausdorff representation of the Prokhorov metric m;, A > 0:

7, (P, P) := max { sup mf max |:—r(A B), Pi(A) — PZ(B):|
AEB] €B)

sup inf max [—r(A B), P,(B) — Pl(A)] (4.2.18)

BeB, A€B)

Problem 4.2.1. Is it possible to represent the Prokhorov metric &, by means of r;
or to find a probability metric with a r) -structure that metrizes the weak convergence
in P(U) for an s.m.s. U?

Remark 4.2.4. We can use the Hausdorff representation (4.2.18) of # = m; to
extend the definition of the Prokhorov metric over the set (U ) that strictly contains
the set P(U) of all probability laws on an arbitrary metric space (U, d). Specifically,
let ®(U) be the family of all set functions ¢ : (S,7) — [0, 1] that are continuous
from above, i.e., for any sequence {C, },>0 of closed subsets of U

r(CiCo) >0 = Tim ¢(C,) < ¢(Co).

Clearly, each law P € ®(U). We extend the Prokhorov metric over ®(U') by simply
setting

7 (P1,¢2) = max{ sup 1nf max[r(Cy, C), ¢1(Cy) — ¢p2(Cr)],

C €S &S

gul?s 1lnf max[r(Ci, C3), ¢2(C2) — ¢1(C1)]¢.

For ¢; = P; € P(U) the preceding formula gives
(P, P,) =inf{e > 0: Pi(C) < P2(C?) 4+ ¢, P,(C) < Pi(C?) +¢, VC € S},

i.e., the usual Prokhorov metric (see Theorem 4.3.1 for details).
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The next step is to extend the notion of weak convergence. We will use the analog
of the Hausdorff topological convergence of sequences of sets. For a sequence
{¢n} C ®(U), define the upper topological limit ¢ = Lt¢p, by

#(C) = sup {nli_néod’"(cn) . C, €8,r(C,,C) - o} .

Analogously, define the lower topological limit ¢ = Lt¢, by

¢(C) = sup% lim ¢,(C,):C, € S,r(C,,C) — O} .

- n—00

EE@ = Lt¢,, then {¢,} is said to be topologically convergent and ¢ := Lt¢p, =

Lt ¢, is said to be the topological limit of {¢, }. One can see that ¢ = Lt¢p, € P(U).
For any metric space (U, d) the following conditions hold:

(a) Suppose P, and P are lawson U.If P = {¢P,, then P, . p. Conversely, if

(U, d) is an s.m.s., then the weak convergence P, =P yields the topological
convergence P = {tP,.

(b) If w(py,p) — O for {p,} C ®(U), then ¢ = L1¢,.

(c) If {¢,} is fundamental (Cauchy) with respect to &, then ¢, is topologically
convergent.

(d) If (U,d) is a compact set, then the m-convergence and the topological conver-
gence coincide in ®(U).

(e) If (U,d) is a complete metric space, then the metric space (¢(U), ) is also
complete.

(f) If (U, d) is totally bounded, then (®(U), i) is also totally bounded.

(g) If (U,d) is a compact metric space, then (®(U), x) is also a compact metric
space.

The extension ®(U) of the set of laws P(U) seems to enjoy properties that are
basic in the application of the notions of weak convergence and Prokhorov metric.
Note also that in an s.m.s. (U, d), if {P,} C P(U) is =-fundamental, then clearly
{P,} may not be weakly convergent; however, by (c), { P,} has a topological limit,
¢ =LtP, € d(U).

Next, taking into account Definition 4.2.2, we will define the Hausdorff structure
of p. semidistances.

Without loss of generality (Sect.2.7), we assume that any p. semidistance pu(P),
P € P,(U), has a representation in terms of pairs of U-valued random variables
X YeXx=%XU):

u(P) = u(Pryy) = u(X,Y).

Let By € B(U) and let the function ¢ : X? x B3 — [0, oo] satisfy the following
relations:

(a) fPr(X =Y)=1,then¢(X,Y; A, B) =0forall A, B € By.
(b) There exists a constant K4 > 1 such that forall A, B,C € BpandRV X, Y, Z

(X, Z;A,B) < Kylop(X,Y;A,C)+9(Y,Z,C,B)].
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Definition 4.2.3. Let u be a p. semidistance. The representation of w in the form
H’(X7 Y) = hk,(ﬁ,Bo (X’ Y) = max{h;,(ﬁ,go (Xv Y)v h;»,(ﬁ,Bo (Y’ X)}’ (4219)

where

R 45,(X,Y) = sup inf max —r(A B),$(X.Y; A, B)}, (4.2.20)
AeB, B€Bo

is called the Hausdorff structure of ., or simply h-structure.

In (4.2.20), r (A, B) is the Hausdorff semimetric in the Borel o-algebra B((U, d))
[see (4.2.1) with p = d], A is a positive number. By € B(U), and ¢ satisfies the
foregoing conditions (a) and (b).

Using conditions (a) and (b) we easily obtain the following lemma.

Lemma 4.2.2. Each p in the form (4.2.19) is a p. semidistance in X with a
parameter K, = K.

In the limit cases A — 0, A — o0, the Hausdorff structure turns into a “uniform”
structure. More precisely, the following limit relations hold.

Lemma 4.2.3. Let u have Hausdorff structure (4.2.19); then, as A — 0,
WX, Y) = hjy¢8,(X,Y) has a limit defined to be

hogB,(X,Y) = max{ sup 1nf ¢(X,Y;A,B), sup 1nf oY, X; A, B)}
AEBO

As A — oo, the limit

)kll>nolo Ay B,(X,Y) = hoog 5, (X,Y) (4.2.21)

exists and is defined to be

inf A, B nf A, B);.
max{:ggogeso,mg,ly;/x,m 0 r( ): :élgoBeBOqs(YXAB) =0 r( )}
Remark 4.2.5. Since lim) o0 hy ¢ 5,(X,Y) = 0, we normalized the quantity

hj.¢.58,(X,Y), multiplying it by A, so that A — oo yields a nontrivial limit
h0°s¢q50 (Xv Y)~

Proof. We will prove equality (4.2.21) only. That is, foreach X,Y € X

lim AR}, g, (X.Y)

= lim sup 1nf max{r(A b)— ¢(X Y;A,B)
A—0 AEBO

1
liminf{8>0: inf —¢p(X,Y;A,B) <eforall 4 € By
1—0 BeBy,r(A,B)<e A
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=inf{e>0: inf ¢(X,Y;A,B) =0forall A € By
BEB()J‘(A,B)<£

= sup inf r(A, B).
AeBy BEBo.d(X.Y;4,8)=0

Now, by equality (4.2.19), we claim equality (4.2.21). O

Let us consider some examples of probability semidistances with a Hausdorff
structure.

Example 4.2.1 (Universal Hausdorff representation). Each p. semidistance p has
the trivial form £, ¢ 5, = w, where the set By is a singleton, say, By = {A4o}, and
¢ (X.Y: Ag, Ap) = n(X,Y).

Example 4.2.2 (Hausdorff structure of Prokhorov metric m)). The Prokhorov
metric (3.3.22) admits a Hausdorff structure representation /1y 43, = i [see
representations (4.2.18) and (4.2.19)], where By is either the class C of all nonempty
closed subsets of U or By = B(U) and ¢(X,Y; A, B) = Pr(X € A) —Pr(Y € B),
A,B € B(U). As A — 0 and A — oo (Lemma 3.3.1), we obtain the limits

hog B, = 0 (distance in variation)

and
h00,¢,Bo = Eoo

Example 4.2.3 (Lévy metric Ly, A > 0, in the space P(R")). Let F(R") be the
space of all right-continuous DFs F on R". We extend the definition of the Lévy
metric (L;,A > 0) in F(R!) [see definition (4.2.3)] considering the multivariate
case L in F(R"):

L,(Pi, P;) :=L)(F, F,) :=inf{e > 0: Fi(x — Aee) — e < F5(x)
< Fi(x + Ace) + & Vx eR"}, (4.2.22)

where F; isthe DFof P; (i = 1,2)and e = (1,1,..., 1) is the unit vector in R”.
The Hausdorff representation of L, is handled by representation (4.2.19), where
By is the set of all multivariate intervals (—oo, x] (x € R") and

$(X,Y: (=00, x], (=00, y]) := Fi(x) — F2(y).
i.e., for RVs X and Y with DFs F; and F,, respectively,

L,(X,Y)=L\(F\, F») := max{ sup mf max [—||x — Voo, F1(x) — Fz(y)i|

xeRn YER

sup inf max [—Hx — Voo, F2(y) — Fl(x):|

yER? xeR

(4.2.23)
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for all F\,F, € F(R"), where | - | stands for the Minkowski norm in R”",
l(x1,. .., Xn)|loo := mMaxj<j<y |x;|. Letting A — 0 in Definition (4.2.23) we get
the Kolmogorov distance in F (R"):

}i_I}})Ll(Fls Fr) = p(F1, ) := sup [Fi(x) — F2(x)]. (4.2.24)

x€ER”

The limit of AL) as A — oo is given by (4.2.21), that is,
Alirn M (F1, Fy) = inf{e > 0 :inf[F(x) — F2(y) 1 y € R", [|x — y[loo < 6] =0,
—>00

inf[F(x) — F1(y) : x e R |x = Y]oo <€] =0 Vx eR"}
= W(F, F,) :=inf{e > 0: Fi(x) < F>(x + ¢ge), F>(x) < Fi(x + ce)
Vx € R, (4.2.25)

Problem 4.2.2. If n = 1, then

Alim ALy (P1, Py) = Loo(P1, Py), P1, P € P(R"), (4.2.26)

where {o (P, P;) := inf{e > 0 : P;(A) < P,(A®) for all Borel subsets of R"}.2
Let us see if it is true that equality (4.2.26) is valid for any integer 7.

Example 4.2.4 (Lévy p. distance Ly gy, A > 0, H € H). The Lévy metric L,
(4.2.22) can be rewritten in the form
L) (F1, F;) :=inf{e > 0 : (Fi(x) — Fo(x — Aee)) 1 < &,

(F2(x) — Fi(x — Ace))y <& Vx eR"}, ()4 := max(-0),
which can be viewed as a special case [ H(¢) = ] of the Levy p. distance Ly g (A >
0, H € H) defined as

L)y (Fi. F) := inf{e > 0: H(F;(x) — F>(x + Age)) < &,
H(F(x)— Fi(x + Aee)) <&, Vx eR'}, (4.2.27)

where

H(r), 1 =0,

H(t) =
@) 0, t <O0.

2See (4.2.5) and subsequently Corollary 7.4.2 and (7.5.15) in Chap. 7.
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sL) m admits a Hausdorff representation of the following type:

xeRn YER

Lot (Fr, ) = max { sup inf max [—ux L B (R Fz()’))} ,

sup inf max |:—||x =l H(Fz(y) —F (x))] (4.2.28)

yER? x€eR

The last representation of L) gy shows that L, g is a simple distance with parameter
Ky, , := Kpu [see (2.4.3)]. Also, from (4.2.28) as A — 0 we get the Kolmogorov p.
distance

A1i_I>1[})L)\,1L1(1”1, F) = H(p(Fi, ) = py(F1, ) := sup H(|Fi(x) — F2(x)|).

x€R"
(4.2.29)
Analogously, letting A — oo in (4.2.28), we have
lim ALLH(Fl, Fz) = W(Fl, Fz) (4230)
A—o00

We prove equality (4.2.30) by arguments provided in the limit relation (4.2.25).

Example 4.2.5 (Hausdorff metric on F(R) and P(U)). The Lévy metric in F :=
F(R) (4.2.22) has a Hausdorff structure [see (4.2.23)]; however, the function

B(Gx, Fito), () = max | 11 =3 Ao = R

is not a metric in the space R x [0, 1], and hence (4.2.23) is not a “pure”l{ausdorff
metric [see (4.2.2)]. In the next definition we will replace the semimetric D with the
Minkowski metric dmj in R x [0, 1]:

1
A (5, Fi0). 0 ) = max | 315 = 3L F(0 = RO @230
By means of equality (4.2.31), we define the Hausdorff metric in F(R") as follows.

Definition 4.2.4. The metric

H, (F,G) := max { sup mf dmy((x, F(x)),(y,G(»))) ,

x€Rn Y€

sup_inf inf dm;((x, F(x)). (y.G(»))¢»
ye n X

F,G eF", (4232

is said to be a Hausdorff metric with parameter A (or simply H,-metric) in DF
space JF.

Lemma 4.2.4. (a) Forany A > 0, H) is a metric in F.
(b) H, is a nonincreasing function of A, and the following relation hold:
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lim H,(F. G) = p(F. G) (4.2.33)
and
Jim AH;(F.G) = W(F,G)
=inf{e > 0: (Fi(x) — F2(x +¢)+ =0,
(Fr(x —&) — Fi(x))+ =0 Vx eR}. (4.2.34)

(c) If F and G are continuous DFs, then Hy(F,G) = L, (F, G).

Proof. (a) By means of the Minkowski metric
1
dmy((x1, y1), (x2, y2)) := max Xlxl — X[, [y1 = y2l

in the space D := R x [0, 1], define the Hausdorff semimetric in the space 2D
of all subsets B C D:

hy(B1, By) := max{ sup inf dmy (b, by), sup inf dml(bl,bz)}

b1 €B) br€B, br€B, b €B)

In the Hausdorff representation (4.2.11) of the Lévy metric, the main role
was played by the notion of the completed graph F of a DF F. Here, we need
the notion of the closed graph I'r of a DF F' defined as follows:

Ty = (U(x, F(x))) U (U(x, F(x — 0))), (4.2.35)

x€R x€R

i.e., the closed graph I'r is handled by adding the points (x, F(x—)) to the
graph of F, where x denotes points of F-discontinuity (Figs. 4.1 and 4.2).
Obviously, H, (F,G) = hy(I'r, 'g). Moreover, if the closed graphs of F
and G coincide, then F(x) = G(x) for all continuity points x of F and G.
Since F and G are right-continuous, then I'r = T'¢ <— F = G.
(b) The limit relation (4.2.33) is a consequence of (4.2.24) and

Ly(F1, F2) S Hy(F1, F2) < p(F1, F2), F,FeF. (4.2.36)
Analogously to (4.2.25), we claim that
%in})/\Hl(F, G) =inf{e > 0 :inf{| F1(x) — ()| : yeR, |[x —y| <e} =0
—>

inf{|(x) — Fi(x)|:yeR,|x—y|<e}=0 VxeR}
= W(F,G).
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—F )
— — —St(F, h)

o B

FX(u)

Fig. 4.2 St(F.h) is the strip into which the graph of the DF G has to be located so that
H)(F,G) <hfor F.G € F

(c) See Figs.4.1 and 4.2. ]

Remark 4.2.6. Further, we need the following notations. For two metrics p; and p;
top . . top

onaset S, pi < p, means that p,-convergence implies p;-convergence, and p; <
top top . top top

P2 means p; < p, but not p, < p;. Finally, p; ~ p, means that p; < p, and

1
2 < p1. By (4.2.36) it follows that

top top

L, < H, < p. (4.2.37)

Moreover, the following simple examples show that

top top

L, <H, < p.
Example 4.2.6. Let
1
0, x < —, 0 0
n x <
Fn — F — ’ ’
(x) 1 O
17 X S )
n

Then p(F,, F) = 1,H,(F,,F) =1/An — 0asn — oo.
Example 4.2.7. Let
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0, x <0,
10<x<1
Pn(x) = U= p
1
1, x> —.
n
Then
1
L, (¢, Fy) = min (1, X) n' >0 as n— oo,
but
Hy(@n, Fo) = inf max | + | — —y| | (= ) = Ro()|! = 2
s > inf max{ — |— — y|, |¢» Z
g 0 yeR A|2n Y n oLy 2
foranyn =1,2,... .

Remark 4.2.7. For any 0 < A < oo, H) metrizes one and the same topology. We
characterize the H-topology (H := H;) by the following compactness criterion.
Recall that a subset .A of a metric space (S, p) is said to be p-relatively compact
if any sequence in 4 has a p-convergent subsequence. Define the Skorokhod—
Billingsley metric in the space F of distribution functions on R

A(s) — A(t)

lo
£ s—1

SB(F,G) = )%ng\ max { sip
st

sup [A(¢) — ], sup | F (1) — G(A(rm},
teER teER

where A is the class of all strictly increasing continuous functions A from R onto
R. The metrics H and SB generate the same exact topology in F; the metric
space (F,H) is not complete, whereas (F,SB) is complete. To show that H
is not a complete metric, observe that ¢,, introduced in Example 4.2.7, is H-
fundamental but not H-convergent. The proof that (F, SB) is complete is the same
as the proof that D[0, 1] is complete with the Skorokhod-Billingsley metric dy.’
The equivalence of H and SB topologies is a consequence of the compactness
criterion given below. Consider the following moduli of H-continuity:

1.
0k (8) = “ inf }Omax [F(t;—) — F(ti—1)], FeF, 8§€(0,1),
..... I
where the infimum is taken over all {¢y, ..., } satisfying the conditions:

—0=th<hh <--<th=00,ti—ti_1>81i=1,...,r

3See Billingsley (1999, Theorem 14.2).
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= supmin{ F(x +8/2) — F(x), F(x) — F(x—§/2)}, FeF, §e(0,1).

x€R

Forany f € F, lims— o0 0 (§) = 0 and 0} (§) < wk(28).* Let A C F. Then the
following are equivalent:

(a) Ais H-relatively compact.
(b) Ais SB-relatively compact.
(c) lim sup wg(8) =0.

§—>00 Fe A

(d) Ais weakly compact (i.e., L-relatively compact) and Slim sup wf(8) = 0.
X0 FeA
Moreover, for F', G € F, and § > 0 the following relations hold:
H(F,G) < SB(F,G),
wg;(8) < wi (8 + 2H(F, G)) + 4H(F, G),
H(F, G) < max{w}(4L(F, G)), w;: (4L(G, G))}L(F, G).

Next, let (U, d) be a metric space and define the following analog of H-metrics:

aH, (P, P;) := max{ sup inf max [—r(A B),|Pi(A) — Pz(B)|:|
AeB; BEB

sup inf max |:—r(A B),|Pi(A) — P2(B)|:| (4.2.38)

BeB, AeB;

for any laws Py, P, € P(U).
Lemma 4.2.5. The following statements hold:
(a) Forany A > 0 the functional tH, on Py x Py is a metric in Py = P(U).
(b) wH, is a nonincreasing function of A, and the following relation holds:
hm aH, (P, P,) =0 (P1, Py) := sup |Pi(A) — P,(A)|, P, P, P,
A€B;
(4.2.39)
lim AxH, (P, P;) = aHo (P, Py)
A—00

= inf{e > 0 : inf[| P(A) — P,(B)|: B € By,r(A,B) <¢] =0,
inf[| P,(A) — P/(B)| : B Bi,r(A,B) <e] =0VA€ B} (4.2.40)

4See Billingsley (1999, Sect. 12).
3See Rachev (1984) and Kakosyan et al. (1988, Sect. 2.5).
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(c) wH; is “between” the Prokhorov metric ) (4.2.18) and the total variation
metric o, i.e.,

m,<nH), <o 4.2.41)
and
top top
n), <nxH) <o. 4.2.42)

Proof. Let us prove only (4.2.40). We have

aH, (P, P,) = inf{e > 0 : inf[| P1(A) — P2(B)|: B € B1,r(A, B) < A¢] < g,
inf[| P,(A) — P1(B)|: B € B|,r(A,B) < A¢g] <e VA e B}
(4.2.43)

Further multiplying the two sides of (4.2.43) by A, and letting A — oo, we get
(4.2.40). O

4.3 A-Structure of Probability Semidistances

The p. semidistance structure A in X = &X' (U) is defined by means of a nonnegative
function v on X x X x [0,00) that satisfies the following relationships for all
X, Y, Z eX:

(a) fPr(X =Y)=1,thenv(X,Y;t) =0Vt > 0.

b)) v(X,Y;t)=v(, X;1).

(c) If ' < t”,thenv(X,Y;t') > v(X,Y:t").

(d) Forsome K, > 1,v(X,Z;t' +t") < K,[v(X,Y:t) +v(Y, Z,t")].

If v(X,Y;t) is completely determined by the marginals P = Pry, P, = Pry,
then we will use the notation v( Py, P;;t) instead of v(X, Y'; ¢). For the case K, = 1,
the following definition is due to Zolotarev (1976).

Definition 4.3.1. The p. semidistance p has a A-structure if it admits a A-
representation, i.e.,

wX,Y)=A,,(X,Y) =inf{fe > 0: v(X,Y;Ae) < &} “4.3.1)

for some A > 0 and v satisfying (a)—(d).

Obviously, if u has a A-representation (4.3.1), then u is a p. semidistance with
K, = K,.In Example 4.2.1 it was shown that each p. semidistance has a Hausdorff
representation /1 ¢ 53,. In the next theorem we will prove that each p. semidistance
1 with a Hausdorff structure (Definition 4.2.3) also has a A-representation. Hence,
in particular, each p. semidistance has a A-structure as well as a Hausdorff structure.
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Theorem 4.3.1. Suppose a p. semidistance | admits the Hausdorff representation
W= hy 45, [see (4.2.19)]. Then [ enjoys also a A-representation
hygB,(X.Y) = Ay (X, Y), (4.3.2)

where

’

v(X,Y;t) :=maxJ sup inf ¢(X,Y;A,B), sup inf ¢(Y,X;A,B)
AeB, BEA() AeB, BEAQ)

and A(t) is the collection of all elements B of By such that the Hausdor{f semimetric
r(A, B) is not greater than t.

Proof. Let A, ,(X,Y) < . Then for each A € By there exists a set B € A(A¢g)
such that ¢(X,Y; A, B) < ¢, i.e.,

1
sup inf max{ —r(A4,B),¢(X,Y;A, B); <e.
AeB, B€Bo A

By symmetry, it follows that /1, ¢ 5,(X,Y) < e. If, conversely, /1y ¢ 5,(X,Y) < &,
then for each A € By there exists B € By such that r(4, B) < Ae and
¢(X,Y; A, B) <e. Thus

su inf X,Y;A B) <e. O
AEEO BeA(Le) ¢ )

Example 4.3.1 (A-structure of the Lévy metric and the Lévy distance). Recall the
definition of the Lévy metric in P(R") [see (4.2.22)]:

Ly(Py, Py) :=inf{e > 0: sup (Fi(x) — Fo(x + Ace)) < e

x€R"

and sup (F2(x) — Fi(x + Ace)) < &,

xeRn

where obviously F; is the DF of P;. By Definition 4.3.1, L, has a A-representation
Ly(P1, P2) = Ay (P, P2), A >0,

where

v(Py, Py;t) := sup max{(Fi(x) — Fr(x + Ate)), (F(x) — Fi(x + Ate))}

x€R”

and F; is the DF of P;. With an appeal to Theorem 4.3.1, for any Fj, F, € F(R"),
we have that the metric /& defined below admits a A-representation:
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h(Fy F) = max{ sup inf max { L = Vlloo, Fux) — Fz(y>}

xeRn YER
sup mf max { =[x = ¥|loo, F2(x) — Fl()’)} }
xeRn YER

= AA,U(Pla Pz)a
where

v(Py, Pyt) = max{ sup inf (Fi(x) — F2(y)),

xeRn yillx—ylloo <t

sup inf  (F2(x) — Fi(y))

xeRn yillx—ylloo <t

By virtue of the A-representation of the Lj, we conclude that h(Fi, F,) =
L, (F, F»), which proves (4.2.23) and Theorem 4.2.2.

Analogously, consider the Lévy distance L z (4.2.27) and apply Theorem 4.3.1
with

v(X, Y;Al‘) = U(Pl, Pz;lt)
=H (sup max{Fi(x) — F>(x + Ate),{F>(x) — Fi(x + Ate))
x€R"
to prove the Hausdorff representation of L) g (4.2.28).
Example 4.3.2 (A-structure of the Prokhorov metric 1;). © Let
v(Pi, Py;e) := sup max{Pi(A) — P,(4°), P,(A) — P(4°)}
AeBU)

= sup {Pi(4) — Po(A%)}.
A€B(U)

Then A, , is the A-representation of the Prokhorov metric m, (P, P2) [see
(3.3.22)]. In this way, Theorem 4.2.3 and equality (4.2.18) are corollaries of
Theorem 4.3.1.

For each A > 0 the Prokhorov metric & induces a weak convergence in Py;
thus,

(P, P) >0 < P,—P.

Remark 4.3.1. As is well known, the weak convergence P, ", P means that

/fdP,,—>/fdP 4.3.3)
U U

6See Dudley (1976, Theorem 8.1).
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for each continuous and bounded function f on (U, d). The Prokhorov metric &
(3.3.20) metrizes the weak convergence in P(U), where U is an s.m.s.” The next
definition was essentially used by Dudley (1966), Ranga (1962), and Bhattacharya
and Ranga Rao (1976).

Definition 4.3.2. Let G be a nonnegative continuous function on U and P be the
set of laws P such that |, vy GdP < oo. The joint convergence

P, — P/ —~GdP, —>/ GdP (P,,P €Pg) (4.3.4)
U U

will be called a G-weak convergence in Pg.
As in Prokhorov (1956), one can show that the G-weighted Prokhorov metric
(P, Py) i= inf{e > 0: A1 (A) < 22(4%) + &, A2(4) < A1(4™)
+evVA e B(U)}, (4.3.5)

where ;(4) := [,(1 + G(x))P;(dx), metrizes the G-weak convergence in Pg,
where U is an s.m.s. (see Theorem 11.2.2 subsequently for details).
The metric 7, ¢ admits a A-representation with
V(P Pyie) i= sup max{A(4) — 15(4%), A2(4) — A1 (A7)}
AeBU)

Example 4.3.3 (A-structure of the Ky Fan metric and Ky Fan distance). The
A-structure of the Ky Fan metric K [see (3.4.10)] and the Ky Fan distance KF g
[see (3.4.9)] is handled by assuming that in (4.3.1), v(X, Y;At) := Pr(d(X,Y) >
At)and v(X,Y;t) :=Pr(H(d(X,Y)) > t), respectively.

4.4 ({-Structure of Probability Semidistances

In Example 3.3.6 we considered the notion of a minimal norm LOLC
ELC(PI, Py)) = inf{/ cdm :me My, Tim —Tom = Py — P, 4.4.1)
U2

where U = (U,d) is an s.m.s. and ¢ is a nonnegative, continuous symmetric
function on U?.
Let F. 1 be the space of all bounded (c, 1)-Lipschitz functions f : U — R, i.e.,

=10l _

I/ llez := " sup

(4.42)
c(x,y)#0 c(x, y)

Remark 4.4.1. If ¢ is a metric in U, then F. is the space of all functions with
Lipschitz constant < 1, w.r.t. ¢. Note that, if ¢ is not a metric, then the set F, ;

7See Prokhorov (1956) and Dudley (2002, Theorem 11.3.3).
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might be a very “poor” one. For instance, if U = R, c¢(x,y) = |x —y|? (p > 1),
then F.; contains only constant functions.

By (4.4.2), we have that for each nonnegative measure m on U? whose marginals
Tim,i = 1,2, satisfy Tym — Tom = Py — P, and for each f € F_; the following
inequalities hold:

' /U F()(Pr = Pa)(dx)

= [, = romiar.an
<17l [ et yymiax.ay)
U2

< /Uzc(x,y)m(dx,dy).

The minimal norm lic then has the following estimate from below:

(P, Py Fo) < Me(Pr, Po), (4.4.3)

where

(P, Py Fey) = SUP{‘/UZ fd(P1— Py)

1 f e ]-'qu} . (4.4.4)

Further, in Sect. 5.4 in Chap. 5 and Sect. 6.2 in Chap. 6, we will prove that for some
¢ (as, for example, ¢ = d) we have equality (4.4.3).

Let C”(U) be the set of all bounded continuous functions on U. Then for each
subset § of C(U) the functional

$3(Py, Py) := (P, Py §) = ?ulé

(4.4.5)

/fd(Pl_PZ)
%

on P x Py defines a simple p. semimetric in P;. The metric {5 was introduced by
Zolotarev (1976) and is called the Zolotarev {g-metric (or simply {z-metric).

Definition 4.4.1. A simple semimetric y having the {z-representation

p(Pr, P) = L5(Pr, Po) (4.4.0)
for some F € C?(U) is called semimetric with a {-structure.

Remark 4.4.2. In the space X = X(U) of all U-valued RVs, the {z-metric (§ <
C?(U)) is defined by

5 (XT) = Ga(Pra. Pry) = sup [EF () = Ef (L. @44

Simple metrics with a {-structure are well known in probability theory. Let us
consider some examples of such metrics.

Example 4.4.1 (Engineer metric). Let U = R and XV be the set of all real-valued
RVs X with finite first absolute moment, i.e., E|X| < oo. In the set XV, the
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engineer metric EN(X,Y) := |EX — EY| admits a {-representation, where F
is a collection of functions
—N,x <N,
fv(x)=141x, |x| <N, (4.4.8)

N, x>N,N=12,....

Example 4.4.2 (Kolmogorov metric and L ,-metric in distribution function space).
Let 7 = F(R) be the space of all DFs on R. The Kolmogorov metric p(Fi, F>) :=
Sup,.eg | Fi(x) — F>(x)| in F has {g-structure. In fact

mn&rwﬁ—mu=w4u:wmam—&quwmsQ.

(4.4.9)

Here and subsequently || - ||, (1 < p < oo) stands for the £”-norm

00 1/p
{/ |u(x)|1’dx} , 1 <p<oo,
o0

lJuellp -

ess sup |u(x)].
x€R

llelloo :

Further, let us denote by §(p) the space of all (Lebesgue) almost everywhere (a.e.)
differentiable functions f such that f’ has £7-norm || f’||, < 1. Hence, integrating
by parts the right-hand side of (4.4.9) we obtain a {-representation of the uniform
metric p:

p(F1, F») := sup
fex

/ f(X)d(Fl(X)—Fz(X))‘=§(F1,Fz;8(1))- (4.4.10)

Analogously, we have a {g()-representation for 6 ,-metric (p > 1) [see
(3.3.28)]:

0,(F1. Fy) := | Fi — Bl

sw”[_wmwww—aumu:WMsﬁ

S(Fy, F2: F(q)). (4.4.11)

Next, we will examine some n-dimensional analogs of (4.4.9) and (4.4.10) by
investigating the {-structure of (weighted) mean and uniform metrics in the space
F" = F(R") of all DFs F(x), x € R".

Let g(x) be a positive continuous function on R” and let p € [1, oo]. Define the
distances

1/
OP(F,G:g)=(/RHIF(x)—G(x)Vg(x)de) p, pell,o0],  (44.12)
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0 (F,G;g) = sup{g(x)|F(x) — G(x)] : x € R"}. (4.4.13)
Remark 4.4.3. In (4.4.12), for n > 2, the weight function g(x) must vanish for all
x with || x|l = maxi<j<n |Xi| = oo in order to provide finite values of @ ,.

Let A, , be the class of real functions f on R” having a.e. the derivatives D" f,
where

dk
(D f)(x) == —f, x=01,....x) €R", k=1,2,....n, (44.14)
dxy -+ -dxg
and
D" 1 1 1
/ SO e <1 Laloy s (4.4.15)
| g(x) P q
and

ID" f(x)| < g(x)ae.if p=1.

Denote by g*(x) a continuous function on R” such that for some point a =
(ai,...,a,) the function g*(x) is nondecreasing (resp. nonincreasing) in the
variables x; if x; > a; (resp. x; <@a;),i =1,...,n,and g* > g.

Theorem 4.4.1. Suppose that p € [1, 00] and the functions F,G € F" satisfy the
following conditions:

(1) 6,(F,G;g) < oo.
(2) The derivative D"~'(F — G) exists a.e., and for any k = 1,...,n the limit
relation

lim lxx]Pg*(x)D* "1 (F —G)(x)| =0, x=(x1,...,x,) (4.4.16)
Xj—>IT 00

holds a.e. for x; € R, j#k, j=1,...,n Then
0,(F,G;g) ={(F,G; App). (4.4.17)

Proof. As in equalities (4.4.9)-(4.4.11) we use the duality between L£? and L£?
spaces. Integrating by parts and using the tail condition (4.4.16) we get (4.4.17).

O
In the case n = 1, we get the following ¢-representation for the mean and
uniform metrics with a weight.
Corollary 4.4.1. If p € [1,00], F,G € F', and
lim |x|'?g*(x)|F(x) — G(x)| =0, (4.4.18)
x—to0

then
0,(F.G;g) =C(F,G;A1,). (4.4.19)
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As a consequence of Theorem 4.4.1, we will subsequently investigate estimates
of some classes of {-metrics with the help of metrics of type 6 ,(-,-; g). This
is connected with the problem of characterizing uniform classes with respect to
0 ,(-,-; g)-convergence.

Definition 4.4.2. If u is a metric on F", then a class A of measurable functions on
R" is called a uniform class with respect to j-convergence (or simply a p-u.c.) if
forany F, (n = 1,2,...) and F € F" the condition u(F,, F) — 0 (n — o0)
implies that {4 (F,, F) — 0 (n — o0).

Bhattacharya and Ranga Rao (1976), Kantorovich and Rubinshtein (1958),
Billingsley (1999), and Dudley (1976) have studied uniform classes w.r.t. weak
convergence. Itis clear that A, , isa 6 (-, -; g)-u.c. in the set of distribution functions
satisfying (1) and (2) of Theorem 4.4.1.

Let G, , be the class of all functions in A4, , such that for any tuple / =
(1,...,k),1 <k <n-—1, we have

i ifi el
Dk 1 =0 e. 1 Rn, I: Xi, 1 5
T (D) ae. x' € X; too. il

Any function in A, , constant outside a compact set obviously belongs to the class
Gn.p- Now we can omit the restriction (4.4.16) to get

Corollary 4.4.2. Forany F,G € F"
C(Fs G;gn,p) = 0p(F7 G;g), J2AS [1, OO] (4420)
In the case of the uniform metric

p,(F,G) = sup |F(x) — G(x)| = 0(F,G; 1), (4.4.21)

x€R”

we get the following refinement of Corollary 4.4.2. Denote by B, the set of all real
functions on R” having a.e. the derivatives D" f such that for any I = (i\, ..., i),
1<k<nl<ij<---<i<n,

/Rk DX F(xT)|dx;, ... dx;, < 1.

Denote by Fy(xi,...,x;) = F(x') the marginal distribution of F € F" on the first
k coordinates.

Corollary 4.4.3. Forany F,G € F"

{(F.G:B)) < ) p(F1.G). (4.4.22)



4.4 {-Structure of Probability Semidistances 93

The obvious inequality [see (4.4.22)]
§(F,G:By) =np,(F,G) (4.4.23)

implies that By, is p,-u.c.

Open Problem 4.4.1. Investigating the uniform estimates of the rate of conver-
gence in the multidimensional central limit theorem, several authors® consider the
following metric:

p(P, Q:CB) = sup{|P(A) — Q(A)| : A€CB, P,Q e P(R")},  (4.4.24)

where CB denotes the set of all convex Borel subsets of R”. The metric p(:,-;CB)
may be viewed as a generalization of the notion of uniform metric p on P(R!);
that is why p(-,-;CB) is called the uniform metric in P(R"). However, using the
¢-representation (4.4.10) of the Kolmogorov metric p on P(R!), it is possible to
extend the notion of uniform metric in a way that is different from (4.4.24). That is,
define the uniform p¢-metric in P(R") as follows:

PE(P. Q) :=C(P, Q1 Api(1)), (4.4.25)

where A, (1) is the class of real functions f on R” having a.e. the derivatives D" f
and

/ D" f(x)|dx < 1. (4.4.26)
Rn

What kind of quantitative relationships exist between the metrics p,, p(-, -; CB),
and p{ [see (4.4.21), (4.4.24), and (4.4.25)]? Such relationships would yield the rate
of convergence for the central limit theorem in terms of p¢.

Example 4.4.3 ({-metrics that metrize G-weak convergence). In Example 4.3.2 we
considered a A-metric that metrizes G-weak convergence in Pg € P(U) [see
Definition 4.3.2 and (4.3.5)]. Now we will be interested in {-metrics generating
G-weak convergence in Pg. Let F = F(G) be the class of real-valued functions f
on an s.m.s. U such that the following conditions hold:

(i) F is an equicontinuous class, i.e.,

lim sup [f(x) = f(y)| = 0;

S
d(x,y)—0 feF
(i1)

sup | f(x)] < G(x) VxeU;
feF

(iii) «G € T for some constant o # 0;

8See, for instance, Sazonov (1981) and Senatov (1980).
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(iv) For each nonempty closed set C € U and for each integer k, the function
Jee(x) :=max{0,1/k —d(x,C)}

belongs to IF.

Note that if I satisfies (i) and (ii) only, then F is ) g-u.c. [see Definition 4.4.2
and (4.3.5)], i.e., G-weak convergence implies p-convergence.’ The next theorem
determines the cases in which {p-convergence is equivalent to G-weak convergence.

Theorem 4.4.2. If F = F(G) satisfies (i)—(iv), then {p metrizes the G-weak
convergence in Pg.

In fact, we will prove a more general result (see further Sect.11.2, Theo-
rem 11.2.2 in Chap. 11).
Let us consider some particular cases of the classes F(G).

Case A. Let ¢ be a fixed point of U, a and b be positive constants, and 4 : [0, co] —
[0, oo] be a nondecreasing function, £(0) = 0, h(co) < oco. Define the class S =
S(a, b, h) of all functions f : U — R such that

[flloo :=sup|f(x)| <a (4.4.27)
xeU

and

Lip,(f) == sup 7 = f0)l <b. (44.28)

vy, xyeu d(x, y)max{l, h(d(x,c)), h(d(y.c))} ~

Corollary 4.4.4. (a) If0 <a < 00,0 < b < 00, then {s(apn metrizes the weak
convergence in P(U).
(b) Ifa =00, b < 0o and

|t max{1, h(t)} — s max{1, h(s)}|
T s max{L () Ay

(4.4.29)

then Ls(q.p,n) metrizes the G-weak convergence with
G(x) = d(x,c)max{l, h(d(x,c))}.

Case B. Fortet and Mourier (1953) investigated the following two {p-metrics.

(@ ¢(-,-;GP) (p = 1), where the class G? is defined as follows. For each function
f:U — Rlet

9See Bhattacharya and Ranga Rao (1976) and Ranga (1962).
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L(f,t) :=sup M 1x # y,d(x,c) <t,d(y,c) <t; (4.4.30)
d(x,y)
and
M(f):= sup%. (4.4.31)
Then
GP:={f:U—>R, M(f)<1). (4.4.32)
(b) £(-.:G"), where
G ={f el |flloo <1} (4.4.33)
Lemma 4.4.1. Leth,(t1) =t"~' (p > 1,1 >0). Then
¢(P,Q;GP) = (P, Q; S(00, 1,h,)) (4.4.34)
and
t(P,Q:G") = {(P. Q: S(1.1,h))). (4.4.35)

Proof. It is enough to check that Lip;, (f) = M(f). Actually, let x # y and

to := max{d(x,c),d(y,c)}. Thenty > Oand | f(x) — f(y)| < L(f,1t9) d(x,y) <
M(f)max(1, t({'_l)d(x, y); hence, Liphp(f) < M(f). Conversely, for each t >

0 L(f.1) < Lip,, (f)max(L, tP~1), and thus M(f) < Lip, (/). O
Corollary 4.4.4 and Lemma 4.4.1 imply the following corollary.
Corollary 4.4.5. Let (U, d) be an s.m.s. Then,

(i) ¢+ Gp) metrizes the weak convergence in P(U),
(ii) In the set

PONU) = {P € P(U),/ d?(x,c)P(dx) < oo}, (4.4.36)
U

the ¢(-,-;GP)-convergence is equivalent to the G-weak convergence with

G(x) =d?(x,c).

Case C. Dudley (1966, 1976) considered f-metric in P(U), which is defined as
{p-metric with

F .= (4.4.37)

FiUSR|flo+ sup LOZSON (0
woevaty  d()
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Corollary 4.4.6. The Dudley metric B = (r defined by (4.4.7) and (4.4.37)
metrizes the weak convergence in P(U)."°

Proof. Using Corollary 4.4.5(i) with p = 1 and the inequality

%C(P, 0:GY < B(P,Q)<(P,0:GY), P,QeP®U), (4.4.38)

we claim that 8 induces weak convergence in P(U). O

Case D. The Kantorovich metric £; [see (3.3.12) and (3.3.17)] admits the ¢-
representation ¢ (-, -; G, and £, (0 < p <1)[see (3.3.12)] has the form

€, (P P)) = (P, P:G).  PLP,ePU)., U=(@U..d). (4439

On the right-hand side of (4.4.39), U is an s.m.s. with the metric d?, i.e., in the
definition of ¢ (-, -; G') [see (4.4.30), (4.4.33)], we replace the metric d with d”.

Now let us touch on some special cases of (4.4.39).

(a) Let U be a separable normed space with norm | - || and Q : U — U be a
function on U such that the metric dp(x, y) = [|Q(x) — O(y)| metrizes the
space U as an s.m.s. For instance, if Q is a homeomorphism of U, i.e., Q is
a one-to-one function and both Q and Q! are continuous, then (U, dg) is an
s.m.s. Further, let p = 1 and d = dy in (4.4.39). Then

ICQ(Pl,Pz) = el(Pl,Pz):Sup{‘/;/fd(Pl—Pz) If:U—)R,

[f(x) = f(W)] =do(x,y) Vx,yeU

(4.4.40)

is called a Q-difference pseudomoment in P(U).

If U is a separable normed space and Q is a homeomorphism of U, then (noting
our earlier discussions in Theorem 2.7.1 and Example 3.3.2), in the space X(U)
of U-valued RVs, ko(X,Y) := ko(Prx,Pry) is the minimal metric w.r.t. the
compound Q -difference pseudomoment

19(X,Y) = Edo(X.Y) 4.4.41)
and

Ko(X.Y) =7o(X.Y) = sup{| E[f(Q(X)) = fF( QDI : f : U — R,
| f) =Sl = llx =yl Vx.yeUj. (4.4.42)

10See Dudley (1966).
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In the particular case U = R, || x| = |x|,

0x) := /qu(u)du qu) >0,uecR, xeR,

the metric ko has the following explicit representation:

o

ICQ(Pl, Pz) = lCQ(F],Fz) = / q(x)|F1(x) - Fz(x)|dx. (4.4.43)

—0o0

If, in (4.4.40), Q(x) = x|x|*~! for some s > 0, then x; := x¢ is called an
s-difference pseudomoment."!

(b) By (4.4.39), we have that

£,(Py, P) = sup{ ‘/U fd(Pr—Py)|: f:U—>R,

I f(x) = fO) =dP(x,y),x,y eU (4.4.44)

for any p € (0, 1). Hence, letting p — 0 and defining the indicator metric

. 1, x ,
l(x,y)Z{Oxii

we get

lim £,(Py, P)
p—0

=sup{‘/yfd(Pl—Pz) f U S RIS = fO))

<i(x,y)Vx,y € U}

=0 (P, P2) = {o(P1, P2), (4.4.45)

where o (resp. £y) is the total variation metric [see (3.3.13)].

Examples 4.4.1-4.4.3 show that the {-structure encompasses the simple metrics
£, that are minimal with respect to the compound metric £, {see (3.4.18) for p €
[0, 1]}. If, however, p > 1, then £, = Zp [see equalities (3.4.18), (3.4.3), and
(3.3.11)] has a form different from the {-representation, namely,

11See Zolotarev (1976, 1977, 1978) and Hall (1981).
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1/p
L,(P1, Py) = sup { [/ fdpP; +/ gdP2:| (f,g) € g,,§, (4.4.46)
U U

where G, is the class of all pairs (f, g) of Lipschitz bounded functions f, g €
Lip’(U) [see (3.3.8)] that satisfy the inequality

J) +g(y) =dP(x,y), x,yelU (4.4.47)
The following lemma shows that £, = C » (p > 1) has no {-representation.

Lemma 4.4.2. Ifan s.m.s. (U, d) has more than one point and the minimal metric
L, (p > 1) has a {-representation (4.4.5), then p = 1.1

Proof. Assuming that L » has a {p-representation for a certain class ' € C b,
then

/fd(Pl_PZ)
%

sup{ } =L,(Pi,Py), VP, P,eP(U). (4.4.48)
feF

If in (4.4.48) the law P; is concentrated at the point x and P, is concentrated at y,
then sup{| f(x) — f(y)| : f € F} < d(x,y). Thus, F is contained in the Lipschitz
class

Lip, = Lip;,(U)
={f:U — R, fbounded, | f(x) — f(y)| <d(x,y) Vx,y € U}.
(4.4.49)
For each law P € P, with marginals P; and P,

Z,,(Pl, P,) < sup

fELip[l’_1

/ fd(Pr— P)

= swp [ 10 = FO)IP@r.dy) < £i(P)

feLip,
Next, we can pass to the minimal metric Ll on the right-hand side of the

preceding inequality and then claim L p = Ll In particular, by the Minkowski
inequality we have

1/p p .
{/Udp(x,a)Pl(dx)} —{/Udp(x,am(dx)} <7,(P1. Py) = L1(Py. Po).

(4.4.50)

12See Neveu and Dudley (1980).
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Assuming that there exists b € U such that d(a,b) > 0, let us consider the laws
Py, P, with Pi({a}) = r € (0,1), P({b}) = 1 —r, Px({a}) = 1; then the ¢-
representation of £; = £; [see (3.3.12), (3.4.18)],

Li(P1.P) = sup |rf(a)+(1—r)f(b)— f(a)l
feLiph |

(I=r) sup |f(a) = f(B) = (1 —r)d(a.b)

feLip} |

and hence
(1 =r)d(a,b) = Li(Py, Py) > {d?(b,a)(1 — r)}"/? = (1 —r)"/?d(a,b),

ie,p=1. O

Remark 4.4.4. Szulga (1982) made a conjecture that Zp (p > 1) has a dual form
close to that of the {-metric, namely,

L,(P\,P,) =AS,(P1.P), P, P,e PPU). (4.4.51)

In (4.4.49), the class PP (U) consists of all laws P with finite “pth moment,”
[ d?(x,a)P(dx) < co and

1/p I/p
AS, (P, Py) := sup %/ |f|”dP1} — %/ |f|”dP2} . (4.4.52)
feLip?, v v
By the Minkowski inequality it follows easily that
AS, <L,. (4.4.53)

Rachev and Schief (1992) construct an example illustrating that the conjecture is
wrong. However, the following lemma shows that Szulga’s conjecture is partially

. -
true in the sense that £, L AS -

Lemma 4.4.3. In the space PP (U), the metrics AS p and L » generate the same
exact topology.

Proof. It is known that (see further Sect. 8.3, Corollary 8.3.1) Zp metrizes G-
weak convergence in P?)(U) (Definition 4.3.2), where Gy(x) = d?(x,a).
Hence, by (4.4.51) it is sufficient to prove that AS ,-convergence implies G ,-weak
convergence. In fact, since G, € Lip, ;, then

AS,(P,,P) - 0= / d?(x,a)P,(dx) — / d?(x,a)P(dx). (4.4.54)
U U
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Further, for each closed nonempty set C and ¢ > 0 let

fc := max (O, 1-— éd(x, C)) .

Then fc € Lipl/gql(U) [see (3.3.6)] and
1/p
PUP(C) = { [ fc”dPn}
U

1/p 1
< {/ fcde} + EASP(P"’P)
U

1
<{PCRYT + _AS,(P,. P).

which implies
AS,(P,,P) >0 = P,— P, (4.4.55)
as desired. |

By Lemma 4.4.2 it follows, in particular, that there exist simple metrics that have
no {r-representation. In the case of a £ ,-metric, however, we can find a {p-metric

that is topologically equivalent to L p i€,

- top

L, ~

[see (4.4.6), (4.4.34), and Corollary 4.4.5(ii)]. Also, it is not difficult to see that the
Prokhorov metric x [see (3.3.20)] has no {p-representation, even in the case where
U =R, d(x,y) = |x — y|. Infact, assume that

z(P,Q)=(P,Q), YP,0ecPR). (4.4.57)

¢ (4.4.56)

Denoting the measure concentrated at the point x by P, we have
w(Py, Py) = min(l, [x — y|) < [x —y|. (4.4.58)
Hence, by (4.4.56),
|x =yl = w(Py. Py) = ilél;lf()f) - fOI:

hence,

(P, Q) SSUP{‘/fd(F—G)):f:U—)R,f—bounded,

[f(xX) = fOI <|x—=yl.x,yeR

< /OO |F(x) — G(x)|dx =: k(F,G),

—00
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where F is the DF of P and G is the DF of Q. Obviously, #(P, Q) > L(F,G),
where L is the Lévy metric in the distribution function space F [see (4.2.3)]. Hence,
the equality (4.4.57) implies

L(F, G) <k(F,G), VF,G¢eF. (4.4.59)
Letl > ¢ > 0and
0, x<(),
_ <
FS(X)Z 1—8,0<x§g, C;‘s= ny_oy
1, x > 0.
I, x>e¢

Then the equalities
k(F,G) =¢*=L*F,G)

contradict (4.4.59); hence, & does not admit a {-representation.

Although there is no ¢-representation for the Prokhorov metric &, nevertheless
7 is topologically equivalent to various {-metrics. To see this, simply note that both
7 and certain {-metrics metrize weak convergence [Corollary 4.4.4(a)]. Therefore,
the following question arises: is there a simple metric p such that

top

w~ g

fails for any set F € C?(U)? The following lemma gives an affirmative answer to
this question, where ¢ = H [see (4.2.38) and (4.2.43)], and if U = R, d(x,y) =
|x — y|, then one can take © = H [see (4.2.33) and Fig. 4.2].

Lemma 4.4.4. Let A > 0andlet (U, d) be a metric space containing a nonconstant
sequence ay,dy,... > a € U.

(i) If (U,d) is an s.m.s., then there is no set F € C?(U) such that tH, = r.
(ii) IfU = R, d(x,y) = |x — y|, then there is no set ¥ € C*(U) such that

top

H) ~ {p.

Proof. We will consider only case (i) with A = 1. Choose the laws P, and P as
follows: P({a}) = 1, P,({a}) = P,({a,}) = % Then for each B € B; the measure
P takes a value O or 1, and thus

aH,(P,, P) > Binlg max{d(a,, B),|P,(a,) — P(B)|} > % (4.4.60)
€5y

Assuming that T H; B {r we have, by (4.4.60), that

0 < lim suplp(P,, P)
n—>oo
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1 1
= lim sup|3 /@) + 5./ (@) - f@
= 3 Jim sup| f(@) ~ (@] (4.4.61)
Further, let Q,({a,}) = 1. Then xH;(Q,, P) — 0, and hence

0 = lim suplr(Q,, P)
n—>oo

= lim sup| f(a) — f(a,)l|. (4.4.62)
n—od
Relationships (4.4.61) and (4.4.62) give the necessary contradiction. O

Lemma 4.4.4 claims that the -structure of simple metrics does not describe all
possible topologies arising from simple metrics. Next, we will extend the notion
of ¢-structure to encompass all simple p. semidistances as well as all compound
p. semidistances. To this end, note first that for the compound metric £,(X,Y)
[p > 1, X,Y € X(R)] [see (3.4.3) with d(x,y) = |x — y|, U = R] we have the
following dual representation as shown by Neveu and Dudley (1980):

L,(X.Y)=sup{|E(XZ—YZ)|: Z € X(R).L,(Z.0) < 1},
l<p<ool/p+1/q=1. (4.4.63)

The next definition generalizes the notion of the {-structure as well as the metric
structure of £y -distances [see (3.3.10) and (3.4.17)] and £ ,-metrics [see (3.4.3)].

Definition 4.4.3. We say that a p. semidistance p admits a {-structure if (1 can be
written in the following way:

w(X.Y)=0(X,Y;F(X.Y))= sup Ef, (4.4.64)
fEF(X,Y)

where F(X,Y) is a class of integrable functions f : Q@ — (R, B(R)) given on a
probability space (€2, A, Pr).

In general, { is not a p. semidistance, but each p. semidistance has a
C-representation. Actually, for each p. semidistance u equality (4.4.64) is valid
where F(X, Y) contains only a constant function (X, Y).

Let us consider some examples of {-structures of p. semidistances.

Example 4.4.4 (see  (3.4.1)). Ly has a trivial E-representation, where
F(X,Y) contains only the function H(d (X, Y)).

Example 4.4.5. L, on X(R) [see (4.4.63)] enjoys a nontrivial C-representation,
where _
FX,Y)={fz(X.Y)=XZ-YZ :L,(Z,0) <1}.
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Example 4.4.6. The simple distance £y [see (3.3.10)] has a E-representation, where

FX,Y) = {f/(X.Y) = /i(X) + £o(Y).(f1, f2) € Gu(U)}

foreach X,Y € X.

Example 4.4.7. A Cp-structure of simple metrics is a particular case of a E-structure
with

F(Z.Y) ={f(X.Y)= f(X) - f(Y): f €F}
UfX.Y) = f(Y) - f(X): f €T}

Additional examples and applications of metrics with {-structures are discussed
in Sriperumbudur et al. (2010). A variety of {-representations with applications in
various central limit theorems are discussed in Boutsikas and Vaggelatou (2002).
Kantorovich-type metrics are applied by Koeppl et al. (2010) in the area of
stochastic chemical kinetics and by Rachev and Romisch (2002) to the problem
of the stability of stochastic programming and convergence of empirical processes.
Other applications in the area of stochastic programming are provided by Rachev
and Romisch (2002), Dupacovaé et al. (2003), and Stockbridge and Giizin (2012). An
extension of the Prokhorov metric to fuzzy sets is provided by Repovs et al. (2011),
and other applications are provided in Graf and Luschgy (2009). A metric with a
-structure based on the Trotter operator is applied to the convergence rate problem
in moment central limit theorems by Hung (2007). Other applications of probability
metrics include Riischendorf et al. (1996), Toscani and Villani (1999), Greven et al.
(2009), Sriperumbudur et al. (2009), Bouchitté et al. (2011), and Hutchinson and
Riischendorf (2000).

We have completed the investigation of the three universal metric structures
(h, A, and E). The reason we call them universal is that each p. semidistance p has
h-, A-, and E-representations simultaneously. Thus, depending on the specific prob-
lem under consideration, one can use one or another p. semidistance representation.
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Part I1
Relations Between Compound, Simple, and
Primary Distances



Chapter 5

Monge—Kantorovich Mass Transference
Problem, Minimal Distances and Minimal
Norms

The goals of this chapter are to:

e Introduce the Kantorovich and Kantorovich—Rubinstein problems in one-
dimensional and multidimensional settings;

* Provide examples illustrating applications of the abstract problems;

e Discuss the multivariate Kantorovich and Kantorovich—Rubinstein theorems,
which provide dual representations of certain types of minimal distances and
norms;

e Discuss a particular application leading to an explicit representation for a class
of minimal norms.

Notation introduced in this chapter:

5.1 Introduction

The Kantorovich and Kantorovich—Rubinstein problems, also known respectively
as the mass transportation and mass transshipment problems, represent abstract
formulations of optimization problems of high practical importance. They can be
regarded as infinite-dimensional versions of the well-known transportation and
transshipment problems in mathematical programming. An extensive treatment of
both the theory and application of mass-transportation problems is provided by
Rachev and Riischendorf (1998, 1999). More recent discussions of applications
of mass-transportation problems include Talagrand (1996), Levin (1997, 1999),
Evans and Gangbo (1999), Ambrosio (2002, 2003) Feldman and McCann (2002),
Carlier (2003), Angenent et al. (2003), Villani (2003), Brenier (2003), Feyel and
Ustiinel (2004), Barrett and Prigozhin (2009), Chartrand et al. (2009), Zhang (2011),
Gabriel et al. (2010), Igbida et al. (2011), and Léonard (2012). More recently,
an international conference on the Monge—Kantorovich optimal transportation
problem, transport metrics, and their applications organized by the St. Petersburg

S.T. Rachev et al., The Methods of Distances in the Theory of Probability and Statistics, 109
DOI 10.1007/978-1-4614-4869-3_5, © Springer Science+Business Media, LLC 2013
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Notation Description

A, Kantorovich functional

PP Space of all laws on U X U with marginals P; and P, or, alternatively,
the space of all translocations of masses without transits permitted

pP* Optimal transference plan

c(x,y) Cost of transferring mass from x to y

QPP Space of all translocations of masses with transits permitted

D, Ornstein-type metric

F Vector of probability measures Py, ..., Py

‘)3(;) Space of laws on U¥ with fixed one-dimensional marginals

A (F) Multidimensional version of Kantorovich functional A, (P, P>)

H* All convex functions in H

P =Py =PU) Space of all laws on U

pH Space of all laws on (U, d) with a finite H(d (-, a))-moment

D(x) [1(d(x1,x2), d(x1,x3)), - . ., d(xy—1, xy))]

D) HOE)

K(P;2) Dual form of A.(P)

Ry Multivariate analog of Kantorovich distance £y

IOLC Kantorovich—Rubinstein functional (minimal norm w.r.t. jt.)

m=mt+m~ Jordan decomposition of signed measure m

I llw Kantorovich-Rubinstein or Wasserstein norm

m; X ms Product measure

branch of the V. A. Steklov Mathematics Institute and the Euler Institute was held
in St. Petersburg, Russia in June 2012 marking 100 years since the birth of L. V.
Kantorovich.!

Despite the theoretical and practical significance of a direct application of the
Kantorovich and the Kantorovich-Rubinstein problems, this chapter is devoted
to them because of their link to the theory of probability metrics.” In fact, the
Kantorovich problem and the dual theory behind it provide insights into the structure
of some minimal probability distances such as the Kantorovich distance £y and
the £, metric, respectively [see (3.3.11)]. Likewise, the Kantorovich-Rubinstein
functional has normlike properties and can be regarded as a minimal norm (see
discussion in Example 3.3.6).

We begin with an introduction to the Kantorovich and Kantorovich—Rubinstein
problems and provide examples illustrating their application in different areas such
as job assignments, classification problems, and best allocation policy. Then we
continue with the dual theory, which leads to alternative representations of some
minimal probability distances. Finally, we discuss an explicit representation of a
class of minimal norms that define probability semimetrics.

'The program of the conference and related materials are available online at http://www.mccme.
ru/~ansobol/otarie/MK2012conf.html.

2See Rachev (1991), Rachev and Taksar (1992), Rachev and Hanin (1995a,b), Cuesta et al. (1996),
and Rachev and Riischendorf (1999).
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5.2 Statement of Monge—Kantorovich Problem

This section should be viewed as an introduction to the Monge—Kantorovich
problem (MKP) and its related probability semidistances. There are six known
versions of the MKP.

1. Monge transportation problem. In 1781, the French mathematician and engineer
Gaspard Monge formulated the following problem in studying the most efficient
way of transporting soil:

Split two equally large volumes into infinitely small particles and then associate them
with each other so that the sum of products of these paths of the particles to a volume
is least. Along what paths must the particles be transported and what is the lowest
transportation cost?

In other words, two sets S| and S, are the supports of two masses () and i,
with equal total weight 11 (S1) = w2(S2). The initial mass p, is to be transported
from S| to S, so that the result is the final mass ;. The transportation should be
realized in such a way as to minimize the total labor involved.

2. Kantorovich’s mass transference problem. In the Monge problem, let A and B
be initial and final volumes. For any seta C A and b C B, let P(a,b) be the
fraction of volume of A that was transferred from a to b. Note that P(a, B) is
equal to the ratio of volumes of @ and A and P(A,b) is equal to the ratio of
volumes of b and B, respectively.

In general we need not assume that A and B are of equal volumes; rather, they
are bodies with equal masses though not necessarily uniform densities. Let P;(+)
and P,(-) be the probability measures on a space U, respectively describing the
masses of A and B. Then a shipping plan would be a probability measure P on
U x U such that its projections on the first and second coordinates are P, and
P,, respectively. The amount of mass shipped from a neighborhood dx of x into
the neighborhood dy of y is then proportional to P(dx,dy). If the unit cost of
shipment from x to y is c(x, y), then the total cost is

/ c(x,y)P(dx,dy). 5.2.1)
UxU

Thus we see that minimization of transportation costs can be formulated in terms

of finding a distribution of U x U whose marginals are fixed and such that the
double integral of the cost function is minimal. This is the so-called Kantorovich
formulation of the Monge problem, which in abstract form is as follows:

Suppose that P; and P, are two Borel probability measures given on a separable metric
space (s.m.s.) (U, d), and P¥1-P2) is the space of all Borel probability measures P on
U x U with fixed marginals P;(-) = P(- X U) and P,(-) = P,(U X -). Evaluate the
functional

AP, Py) = inf{/ c(x,y)P(dx,dy) : P e pA-P2Y (5.2.2)
UxU

where c(x, y) is a given continuous nonnegative functionon U x U.
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We will call the functional (5.2.2) the Kantorovich functional (Kantorovich
metric) if ¢ = d [see Example 3.3.2, (3.4.18), and (3.4.54)].

The measures P; and P, may be viewed as the initial and final distributions of
mass and PP1-72) as the space of admissible transference plans. If the infimum
in (5.2.2) is realized for some measure P* € PPLP) then P* is said to be the
optimal transference plan. The function c(x, y) can be interpreted as the cost of
transferring the mass from x to y.

Remark 5.2.1. Kantorovich’s formulation differs from the Monge problem in
that the class P*1-%2) is broader than the class of one-to-one transference plans
in Monge’s sense. Sudakov (1976) showed that if measures P; and P, are given
on a bounded subset of a finite-dimensional Banach space and are absolutely
continuous with respect to the Lebesgue measure, then there exists an optimal
one-to-one transference plan.

Remark 5.2.2. Another example of the MKP is assigning army recruits to jobs
to be filled. The flock of recruits has a certain distribution of parameters such
as education, previous training, and physical conditions. The distribution of
parameters that are necessary to fill all the jobs might not necessarily coincide
with one of the contingents. There is a certain cost involved in training an
individual for a specific job depending on the job requirements and individual
parameters; thus the problem of assigning recruits to the job and training them
so that the total cost is minimal can be viewed as a particular case of the MKP.

Comparing the definition of A, (P;, P;) with Definition 3.3.2 [see (3.3.2)] of
minimal distance [t we see that

A =7 (5.2.3)

for any compound distance p of the form

w(P) =P = |

Ux

c(x, y)P(dx,dy), P € Ps. (5.2.4)
U

(Recall that Py is the set of all Borel probability measures on the Cartesian
product UK) If w(P) = Ly := [H(d(x,y))P(dx,dy), H € H, P € P,
is the H -average compound distance [see (3.4.1)], then A, = L g - This example
seems to be the most important one from the point of view of the theory of
probability metrics. For this reason we will devote special attention to the mass
transportation problem with cost function c(x, y) = H(d(x, y)).

3. Kantorovich—Rubinstein—Kemperman problem of multistaged shipping. In 1957,
Kantorovich and Rubinstein studied the problem of transferring masses in cases
where transits are permitted. Rather than shipping a mass from a certain subset
of U to another subset of U in one step, the shipment is made in n stages.
That is, we ship A = A; to volume A,, then A, to Asz,...,A,—1 to A, = B.
Let y, (a1, az,as, ..., a,) be a measure equal to the total mass that was removed
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from the set a; and on its way to a, passed the sets a»,as,...,a,—1. If c(x,y)
is the unit cost of transportation from x to y, then the total cost under such a
transportation plan is

/ c(x,y)ya(dx x dy x U"™?)
UxU
n—2
+Z/ c(x, J’)Vn(Ui_l x dx x dy x U”—i—l)
i=2 Y UXU

+/ c(x, y)Vn (U”_2 x dx x dy)
UxU

=:/ c(x, )T, (dx x dy). (5.2.5)
UxU

A more sophisticated plan consists of a sequence of transportation subplans
Yus h = 2,3, ..., due to Kemperman (1983). Each subplan y, need not transfer
the whole mass from A to B, rather only a certain part of it. However, combined
the subplans complete the transshipment of mass, that is,

Pi(A) =) ya(AxU"") (5.2.6)
n=2
and
Py(B) = y,(U"" x B). (5.2.7)
n=2

The total cost of transshipment under this sequential transportation plan will be
the sum of costs of each subplan and is equal to

/ c(x,y)0(dx,dy), (5.2.8)
UxU
where
Q(Ax B) =7 T,(AxB) (5.2.9)
n=2

and T, is defined by (5.2.5):

(A, B) = y,(Ax BxU"?)

n—2
+ Z:)/,T(U"_l +Ax Bx U™ Y 4 y,(U"™2x Ax B).
i=2
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Note that now Q is not necessarily a probability measure. The marginals of O
are equal to

o] n—2
01(A) = Z (;/n(A x U + Z Ya(U' x A x U"—"—l)) (5.2.10)

n=2 i=1

and

n=2 i=1

o] n—2
0>(B) = Z (y,,(U”_l x B) + Zyn(U" X B x U"—f—l)), (5.2.11)

respectively. Combining equalities (5.2.6), (5.2.7) and (5.2.10), (5.2.11), we
obtain

oo n—2

Q1(4) = Pi(A) = 0s(A) = Po(A) = ) D yu (U x Ax U"™'7) (5.2.12)

n=3i=1

for any A € B(U). Denote the space of all translocations of masses (without
transits permitted) by PPLP) [see (5.2.2)]. Under the translocations of masses
with transits permitted we will understand the finite Borel measure Q on B(U x
U) such that

O(AxU)— QU x A) = Pi(A) — P»(A) (5.2.13)

for any A € B(U). Denote the space of all Q satisfying (5.2.13) by Q7172
Let a continuous nonnegative function c(x, y) be given that represents the cost
of transferring a unit mass from x to y. The total cost of transferring the given
mass distributions P; and P, is given by

we(P) ;:/ c(x,y)P(dx.dy), if P e pPrfo) (5.2.14)
UxU
[see (5.2.2)] or
1e(Q) 1= / c(x,y)Q(dx.dy), if 0 € Q). (5.2.15)
UxU

Hence, if . is a probability distance, then the minimal distance
fe(Pr, Py) = inf {puc(P) : P e PPrF2)Y (5.2.16)

may be viewed as the minimal translocation cost, while the minimal norm
(Definition 3.3.4)

He(Pr.Py) = inf {10(Q) : Q € Q1) (5.2.17)

may be viewed as the minimal translocation cost in the case of transits permitted.
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The problem of calculating the exact value of [i. (for general ¢) is known
as the Kantorovich problem, and [i is called the Kantorovich functional [see

equality (5.2.2)]. Similarly, the problem of evaluating ELC is known as the
Kantorovich—Rubinstein problem, and ,loLC is said to be the Kantorovich—Rubin-
stein functional. Some authors refer to ,lotc as the Wasserstein norm if ¢ = d. In
Example 3.3.6 in Chap. 3 we defined ,&c as the minimal norm.

The functional ,lotc is frequently used in mathematical-economical models but
is not applied in probability theory.? Observe, however, the following relationship
between the Fortet—-Mourier metric

§(P,Q:67)

sup{ /U FAP—Q):f:U =R, andf(x)— f(7)

IA

d(x,y)max[l,d(x,a)’ ", d(y.,a)’™'] Vx,yeU

[see Lemma 4.4.1, (4.4.35)] and the minimal norm LOLC:

¢(P,Q:GP) = I (P, Q).

where the cost function is given by ¢(x, y)=d(x, y) max[1, d(x,a),d" ' (y, a)],
p > 1 (see further Theorem 5.4.3).

Open Problem 5.2.1. The last equality provides a representation of the Fortet—

Mourier metric in terms of the minimal norm K&, It is interesting to find a similar
representation but in terms of a minimal metric iz. On the real line (U = R,
d(x,y) = |x — y|) one can solve this problem as follows:

§(P.Q:G7) = AmaX(L |x —al”~)(P — Q)(~00, x]|dx

= inf

/(Pr(X§t<Y)+Pr(Y§l<X)maX(17|l—a|p_l)dl7
R
X,Y € X(R) : Pry = P,Pry = Q

(see further Theorems 5.5.1 and 6.6.1). Thus, in this particular case,
L(P, Q;G") = 1i.(P, Q), where the cost function ¢ is given by

3See, for example, Bazaraa and Jarvis (2005).
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c(x,y) = / (I{x <t <yy+I{y <t < x})max(l, |t —a|’")dt.

However, if U is an s.m.s., then the problem of determining a minimal metric
7 such that ¢(-,-;GP) = i is still open. Note that we can define a minimal
metric, namely, L » = (Har )!/7 [see (4.4.54) in Chap. 4], that metrizes the same
topology as ¢ (-, -; GP).

Example 5.2.1. Kantorovich functionals and the problem of classification.
In multivariate statistical analysis, the problem of classification is well known
[see, for example, Anderson (2003)]. Let us give one popular example of an
alternative problem of classification.

Army recruits are given a battery of tests to determine their fitness for different
jobs: the scores are a set of measurements x € U, where (U, d) is an s.m.s., for
example, U = R¥, d(x, y) = ||y — x||. The distribution of scores is given by the
measure Py,

number of recruits with scores in A

Pi(4) = .
Total number of recruits

On the other hand, the army’s needs can be expressed by a probability measure
P, on U that represents the desired distribution of scores for the jobs needed to
be filled. The problem is to choose an optimal classification (or assignment) of
recruits to jobs. A classification can be specified by choosing a bounded measure
Q on B(U x U). If a classification satisfies the balancing conditions

O(AxU) = Pi(A), O(U x B) = P»(B), (5.2.18)

then we view the quantity of recruits with scores x € A that are classified as
satisfying (after retraining) the requirements of jobs that call for scores y € B.
If we think that the training procedure might be a multistaged one, in which
the same individual gradually changes his scores (and fitness for different jobs
respectively) in a sequence of n retraining stages, then the measure Q satisfies
the balancing conditions

Q(Ax U)— O(U x A) = Pi(A) — P>(A). (5.2.19)

The interpretation of Q(A x B) is the combined number of GIs at all stages
who had scores x in A and who were trained to fit the jobs that require scores
y in B. Let co(x,y) be the cost of training a person with a score x to fit
a job that requires score y. Consider the joint cost c¢(x,y) = co(x,y) +
co(y, x). (Nonsymmetric cost functions will be considered in Sect.7.4; see
Theorem 7.4.2.) The obvious assumption on c is that

c(x,x) =0. (5.2.20)
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Moreover, we can assume that
d(x',y) <d(x",y") = c(x',y) < c(x".y"), (5.2.21)
i.e., the cost c(x, y) increases with d(x, y). In particular, (5.2.21) implies
d(x',a) <d(x",a) = c(x',a) < c(x",a), (5.2.22)
d(a,y") <d(a,y") = c(a,y") <c(a,y"), (5.2.23)

for a fixed point a € U, which one can consider as the “center” of recruitment
possibilities and the army’s needs. Implications (5.2.21)—(5.2.23) suggest that
one reasonable form of ¢ is given by

c(x,y) =d(x,y)max(h(d(x,a)), h(d(y,a))), (5.2.24)

where £ is a continuous nondecreasing function on [0, 00), A(0) > 0, h(x) > 0,
for x > 0. Another natural choice of ¢ might be

c(x,y) = H(d(x,y)), (5.2.25)

where H € ‘H (Examples 2.4.1 and 3.4.1). Fixing the cost function ¢ we
conclude that the total cost involved in using the classification Q is calculated
by the integral

TC(Q) = / c(x,y)Q(dx,dy). (5.2.26)

UxU
The following problems therefore arise.

Problem 5.2.1. Considering the set of classifications P"1-72) we seek to char-
acterize the optimal P* € PP1-72) (if P* exists) for which

TC(P*) =inf{TC(P): P € PP} (5.2.27)
and to evaluate the bound

Ae(Py, Py) = inf{TC(P): P € PP1-P)y, (5.2.28)

Problem 5.2.2. Considering the set of classifications QP1-P2) e seek to char-
acterize the optimal Q* € Q12 (if QO * exists) for which

TC(Q*) =inf{TC(Q): Q € QP (5.2.29)
and to evaluate the bound
[L.(P1, Py) = inf{TC(02): 0 € QPP

Problem 5.2.3. What kind of quantitative relationships exist between [i.

and lic ?
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In the next three sections, we will attempt to provide some answers to
Problems 5.2.1-5.2.3.

Example 5.2.2. Kantorovich functionals and the problem of the best allocation
policy. Karatzas (1984) considers d medical treatments (or projects or investiga-
tions) with the state of the j th of them (at time 7 > 0) denoted by x; (¢).* At each
instant of time ¢, it is allowed to use only one medical treatment, denoted by i (¢),
which then evolves according to some Markovian rule; meanwhile, the states of
all other projects remain frozen.

Now we will consider the situation where one is allowed to use a combination
of different medical treatments (say, for brevity, medicines) denoted by
Mi,...,M;.Letd = 2 and (U, d) be an s.m.s. The space U may be viewed
as the space of a patient’s parameters. Assume that for i = 1,2 and for any
Borel set A € B(U) the exact quantity P;(A) of medicine M (which should
be prescribed to the patient with parameters A) is known. Normalizing the total
quantity P;(U) that can be prescribed by 1, we can consider P; as a probability
measure on B(U). Our aim is to handle an optimal policy of treatments with
medicines M, M,. Such a treatment should be a combination of medicines M,
and M, varying on different sets A C U.

A policy can be specified by choosing a bounded measure Q on B(U x U)
and the quantity of medicine M; in the case of patient with parameters,i = 1,2,
by following policy Q. The policy may satisfy the balancing condition

Q(AxU) = Pi(A), O(U x A) = P,(A), AeBWU), (5230
i.e., O € PP or (in the case of a multistage treatment)
Q(AXU)—Q(U x A) = P(A) — P,(A), AeBSWU), (5.2.31)

ie, Q € Q1P Let ¢(x, x;) be the cost of treating the patient with instant

parameters x; with medicines M;, i = 1,2. The & and ,l(i [see (5.2.16)
and (5.2.17)] represent the minimal total costs under the balancing conditions
(5.2.30) and (5.2.31), respectively. In this context, Problems 5.2.1-5.2.3 are
of interest.

4. Gini’s index of dissimilarity. Already at the beginning of this century, the
following question arose among probabilists: What is the proper way to measure
the degree of difference between two random quantities [see the review article by
Kruskal (1958)]? Specific contributions to the solution of this problem, which is
closely related to Kantorovich’s problem 5.2.2, were made by Gini, Hoeffding,
Frechet, and their successors. In 1914, Gini introduced the concept of a simple
index of dissimilarity, which coincides with Kantorovich’s metric A; = RI,

4See also the general discussion in Whittle (1982, p. 210-211).
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d(x,y) = |x — y|). That is, Gini studied the functional
K(F, F,) = inf{/ |x —y|dF(x,y) : F € F(F\, F) (5.2.32)
R2

in the space F of one-dimensional distribution functions (DF) F; and F5. In
(5.2.32), F(F, F>) is the class of all bivariate DFs F with fixed marginal
distributions Fj(x) = F(x,00) and F>(x) = F(00,x), x € R! [see (3.4.54)].
Gini and his students devoted a great deal of effort to studying the properties
of the sample measure of discrepancy, Glivenko’s theorem, and goodness-of-
fit tests in terms of /C. Of special importance in these investigations was the
question of finding explicit expressions for this measure of discrepancy and its
generalizations. Thus in 1943, Salvemini showed that

K(F\, F) = / |Fi(x) — Fa(x)|dx (5.2.33)

—00

in the class of discrete DFs and in 1956 Dall’Aglio extended it to all of F.
This formula was proved and generalized in many ways [see Example 3.4.3,
Eq. (3.4.19), and Sect. 7.4].

2. Ornstein metric. Let (U, d) be an s.m.s., and let d,, o, & € [0, oo], be the analog
of the Hamming metric on U ns namely,

1< “
dn,a(x,y)zz(z:d“(x,-,yi)), X =(X1,..., %) €U,

i=1

y=01n....v) €U", 0<a<oo, o =min(l,1/a),

1 n
duo(x,y) = — 3 I{xi # yib,

i=1

1
dyoo(x,y) = ;max{d(xi,y,-) i=1,...,n}.

For any Borel probability measures P and Q on U” define the following analog
of the Kantorovich metric:

D, (P, Q) = inf{/d,,,adﬁ P eptOl (5.2.34)

The simple probability metric D,, ¢ is known among specialists in the theory of
dynamical systems and coding theory as Ornstein’s d -metric, while D,, ; is called

5See Gray (1988, p. 48).
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the p-distance. In information theory, the Kantorovich metric D ; is known as
the Wasserstein (sometimes Lévy—Wasserstein) metric. We will show that

Dn,a(P,Q)zsupH/fd(P—Q)‘:f:u”—>Rl, Ln,oc(f)fl s
Luo(f) = sup{| f(x) = fO)I/dnal(x,y), x #y, y € U"} (52.35)

for all @ € [0, 00) (see Corollary 6.2.1 for the case where 0 < a < 0o and
Corollary 7.5.2 for the case where o = 0).

3. Multidimensional Kantorovich problem. We now generalize the preceding prob-
lems as follows.

Let P = {P;,i = 1,...,N} be a set of probability measures given on an
s.m.s. (U,d), and let ‘B(ﬁ) be the space of all Borel probability measures P
on the direct product UV with fixed projections P; on the ith coordinates, i =
1,..., N. Evaluate the functional

A (P) = inf{/ cdP: P eB(P)}, (5.2.36)
UN

where c is a given continuous function on U™ .

This transportation problem of infinite-dimensional linear programming is of
interest in its own right in problems of stability of stochastic models.® This is related
to the fact that if {Pl(’) AU sz,l ) }, i = 1,2, are two sets of probability measures

on (U,d) and P := Pl(i) X oo X ij,i) are their products, then the value of the
Kantorovich functional

A (PO, POy = inf{ / c*dP : P e pPVF®) (5.2.37)
U

2N

with cost function ¢* given by

C*()Cl, e s XN Ve ,yN) = ¢(cl(x1,y1), . ,CN()CN,yN)), (5238)

xi,yieU, i=1,...,N,

where ¢ is some nondecreasing, nonnegative continuous function on R”, coincides
with

6See Kalashnikov and Rachev (1988, Chaps. 3 and 6).
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1 1 2 2
APV, PP PR PP

- inf{/ c*dPp:Pep@,... PV PP PP (5239
U2N

See further Theorem 7.2.3 of Chap. 7.

5.3 Multidimensional Kantorovich Theorem

In this section, we will prove the duality theorem for the multidimensional
Kantorovich problem [see (5.2.36)].

For brevity, P will denote the space Py of all Borel probability measures on an
sm.s. (U,d). Let N = 2,3,... and let [b] (b € R, m = (})) be a monotone
seminorm || - ||, i.e., || - || is a seminorm in R” with the following property: if 0 <
bl,<b!',i =1,...,m,then ||b’|| < |b”|. For example,

Ibll, :

m 1/p
(Z |b,-|P) . |Ibllos ;= max{|b;|:i = 1,...,m},

i=1

k P\ /P

>

i=1

m

>

i=1

P
+

> b

i=k+1

bl : and b := .p=1l

Forany x = (x1,...,xy) € UV let
D(x) = d(x1,x2),d(x1,x3),....d(x1,xn),d(x2,X3),....d(xn-1,Xn)].

Let P = (Pi,..., Py) be afinite set of measures in P, and let
Ap(P) := inf{/ DAP : P € P(P}, (5.3.1)
UN

where D(x) := H(D(x)), x € UN,and H € H* = {H € H, H convex} (see
Example 2.4.1).

Let P be the space of all measures in P for which fU H(d(x,a))P(dx) < oo,
a € U.Forany Uy C U define the class Lip(Up) := |J,-( Lip; o (Uo), where

Lip; o (Uo) :={f : U = R": [ f(x) = f()| < d(x,y), Vx,y € Uy,
and sup{| f(x)| : x € Up} < oo}.
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Define the class

BWU) = {f= (1. f): D filki) < D(xr.....xw)

i=1

for x; € Uy, f; € Lip(Up),i = 1,...,N},

and for any class 4l of vectors f = (f1,..., fv) of measurable functions let
N
K(P;Ql):sup{Z/ fidP: feAy, (5.3.2)
i=17U
assuming that P; € P and f; is P-integrable.
Lemma 5.3.1. _ _
Ap(P) = K(P;6(U)). (5.3.3)

Proof. Letf = (fi..... fy) € ®(U) and P € B(P), where, as in (5.2.36), B(P)
is the set of all laws on U" with fixed projections P; on the ith coordinates, i =
1,...,N.Then

N N
> [ feop@n = [ 3 fep@n..do)

i=1 i=1

< DdP.
UN

The last inequality, together with (5.3.1) and (5.3.2), completes the proof (5.3.3).
O

The next theorem [an extension of Kantorovich’s (1940) theorem to the multidi-
mensional case] shows that exact equality holds in (5.3.3).

Theorem 5.3.1. For any s.m.s. (U,d) and for any set P = (P1,...,Pn), P; €
PHi=1,....N,

Ap(P) =K(P; &(U)). (5.3.4)
If the set P consists of tight measures, then the infimum is attained in (5.3.1).

Proof. 1. Suppose first that d is a bounded metric in U, and let

pi(xi, yi) = sup{| D(x1....,x5) = D(y1,....yn)| 1 x; = y; €U,

j=1,...,N, j #i}, (5.3.5)
forx;,y; € U,i = 1,...,N. Since H is a convex function and d is bounded,
O1,...,pn are bounded metrics. Let Uy € U and let &’ (Up) be the space of all
collections f = (f1,..., fy) of measurable functions on Uy such that f;(x;) +

<o+ fy(xn) < D(x1,...,XN), X1,....xy € Up. Let &”(Up) be a subset of
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&’ (Up) of vectors f for which |fi(x) — fi(y)] < pi(x,y), x,y € Up, i =
1,...,N. Observe that & C & C &'. We wish to show that if P;(Uy) = 1,
i=1,...,N,then

K(P:; &' (Up)) = K(P: 8" (U)). (5.3.6)
Let f € 8”(Up). We define sequentially the functions

SiCe) = inf{D(x1,....xx) — folx2) =+ — fy(xn):

X2,...,xy € Up}, x1 €U,

£ () = inf{D(xy,....xx) = £ (x1) = fa(x3) =+ = fv(xn) :
x1€Uxs,....,xy €Uy}, x€U,...,

Sy Gen) =inf{D(x1, ..., xy) — fi*(x1) = — fy_1(xn=1) :
Xi1,...,xy—1 €U}, xy €U

Since D is continuous, it follows that fj* are upper semicontinuous and,
hence, Borel measurable. Also, f*(x1) + - + fy(xn) < D(x1,...,xn)
Vxi,...,xy € U. Furthermore, for any x;, y; € U

S ) = fiF ) = inf{D(x1,..., yn) = falx2) =+ = fu(xn)
X2,...,xy € Up}

+sup{ o(y2) + -+ fulyn) = D(y1.... yw)
¥2,...,yn € Up}

sup{D(x1, y2,..., YN) = D(y1,...,yn):
Y2....,yn € Up}

IA

IA

p1(x1, y1).

A similar argument proves that the collection f* = (f}*,..., fy) belongs to the
set 8”(U). Given x| € Uy, we have f(x1) < D(x1,X2,...,xy)— fa(xp)—+--—
fn(xw) forall x,,...,xy € Up. Thus, f(x1) < f*(x1). Also, if x, € U, then

fz*(x2) = inf {D()Cl,...,)CN)

x1€U,x3,....xNy €Uy

[D(x1, Y25, YN) = fa(x2) =+ = fn(yn)]
Y25, yN €U

—f3(x3) == fn(xn)}
inf {D(x1,...,xy) — D(x1,x2,...,xn) + fo(x2)

x1€U,x3,....xy €Uy
4o+ fvlan) = fa(xz) = — fa(xy)}
= fa(x2).

v
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Similarly, f;*(x;) > fi(x;) foralli =1,..., N and x; € Up. Hence,

N N
> [ ari<y [ srar
i=1 i=1
which implies the inequality
K(P; &' (Uy) < K(P; 8" (U)), (5.3.7)

from which (5.3.6) clearly follows.

Case 1. Let U be a finite space with the elements u, .. ., u,. From the duality
principle in linear programming, we have’

Ap(P) = inf{ D > DGy, ury) (i, i)

i1=1 iy=1

w(ir.....in) = 0. Y wiv.....in) = Pe(uy).k =1.....N

ij:j#k
n N N
= sup{Zij(uj)Pj(ui) > fi(@y) < D@ ... iiy),
i=1j=1 j=1
Ijll,...,lle eU

= K(P;®'(U)).
Therefore, (5.3.7) implies the chain of inequalities
K(P:6(U)) = K(P:8"(U)) 2 K(P:&'(U)) = Ap(P).

from which (5.3.4) follows by virtue of (5.3.3).

Case2. Let U be a compact set. For any n = 1,2,..., choose disjoint
nonempty Borel sets Ay, ..., A,,, of diameter less than 1/ whose unionis U.
Define a mapping h;, : U — U, = {ui,...,un,} such that h,,(Ai)~: u;,

i = 1,...,m,. According to (5.3.6) we have for the collection P, =
(Pyoh;t,..., Pyoh, ") the relation

N
K(P,; &' (Uy)) = sup{Z/Ufi(hn(u))P,-(du):fe & ).  (5.3.8)
i=1

7See, for example, Bazaraa and Jarvis (2005).
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If f € &'(U,), then %fi(hn(ﬁ,-)) < D(hy(wy),...,h(uy)) <
=1

D(uy,...,uy) + K/n, wh_ere the constant K is independent of n and
iy, ..., uy € U. Hence, from (5.3.8) we have
K(Fn; &'(U,)) < K(F; &' (U)) + K/n. (5.3.9)

According to Case 1, there exists a measure P € ‘B(ﬁn) such that
/ DAP? <K(P,:®'(U,)). (5.3.10)
UN

Since P; ohn_1 converges weaklyto P;,i = 1,..., N, the sequence {P("), n=
1,2,...}is weakly compact (Billingsley 1999, Sect. 6).

Let P* be a weak limit of P . From estimate (5.3.9) and equality (5.3.10) it
follows that

/ DAP* <K(P; & (U)),
UN

which together with Lemma 5.3.1 implies (5.3.4).

Case 3. Let (U,d) be abounded s.m.s. Since [, H(d(x,a))P;(dx) < oo, the
convexity of H and (5.3.5) imply that fU pi(x,a)P;i(dx) <oo,i =1,...,N.
Let the P; be tight measures (Definition 2.6.1). Then for eachn = 1,2,...
there exists a compact set K, such that

sup / 1+ pi(x,a))P;i(dx) < l (5.3.11)
U\K, n

1<i<N
Forany A € B(U) set
Pin(A) := Pi(ANK,) + P;(U\ Kp)8(A), Ppn:= (Pin.....Pxn).

where

l,ae A,

S A) 1= {0 ad A

By (5.3.6),

K(P,; &' (K, U{a}) = K(P;&"(U))

< sup

N
;/U Si(x)P;(dx) + /U\K,, pi(x,a)P;i(dx) : f € &(u)

<K(P:&U)) + N/n. (5.3.12)
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According to Case 2, there exists a measure P") € ‘B(?) such that

/ DAP" < K(P,:® (K, U{a})). (5.3.13)

Similarly to Case 2, we then obtain (5.3.4) from relations (5.3.12) and
(5.3.13).

Now let Py,..., Py be measures that are not necessarily tight. Let U be the

completion of U. To any positive ¢ choose the largest set A such that d(x, y) >
€/2 Vx,y € A. The set A is countable: A = {x;,x,...}. Let 4, = {x €
U :d(x,x,) <¢&/2 <d(x,x;)Vj < n},and let A4, = A, N U. Then 4,,
n = 1,2,..., are disjoint Borel sets in Uand A,,n = 1,2,..., are disjoint
sets in U of diameter less than ¢. Let P; be a measure generated on U by P;,
i =1,...,N.Then for Q = (Fl, .. ,FN) there exists a measure & € P(Q)
such that

/ﬁN Ddp = K(Q; 6(U)).

Let P;,,(B) = P;(B N Ay) forall B € B(U),i = 1,..., N. To any multiple
indexm = (my,...,m,),m; =1,2,...,i =1,..., N, define the measure

Mm:cmPl,ml X"'XPN,va

where the constant ¢y, is chosen such that
Mm(Aml XX AmN) = ﬁm(Aml XX Am/v)-
Let i, = Y, m. Then for any B € B(U)

pe(B x UNTY) =" cm Py (B) Poyny(U) -+ Py (U)

=Y cmPi(B N Ay Po(Apy) - Py (Amy)

:Z/ E(ZWHX“'XZWIN)
Pl (Amy) - Priny (Aimy)

XP1(B N Apw)Py(Am,) ... Py (Amy),

where )/ indicates summation over all m such that P jm; (Am‘/.) > 0 for all
Jj =1,....my.Note thatif Py, (4,,,) > 0, then we have

—(Zm X"'XZm — —
Z . Pll (Am) ) = (Ap, X U l)/Pl’ml(Aml)
mi mi

= Fl(zml)/Pl,ml(Aml) = 1
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This, together with analogous calculations for pu.(U* x B x UNTF1) k =
1,2,...,N — 1, shows that u. € P(P); hence, to each positive ¢,

ME(D()’% .. ,J’n) > o + 28|Ie”)
<Y Apm (A, XX Ap,) 1 D(x1, ... xn) > + ele]]}
S E(D()’la-u,Yn) > C(),

where e is a unit vector in R”. Since H(¢) is strictly increasing and D(x) =
H(D(x)),

/N Dje(dx) = /0 1 (D) > DAH(1)
< /0 EDX) > NdH(t + 2ele]) + H(2e]e])

< [, bom@ + [ (HOw +2¢lel)
U U
~DE)EX) + Helel).

From the Orlicz condition it follows that for any positive p the inequality

[ 0w + 26lel) - D@

< sup{H(t + 2¢lle[) — H(r) : 1 € [0, 2p]le[|]}

N
+¢ Z/UH(d(x,a))z{d(x,a) > p/N}P;(dx)
i=1

holds, where ¢ is a constant independent of ¢ and p. As ¢ — 0 and p — oo, we
obtain

lim sup /UN Ddu, < /ﬁN Ddx = K@Q: 6(U)) = K(P; 6(U)).

=0

2. Let U be any s.m.s. Suppose that Py, ..., Py are tight measures. For any n =
1,2,..., define the bounded metric d,, = min(n, d). Write D,(x1,...,xy) =
H(”dn (Xl s Xz), ey d,, (Xl s XN), d,, (Xz, X3), ey dn (xﬁ—l, XN)”) According to
Part 1 of the proof, there exists a measure P € B(P) such that

D,dP" = K(P:®(U,d,)). (5.3.14)
UN
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Since P™, n = 1,2,...,1s a uniformly tight sequence, passing on to a
subsequence if necessary, we may assume that P converges weakly to P €
SB(P). By the Skorokhod—Dudley theorem [see Dudley (2002, Theorem 11.7.1)],
there exist a probability space (£2,u) and a sequence {Xx,k = 0,1,...}
of N-dimensional random vectors defined on (2, 1) and assuming values on
U™ . Moreover, for any k = 0, 1,..., the vector X; has distribution P*) and
the sequence X, X»,... converges p-almost everywhere to Xy. According to
(5.3.14) and the Fatou lemma,

liminf K(P: 6(U. d,)) = liminf E, D, (X,) > E, liminf D, (X,)
n—>0o0 n—>oo n—>oo

= E,D(Xo) — E, limsup | D, (X,) — D(Xo)|.

n—o00

where

|Dn(X,) — D(Xo)| < |Du(Xy) — Du(Xo)| + | Dy (Xo) — D(Xo)| — 0

[L-a.e.as n — oo

and

N
E,, limsup(D,,(X,) + D(X,)) < const x y _ / H(d(x,a))P;(dx) < oo.
U

n—00 :
i=l1

Hence

K(P:6(U)) = lim K(P:&(U.dy)) = Ap(P).

which by virtue of (5.3.3) implies (5.3.4). If Py, ..., Py are not necessarily tight,
then one can use arguments similar to those in Case 3 of Part 1 and prove (5.3.4),
which completes the proof of the theorem. O

As already mentioned, the multidimensional Kantorovich theorem can be
interpreted naturally as a criterion for the closeness of n-dimensional sets
of probability measures. Let (U;,d;) be an sms., and P;,Q; € Py, i =

l,....n. Write P = (P.....P), 0 = (01.....0,), P.Q; € Py,
and A(x,y) = H(|di(x1,y1),...,du(xn, ¥n)|), where x = (x1,...,x,) and
y=0....,m) €U x---xU, =2 andﬂ- l; is a monotone seminorm in

R". The analog of the Kantorovich distance in P = Py, x --- x Py, is defined as
follows:

&u(P,0) = inf{/

Ax

A(x,y)P(dx,dy) : P € B(P,0)}, (5.3.15)
A

where ‘I}(FI;, @) is the space of all probability measures on 2( x 2 with fixed
one-dimensional marginal distributions Py,..., P,, Q1,..., Q,. Subsequently
(Chap.7) we will consider more examples of minimal functionals of the type
(5.3.15) (the so-called K-minimal metrics).
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Case N = 2. Dual representation of the Kantorovich functional A.(Py, P;).
Ly = Ly. Let € be the class of all functions c(x,y) = Hd(x,y)), x,y € U,
where the function H belongs to the class H of all nondecreasing continuous
functions on [0, oo) for which H(0) = 0 and that satisfy Orlicz’ condition

Kpy =sup{HQ2t)/H(t) : t > 0} < o0. (5.3.16)
We also recall that H™* is the subset of all convex functions in H and let €* be the
setofall c(x,y) = H(d(x,y)), H € H*.

Corollary 5.3.1. Let (U,d) be an s.m.s. and Py, P, be Borel probability measures
onU. Let c € €* and A.(Py, P;) be given by (5.2.2). Let Lip, ,(U) :={f : U —
R:1f(x) = fO)| =ad(x,y),x,y € U},

Lip’(U) = { (f:8) € | JILip, o (D)% f(x) + g(») < c(x,y).x,y €U

a>0

and
Be(Pr, Pr) = SUP{/U fap +/UgdP2 2(fg) e LiPC(U)}-
Ifo c(x,a)(P, + P,)(dx) < oo for some a € U, then
Ac(Py, Py) = B.(Pa, Py).
Moreover, if Py and P, are tight measures, then there exists an optimal measure

P* € PPvP2) for which the infimum in (5.2.2) is attained.

The corollary implies that if 21 is a class of pairs (f,g) of Pj-integrable
(resp. P,-integrable) functions satisfying f(x) + g(y) < c(x,y) forall x,y € U
and 2 D [Lip°(U)]*?, then the Kantorovich functional (5.2.2) admits the following
dual representation:

AC<P1,P2)=sup{/ fdP1+/gsz:(ﬁg)€91 .
U U

The equality A, = B, furnishes the main relationship between the
H-average distance Ly (X,Y) = EH(d(X,Y)) [(3.4.1)], [resp. p-average metric
Ly,(X,Y) = [EdP(X, )]VYP, p e (1,00), (3.4.3)] and the Kantorovich distance
Ly [resp. £ ,-metric; see (3.3.11)].

Corollary 5.3.2. (i) If (U,d) isan s.m.s., H € H*, and

P, P, e PH(U) = {P eP): / H(d(x,a))P(dx) < oo},
U
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then

Cu(Pr, Py) = Ly (P1, Py) i= inf{Ly (X1, X2) : X; € X(U),
Pry = P;,i = 1,2}. (5.3.17)
Moreover; if U is a u.m.s.m.s., then Ly is a simple distance in P* (U) with
parameter Ky, = Ky, i.e., for any Py, P, and P € PHWU), Ly (P, Py) <

Ky (Ly (P, P3)+ Ly (Ps, Py)). Inthis case, the infimum in (5.3.17) is attained.
(ii) If 1 < p < oo (U,d) is an s.m.s. and

P, P, e PPU) = {P € P(U;/ dP(x,a)P(dx) < oo},
U

then
£,(P1, Py) = L,(Py, Py). (5.3.18)
In the space PP (U), £, is a simple metric, provided U is a u.m.s.m.s.

Proof. See Theorem 3.3.1, Corollary 5.3.1, and Remark 2.7.1. O

5.4 Dual Representation of Minimal Norms ﬁc:
Generalization of Kantorovich—Rubinstein Theorem

The Kantorovich—-Rubinstein duality theorem has a long and colorful history,
originating in the 1958 work of Kantorovich and Rubinstein on the mass transport
problem. For a detailed survey, see Kemperman (1983). Given probabilities P; and
P, on a space U and a measurable cost function ¢(x, y) on U x U satisfying some
integrability conditions, let us consider the Kantorovich—Rubinstein functional

[ (P, Py) = inf/c(x,y)db(x,y), (5.4.1)

where the infimum is over all finite measures b on U x U with marginal difference
by — by = Py — P,, where b; = T;b is the ith projection of b [see (5.2.17)]. (,lotc is

o
sometimes called the Wasserstein functional; in Example 3.3.6, we defined K. as a
minimal norm.)

The duality theorem for LOLC is of the general form

fie(Py. Py) = sup /U Fd(PL = Py), (5.42)
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with the supremum taken over a class of f : U — R satisfying the Lipschitz
condition f(x) — f(¥) < c(x,y). When the probabilities in question have a finite
support, this becomes a dual representation of the minimal cost in a network flow
problem.®

The results for (5.4.2) were obtained by Kantorovich and Rubinstein (1958) with
cost function c(x,y) = d(x,y), where (U, d) is a compact metric space. Levin
and Milyutin (1979) proved the dual relation (5.4.2) for a compact space U and for
an arbitrary continuous cost function ¢(x, y). Dudley (1976, Theorem 20.1) proved
(5.4.2) for s.m.s. U and ¢ = d. Following the proofs of Kantorovich and Rubinstein
(1958) and Dudley (1976), we will show (5.4.2) for cost functions ¢(x, y), which
are not necessarily metrics. The supremum in (5.4.2) is shown to be attained for
some optimal function f.

Let (U, d) be a separable metric space. Suppose that ¢ : U x U — [0, 00) and
A : U — [0, 00) are measurable functions such that

(C1) c(x,y) =0iffx = y;

(C2) c¢(x,y) =c(y,x)forx,yinU;

(C3) c(x,y) <A(x) +A(y) forx,y € U;

(C4) A maps bounded sets to bounded sets;

(C5) sup{c(x,y) : x,y € B(a;R),d(x,y) < &} tends to 0 as § — O for each
a €U and R > 0. Here, B(a; R) :={x e U : d(x,a) < R}.

We give two examples of function ¢ satisfying (C1)-(C5), which are related to
our discussion in Sect. 5.2 (Examples 5.2.1 and 5.2.2):

1. c¢(x,y) = H(d(x,y)), H € H [see (5.3.16)].
2. c¢(x,y) = d(x,y)max(1, h(d(x,a)),h(d(y,a))), where h : [0,00) — [0, 0)
is a continuous nondecreasing function.

Given a real-valued function f : U — R, we define

£ lle := sup{| f(x) = fW)I/c(x,y) : x # y} (54.3)
and set

Li={f:]fll <+ool. (5.4.4)

It is easy to see that || - || is a seminorm on the linear space L. Notice that for f € IL
we have | f(x) — fO)| < ||f llcc(x,y) Yx,y € U. It follows from Condition (C5)
on ¢ that each function in L is continuous and, hence, measurable. Note also that
Il flle = 0if and only if f is constant. Define ILy as the quotient of . modulo the
constant functions. Then | - ||, is naturally defined on Ly, and (ILy, || - ||) is a normed
linear space.’

8See Bazaraa and Jarvis (2005) and Berge and Chouila-Houri (1965, Sect. 9.8).
9See Fortet and Mourier (1953).
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Now suppose that M = M, (U) denotes the linear space of all finite signed
measures m on U such that

m({U) =0 and /Ad|m| < o0. (5.4.5)

Here [m| := m™ + m™, where m = m* — m™ is the Jordan decomposition of m.
For each m € M let B(m) be the set of all finite measures » on U x U such that
b(AxU)—b(U x A) = m(A) (5.4.6)

for each Borel A € U. Note that B(m) is always nonempty since it contains
(m*T xm™)/m*(U).Here, ™ x m~ denotes the product measure m™ x m~(A) =
mT(A)ym~(A). A € B(U). Define a function m — ||m||y, on M by

]y = inf%/c(x,y)b(dx,dy) be B(m)}. (5.4.7)
We have
Il = [ Gyt xm)(@x.dy)/m* )
= [ At @)+ [ 20mm@)
— / Adjm] < oc. (5.4.8)

For c(x,y) = d(x,y), |m|w is sometimes called the Kantorovich—Rubinstein or
Wasserstein norm of m [see also (3.3.38) and Definition 3.3.4].

We will demonstrate that for probabilities P and Q on U with P — Q € M we
have

IIP—Q||w=SUP§/fd(P—Q)1||f||c§1 : (5.4.9)

which furnished (5.4.2) with cost function ¢ satisfying (C1)—(C5). When c(x, y) =
d(x,y)and A(x) = d(x,a), a being some fixed point of U, this is a straightforward
generalization of the classic Kantorovich—Rubinstein duality theorem [see Dudley
(1976, Lecture 20)].

First note that || - ||y is a seminorm on M : (Lemma 3.3.2). Now given m € M,
f €ek,and afixeda € U, we have

SOl = 1f(x) = f@] + [ f@] < | fllee(x.a) +[f(a)]
= 1/l (x) + A@) + [ f(@)] = KiA(x) + K, Vx €U,

for constants Ky, K, > 0. Thus, each f € L is |m|-integrable and induces a linear
form ¢y : £ — R defined by
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¢r(m) = /fdm. (5.4.10)

Note that if f and g differ by a constant, then ¢y = ¢¢. Given b € B(m), we have
sl = | [ ram| = | [ r = rompax.an)

< / 1f@) — FO)Ib(dx.dy) < [/ / c(x. y)b(dx. dy).

Taking the infimum over all b € B(m), this yields |¢ s (m)| < || f||c||m|lw, so that
¢ ¢ is a continuous linear functional with dual norm ||¢ /|3, such that

lorle <I1f e (5.4.11)

Thus, we may define a continuous linear transformation

(Lo [+ le) =M™+ I1%) (54.12)

w

by D(f) = ¢y.
Lemma 5.4.1. The map D is an isometry, i.e., || fllc = o1 |w-

Proof. Given x € U, denote the point mass at x by §,. Note first that if m,, =
8y — &, for some x, y € U, then

170y e < / (1) (85 % 8,)(du,df) = c(x. ).
Then for each f € L,
1f1le = sup{l£() — FO/elr.y) : x # ¥
sup{| ()| /c(x.¥) : x # 7}
b7 1% suptlmay lw/c(x3) < x # 3 < Ibs e

so that || £ lc = |73 by (5.4.11). 0

IA

We now set about proving that the map D is subjective and, hence, an isometric
isomorphism of Banach spaces. Recall that an isometric isomorphism between two
normed linear spaces A and A, is a one-to-one continuous linearmap 7 : A} — A,
with TA; = Ap and || Tx||a, = [Ix]a,.°

We need some preliminary facts. Let M, be the set of signed measures of the
form m = m; — m,, where m; and m, are finite measures on U with bounded
support such that m (U) = m,(U). Condition (C4) on A implies that My € M.

10See Dunford and Schwartz (1988, p. 65).
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Lemma 5.4.2. M is a dense subspace of (M, | - |lw)-
Proof. Givenm € M (m # 0), fix a € U and set

B, = B(a,n) :={x e U :d(x,a) <n}

forn = 1,2,.... For all sufficiently large n, we have m™*(B,)m~(B,) > 0. For
such n, let us denote

m(A) = m*(U) [’””A 0By _mnm)

m*(B,) m~(B,)
I () N (S N
" m~(By) , " m*(B,) .

Then §,,, &, — 0 as n — oo. Also,
(m —my)(A) =m(A\ B,) —e,mtT (AN B,) +8,m (AN B,).
Define finite measures u, and v, on U by
fn(A) == m*(A\ B,) + 8;m™ (AN B,),
vy (A) :=m (A\ B,) + e,mT (AN B,).

Then, m — m, = p, — v,. Moreover, u, and v, are absolutely continuous with
respect to |m|. Letting P and N be the supports of m™ and m™ in the Jordan-Hahn
decomposition for m, we determine the Radon—Nikodym derivatives

1, xe P\ B,,
(x) =146, xe NN B,
0, otherwise,

1, ye N\ B,
(»)={¢enyePNB,,
0, otherwise.

dv,
d|m|

dpty
d|m|

Then the measure b, = (i, X V;)/in(U) belongs to B(m — m,,). Noting that

v, (U) = . (U) = m+(U \ B,) + 8,m™(By,)
=m*(U\ B,) + (m~(U) —m™(B,))
= |m|(U \ B,) = |m|(B,),

we write the Radon—Nikodym derivative

1 du, dv,

db, .
PO oy Tl By ]

Then we make the following claim.
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Claim. The function g(x, y) = sup, f,(x,y)c(x,y) is |m| x |m|-integrable.
Proof of Claim. We show that g is integrable over various subsets of U x U.

(i) g isintegrable over P x N: we suppose that x € P and y € N. Then

o0
c(x. )
glx.y) = ~le,(x.p),
,; mI (BY)
where C, = (B, x B;) — (B, X By, ) and I, is the indicator of (-). Thus,

> 1
gdlm| x |m| < —/ (A(x) +A(y)|m| x |m|(dx,dy)
/PXN nZ::l Im[(BY) Je,
> 2
<) A(x)|m| x |m|(dx,dy)
2 5 Do e

o0
2 A(x)|m|dx
;/BB ()lm]

_ R
n n+1

=2 | Adlm| < 4o0.
B

(i) g(x,y) < Kc(x,y) forsome K > 0on P x P: we suppose x,y € P. Then

1
Im|(By)

enc(x,y) — sup c(x,y)
m|(BS) ~ a' m*(By)
M (B (e y) _ clxy)
=P T mI(Be) mT(By) = mT(By)

g(x,y) <sup (m*(U) —m™(By))

Very similar arguments serve to demonstrate
(iii) g(x,y) < Kc(x,y) forsome K >0on N x N;
(iv) g(x,y) < Kc(x,y) forsome K >0on N x P.

Combining (i)—(iv) establishes the claim.
Now f,(x,y) — Oasn — oo Vx,y € U. In view of the claim, Lebesgue’s
dominated convergence theorem implies that

I = mly < / ¢(x. y)(dx. dy)

- / c(x. ) fu (x. y)(m] x m])(dx. dy) — 0

asn — oQ. O
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Call a signed measure on U simple if it is a finite linear combination of signed
measures of the form §, —8,. M contains all the simple measures. In the next lemma
we will use the Strassen—Dudley theorem.

Theorem 5.4.1. Suppose that (U, d) is an s.m.s. and that P, — P weakly in P(U).
Then for each €,8 > 0 there is some N such that whenever n > N, there is some
law b, on U x U with marginals P, and P such that

by {(x,y) :d(x,y) > 6} <e. (5.4.13)

Proof. Further (Corollary 7.5.2),!' we will prove that the Prokhorov metric 7 is
minimal with respect to the Ky Fan metric K. In other words,

7(Py, P;) = inf{K(P) : P € P(U x U), P(- x U) = P,(-), P(U x-) = P5(")},

where K(P)=inf{e>0 : P((x,y) : d(x,y)>¢e)<e}. Since w metrizes the weak
topology in P(U) (Dudley 2002), the preceding equality yields (5.4.13). O

Lemma 5.4.3. The simple measures are dense in (M, | - ||w)-

Proof. In view of Lemmas 3.3.2 and 5.4.2, there is no loss of generality to assume
that m = P — Q, where P and Q are laws on U supported on a bounded set
Uy C U. Then there are laws P, N P, 0, N Q such that for each n, we have
P,(Uy) = 0,(Up) = 1and P, — Q, is simple [see, for example, the Glivenko-
Cantelli—Varadarajan theorem (Dudley 2002)]. To prove the lemma, it is enough to
show that || P, — P|lw — 0 asn — oo.

Given ¢ > 0, use the boundedness of U, and Condition (C5) on ¢ to find § > 0
such that c¢(x, y) < &/2 whenever x, y € Uy with d(x, y) < 4. Set K = sup{A(x) :
x € Up}. By Theorem 5.4.1, for all large n, there is a law b, on U x U with
marginals P, and P such that b,{(x,y) : d(x,y) > 6} < 8} < e/4K.Set A =
{(x,y):d(x,y) > 8}. Then

1Py — Pl < / ¢(x. y)by(dx. dy)
- / ¢(x. )by (dx. dy) + / ¢(x. )by (dx. dy)
A U/A
< /(/\(x) £ A()ba(dx, dy) + £/2 < 2Kby(A) + £/2 <
A
for all large n. O

Lemma 5.4.4. The linear transformation D (5.4.12) is an isometric isomorphism

of (Lo, [I - lle) onto (M*, || - I3).

See also Dudley (2002, Theorem 11.6.2).
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Proof. Suppose that ¢ : M — Ris a continuous linear functional on M. Fixa € U
and define f : U — Rby f(x) = ¢(8y —8,). Forany x,y € U

|f() = fOD =19 Gx =8| = 1915 118x = Sy llw = @lIGeCx. »),

so that || fllc < [[¢lls < oo. We see that ¢(m) = ¢,(m) form = §, — 6, and,
hence, for all simple m € M. Lemma 5.4.3 implies that ¢ (m) = ¢ r(m) for all
m e M. Thus ¢ = D(f).

We have shown that D is subjective. Earlier results now apply to complete the
argument. O

Now we consider the adjoint of the transformation D. As usual, the Hahn—

D*
Banach theorem applies to show that (L, || - [|¥) <— (M™*, | - [I;) is an isometric
isomorphism; see Dunford and Schwartz (1988, Theorem II 3.19). Let (M™**, || -
[lox L (M, ||l - |lw) be the natural isometric isomorphism of M into its second

D*oT
conjugate M**. Then (Lg, |- || — (M, ||+ |lw) is an isometry. A routine diagram

shows that ||m||w = sup{[ fdm : || f|l. < 1}.
We summarize by stating the following, the main result of this section.

Theorem 5.4.2. Let m be a measure in M. Then
[mlw = Sup%/fdm ) = f) Selxy) -

We now show that the supremum in Theorem 5.4.2 is attained for some
optimal f.

Theorem 5.4.3. Let m be a measure in M. Then there is some f € Lwith || f|. =
1 such that |m|y = [ fdm.

Proof. Using the Hahn—-Banach theorem, choose a linear functional ¢ in M* with
l#* = 1 and such that ¢(m) = ||m|. By Lemma 5.4.4, we have ¢ = ¢, for
some f € Lwith || f]l. = |l¢]I* = 1. O

Given probability measures P; and P, on U, define the minimal norm
[t (P, Py) = inf{/c(x,y)b(dx,dy) b e B(P, — Ps) (5.4.14)

[see (5.4.6) and Example 3.3.6]. Let P(U) be the set of all laws P on U such that

A is P-integrable. Then LOLC (Py, P>) defines a semimetric on P, (U) (Remark 3.3.1).
In the next section, we will analyze the explicit representations and the topological
properties of these semimetrics.
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It should also be noted that if X and Y are random variables taking values in U,
then it is natural to define

/"LC(Xv Y) - /"LC(Perer)s

where Pry is the law of X. We will freely use both notations in the next section.

Example 5.4.1. Suppose that c(x, y) = d(x,y) and set A(x) = d(x,a) for some
a € U. Then Conditions (C1)—(C5) are satisfied, and Theorem 5.4.2 yields

inf{/ d(x,y)b(dx,dy) : b € B(P, — Pz)}

= Sup{/fd(Pl —P) I flle = 1}, (5.4.15)

where P, P, € P,(U) and || f| . is the Lipschitz norm of f. In this case,

IOLC(Pl, P>) is a metric in P, (U). This classic situation has been much studied; see
Kantorovich and Rubinstein (1958) and Dudley (1976, Lecture 20). In particular,

(5.4.15) gives us the dual representations of lch(Pl, P,) given by [(3.4.53)]

[L(Py, Py) = inf{la Ed(X,Y) : forsome & > 0, X € X(U),Y € X(U),
such that a(Pry —Pry) = P; — P,}

=sup§‘/{lj fd(P, — Py)

Al = 1} . (5.4.16)

5.5 Application: Explicit Representations for a Class
of Minimal Norms

Throughout this section, we take U = R, d(x,y) = |x — y|, and we also define
¢: RxR — [0, +00) by

c(x,y) = |x — y[max(h(|x —al). h(|ly —al)), (5.5.1)
where a is a fixed point of R and % : [0, c0) — [0, 00) is a continuous nondecreasing
function such that z(x) > 0 for x > 0. Note that the cost function in Example 5.2.1

[see (5.2.24)] has precisely the same form as (5.5.1). Define A : R — [0, co) by

A(x) = 2|x|h(]x —al).
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It is not difficult to verify that ¢ and A satisfy Conditions (C1)—(C5) specified in
Sect.5.4. As in Sect. 5.4, the normed space (ILg, || - ||) and the set M, comprising
all finite signed measures /m on R such that m(U) = 0 and [ Ad|m| < 400, are to
be investigated.

We consider random variables X and Y in X = X(R) with E(A(X)) +
E(A(Y)) < oco. Then m = Pry —Pry is an element of M, and Theorem 5.4.2

implies the dual representation of ,lotc:
,loLC(X, Y) =inf{aE(c(X',Y)): X', Y € X,a > 0,a(Pry: —Pry;) = m}
= SUPH/ fdM‘ A = SOl <e(x,y).Vx,y eRe. (5.5.2)
R

An explicit representation is given in the following theorem.

Theorem 5.5.1. Suppose c¢ is given by (5.5.1) and X,Y € X with E(A(X)) +
EA(Y)) < o0; then

(X, Y) :/_ h(|x —a|)| Fx (x) — Fy (x)|dx. (5.5.3)

Proof. We begin by proving the theorem in the special case where X and Y
are bounded. Suppose that |X| < N and |Y| < N for some N. Appli-

cation of Theorem 5.4.2 with U := Uy := [-N,N] yields ,lotc X,Y) =
Sup{|f fdm| iU >R f(x)— f(y)] <c(x,¥),Vx,y € UN}, where m =
Pry —Pry. Itis easy to check that if | f(x) — f(y)| < c(x, y) as previously, then f
is absolutely continuous on any compact interval. Thus, f is differentiable a.e. on
[-N, N], and | f'(x)| < h(]x — a|) wherever f” exists. Therefore

A (X,Y) < ' / (Fx(x) = Fyx)) f'(x)dx| : / : Uy — R,

| f'(x)] < h(]x —al) ae

5/_ h(Jx — al)| Fx (x) — Fy ()]dx

using integration by parts.
On the other hand, if f is absolutely continuous with | /' (x)| < h(]x —a]) a.e.,

then | f(x)—f(W)| = | [} f'()dt| < |x—y[max(h(|x—al), h(ly—al)) = c(x, y).
Define fi : R — R by

fi = h(jx —al)sgn(Fx (x) — Fy (x)) a.e.
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Then

ELC(X, Y) sup{‘/ Fx(x) — Fy (x)) f'(x)dx| : | f'(x)] < h(|x —al) a.e.

IA

‘ / (Fx (x) — Fy (1)) fL(x)dx

- /h(|x—a|)|FX(X)—FY(X)|dx-

We have shown that whenever X and Y are bounded random variables, (5.5.3) holds.
Now define H : R — R by

H() = /Ot h(|x — al)dx. (5.5.4)

Fort > 0, H(t) < h(la|)|a| + |t — a|h(|t — al), so that E(A(X)) + E(A(Y)) < o0
implies that E|H(X)| + E|H(Y)| < oo. Under this assumption, integrating by
parts we obtain

0
h(|x —al)Fx(x)dx.

E|H(X)| =/0 h<|x—a|)<1—FX(x)>dx+/

An analogous equality holds for the variable Y. These imply that

/ h(lx — a)| Fx () — Fy (x)]dx < oc.

For n > 1, define random variables X,,, ¥, by

n, if X >n, n, ifY >n,
X,=1X, if-n<X <n, Y, =13Y, if-n<Y <n,
—n,if X <—n, —n,if Y < —n.

Then X, — X, Y, — Y in distribution, and for n > |a|
Ke(Xn, X) < Ec(Xy, X) < E(|X[I{|X] = n}h(|X —al)),

which tends to 0 as n — oo [E(A(X)) < oco]. Similarly, ,loLC(X,,, Y) — 0. Then
,loLC(Xn, Y, — ,loLC(X, Y) as n — oo. Also, we have

|Fx(x) — Fy(x)|, for —n <x <n,

| Fx, (x) — Fy,(x)| = 0, otherwise.
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Applying dominated convergence, we see that as n — oo,
[t =abiFy, 0 = F lax =[x = abl e = Frla.

Combining this with ,lOLC (X, Y,) — ,lclc (X,Y) and the result for bounded random
variables yields

fre(X.Y) = /_ h(lx — al)| Fx (x) — Fy (¥)]dx. 0

For h(x) = 1, this yields a well-known formula presented in Dudley (1976,
Theorem 20.10). We also note the following formulation, which is not hard to derive
from the strict monotonicity of H [see (5.5.4)].

Corollary 5.5.1. Suppose c is given by (5.5.1) and X, Y € X with E(A(X)) +
E(A(Y)) < oo, and set P = Pry, Q = Pry. Then

o

1(P, Q) =/ | Frix) (x) — Frery(x)]dx, (5.5.5)

where H is given by (5.5.4).
For i(x) = 1 we see that H(¢) = t and that ,lot gives the Kantorovich metric.'?

Corollary 5.5.2. In this context, ﬁc(Pl,Pz) defines a metric on Py(R) :=
{P: [y AdP < oo}
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Chapter 6
Quantitative Relationships Between Minimal
Distances and Minimal Norms

The goals of this chapter are to:

* Explore the conditions under which there is equality between the Kantorovich
and the Kantorovich—Rubinstein functionals;

* Provide inequalities between the Kantorovich and Kantorovich—Rubinstein
functionals;

* Provide criteria for convergence, compactness, and completeness of probability
measures in probability spaces involving the Kantorovich and Kantorovich—
Rubinstein functionals;

¢ Analyze the problem of uniformity between the two functionals.

Notation introduced in this chapter:

Notation Description

P =P(U) Space of laws with a finite A-moment

A Generalized Kantorovich functional

o

A Generalized Kantorovich-Rubinstein functional

6.1 Introduction

In Chap. 5, we discussed the Kantorovich and Kantorovich—Rubinstein functionals.

—~ . . ° .
They generate minimal distances, [i., and minimal norms, p ., respectively, and we
considered the problem of evaluating these functionals. The similarities between the
two functionals indicate there can be quantitative relationships between them.

In this chapter, we begin by exploring the conditions under which &, = ,&C.
It turns out that equality holds if and only if the cost function c(x, y) is a metric

S.T. Rachev et al., The Methods of Distances in the Theory of Probability and Statistics, 145
DOI 10.1007/978-1-4614-4869-3_6, © Springer Science+Business Media, LLC 2013
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itself. Under more general conditions, certain inequalities hold involving i, ,LOLC,
and other probability metrics. These inequalities imply criteria for convergence,
compactness, and uniformity in the spaces of probability measures (P(U), [i.) and

(PU). ﬁc). Finally, we conclude with a generalization of the Kantorovich and
Kantorovich—Rubinstein functionals.

6.2 Equivalence Between Kantorovich Metric
and Kantorovich-Rubinstein Norm

Levin (1975) proved that if U is a compact, ¢(x,x) = 0, c(x,y) > 0,and c(x, y) +
c(y,x) > 0for x # y, then i, = ﬁc if and only if ¢(x, y) + ¢(y, x) is a metric in
U. In the case of an s.m.s. U, we have the following version of Levin’s result.
Theorem 6.2.1 (Neveu and Dudley 1980). Suppose U is an s.m.s. and ¢ € €*
(Corollary 5.3.1). Then

He(Pr, P2) = . (Pr, P2) 6.2.1)

for all Py and P, with
/ c(x,a)(Py + Pp)(dx) < o0 (6.2.2)
U

if and only if ¢ is a metric.

Proof. Suppose (6.2.1) holds and set P; = 8, and P, = §, for x, y € U. Then the
set PP1:P2) of all laws in U x U with marginals P; and P, contains only Py x P, =
8(x.y)> and by Theorem 5.4.2,

Ae(P1. Py = c(x.y) = fu,(Pr. Py) = sup{/fd(Pl SIS

= sup{|f(x) — SO : [ flle =1}
< sup{[f(x) = f@I+ /@ —FDI: I fllec =1}
<c(x,2) +c(z,p).

By assumption, ¢ € €*, and therefore the triangle inequality implies that ¢ is a
metric in U.

Now define G(U) as the set of all pairs ( f, g) of continuous functions f : U —
Rand g : U — Rsuch that f(x) + g(y) < c(x,y) Vx,y € U.Let Gg(U) be the
set of all pairs (£, g) € G(U) with f and g bounded.

Now suppose that c¢(x, y) is a metric and that (f, g) € Gp(U). Define h(x) =
inf{c(x,y) —g(y) : y € U}. As the infimum of a family of continuous functions, 4
is upper semicontinuous. For each x € U we have f(x) < h(x) < —g(x). Then
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h(x) = h(x") = inf(c(x, u) — g(u)) — inf(c(x",v) — g(v))
< sup(g(v) — c(x',v) +e(x,v) —g(v)

= sup(c(x,v) —c(x',v)) < c(x,x),
so that ||2]|. < 1. Then for Py, P, satisfying (6.2.2) we have

[ rari+ [gar: < [nace - p.

so that (according to Corollary 5.3.1 and Theorem 5.4.2 of Chap. 5) we have

(P, Po) = sup{/fdPl + /gsz (f,g) € gB(U)}
< sup{/hdm Pyl < 1} = (P Py).
Thus 7ic(Py. P2) = [t (P1. Py). O

Corollary 6.2.1. Let (U,d) be an s.m.s. and a € U. Then

Ha(Pr, Pp) = ﬁ“d(Plv Py) = Sup{/fd(Pl —P) | fle < 1} (6.2.3)
whenever
/d(x,a)Pi(dx) < 00, i=1,2. (6.2.4)

The supremum is attained for some optimal fo with || follL = sup,.,{[f(x) —

FWI/d(x, )}
If Py and P, are tight, there are some by € PEPLP) nd fo: U — R with
Il follz < 1 such that

Ra(Py, Pp) = /d(X,Y)bo(dx’dJ’) = /fod(Pl — Py),

where fo(x) — fo(y) = d(x,y) for bp-a.e. (x,y) inU x U.

Proof. Setc(x,y) = d(x,y). Application of the theorem proves the first statement.
The second (existence of fj) follows from Theorem 5.4.3.
For each n > 1 choose b, € P1-2) with

~ 1
[ e buardn) < Rutp P +
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If Py and P, are tight, then by Corollary 5.3.1 there exists by € PF-F2) such that

fa (P, Py) = / d(x. y)bo(dx. dy),

i.e., that by is optimal. Integrating both sides of fy(x)— fo(y) < d(x, y) with respect
to by yields [ fod(P1—P>) < [ d(x,y)bo(dx,dy). However, we know that we have
equality of these integrals. This implies that fo(x) — fo(y) = d(x, y) bp-a.e. O

6.3 Inequalities Between i, and ﬁc

~ o
In the previous section we looked at conditions under which 1, = p,. In general,

e # ,LOLC. For example, if U = R, d(x,y) = |x — y|,
c(x,y) =d(x,y)max(1,d” ' (x,a),d” " (y,a)), p=>1, (6.3.1)

then for any laws P; (i = 1,2) on B(R) with distribution functions (DFs) F; we
have the following explicit expressions:

1
R P = [ e 0. 55 o 6.32)
0

where Fi_1 is the function inverse to the DF F; (see Theorem 7.4.2 in Chap. 7). On
the other hand,

jt(Py, Py) = / " IFi() = By max(1, [x — a]?)dx (6.3.3)

—00

(see Theorem 5.5.1 in Chap. 5). However, in the space M, = M ,(U) [U = (U, d)
is an s.m.s.] of all Borel probability measures P with finite [ d?(x,a)P(dx), the
functionals 1. and ,LOLC [where c is given by (6.3.1)] metrize the same exact topology,
that is, the following fi.- and pocc-convergence criteria will be proved.

Theorem 6.3.1. Let (U, d) be an s.m.s., let ¢ be given by (6.3.1), and let P, P, €
M, (n=1,2,...). Then the following relations are equivalent:

(1)
e(Py, P) — 0;

(1)
[1.(Py. P) = 0;
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()
P, converges weakly to P (P, BN P) and

Nh_I)n supn/dp(x,a)l{d(x,a) > N}P,(dx) = 0;
(1v)
P, — P and /d”(x,a)Pn(dx) N /d”(x,a)P(dx).

(The assertion of the theorem is an immediate consequence of Theorems 6.3.2—6.3.5
below and the more general Theorem 6.4.1).

Theorem 6.3.1 is a qualitative i, (ﬁc)—convergence criterion. One can rewrite
(III) as

w(P,, P) - 0 and lin}) sup, w(g; Py;A) =0,
where 7 is the Prokhorov metric!

a(P,Q):=infle >0: P(A) < Q(A°)+¢ VAeBU)}
(A% :={x:d(x,A) <&}) (6.3.4)

and w(e; P; A) is the following modulus of A-integrability:

w(e; P;A) = /)L(x)] {d(x,a) > é} P(dx), (6.3.5)

where A(x) := max(d(x,a),d?(x,a)). Analogously, (IV) is equivalent to
av®
a(P,, P) - 0 and D(P,, P; 1) — 0,

where
D(P,Q; M) := ‘/ A(x)(P — Q)(dx)|. (6.3.6)

~ o

In this section we investigate quantitative relationships between ., u,., m,
w, and D in terms of inequalities between these functionals. These relationships
yield convergence and compactness criteria in the space of measures w.r.t. the

Kantorovich-type functionals fi, and ,LOLC (see Examples 3.3.2 and 3.3.6 in Chap. 3)
as well as the ,&C-completeness of the space of measures.

!See Examples 3.3.3 and 4.3.2 in Chaps. 3 and 4, respectively.
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In what follows, we assume that the cost function ¢ has the form considered in
Example 5.2.1:

c(x,y) =d(x, y)ko(d(x,a),d(y,a)) x,yeU, (6.3.7)

where ko (¢, s) is a symmetric continuous function nondecreasing on both arguments
t > 0,s > 0, and satisfying the following conditions:

(C1)
o KO = K)]
s 1t = slko(ts) ’
where K(t) := tko(t,t),t #0;
(C2)
B = k(0) >0,
where k(t) = ko(t,¢) t > 0; and

(C3)
ko(2t,25)

1>0s>0 kol(t,s)

If ¢ is given by (6.3.1), then ¢ admits the form (6.3.7) with ko(¢,s) = max(l,
tP=1 sP~1) and in this case @ = p, B = 1, y = 27! Further, let Py = Py (U) be
the space of all probability measures on the s.m.s. (U, d) with finite A-moment

v =

P(U) = {P e PWU): / A(x)P(dx) < ooy, (6.3.8)
U
where A(x) = K(d(x,a)) and a is a fixed point of U.
In Theorems 6.3.2-6.3.5 we assume that P; € P, P, € Py, € > 0, and denote

fle := fle(P1. Po) [see (5.2.16)], jt, == j1.(P. Py) [see (5.2.17)], w := m(Py, Py),

w;i(e) ;= w(e; Pi;A) := /A(x)]{d(x,a) > 1/e}Pi(dx), P; € P,

’

D = D(Pl,Pz;l) = ‘/Ad(Pl —Pz)

and the function ¢ satisfies conditions (C1)—(C3). We begin with an estimate of i,
from above in terms of & and w; (¢).

Theorem 6.3.2.
e < w[4K(1/8) + w1 (1) + wa(1) + 2k(1)] + 5wi(e) + Swa(e). (6.3.9)

Proof. Recall that P(F1-72) is the space of all laws P on U x U with prescribed
marginals P; and P,. Let K = K be the Ky Fan metric with parameter 1 (see
Example 3.4.2 in Chap. 3)
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K(P):=inf{§ > 0: P(d(x,y) >8) <8 P eP,(U). (6.3.10)

Claim 1. For any N > 0 and for any measure P on U? with marginals P and P,
ie., P € PP we have

[ ctwnpax.an < k) [4K(N) + [ kawanr + Pz)(dx)}
UxU U
+5wi(1/N) + 5w2(1/N). (6.3.11)
Proof of Claim 1. Suppose K(P) <o < 1, P € P%1-P) Thenby (6.3.7) and (C3),
/c(x,y)P(dx,dy) < /d(x,y)k(max{d(x,a),d(y,a)})P(dx,dy)
<Ii+ I,
where
I = / d(x, y)k(d(x,a))P(dx,dy)
UxU
and
I, := / d(x,y)k(d(y,a))P(dx,dy).
UxU

Let us estimate /;:

I = / d(x, )k (d(x.a)Td(x.y) < 8} + Td(x. y) = 8}]P(dx. dy)

IA

8 / k(d(x,a))P(dx,dy)

+/d(X»y)k(d(x,a))l{d(x,y) > 8} P(dx.dy)

I+ I + 1, (6.3.12)

IA

where
Iy = 8/;jk(d(x,a))[1{d(x,a) > 1} 4+ I{d(x,a) < 1}]Pi(dx),
I = / d(x,a)k(d(x,a))I{d(x,y) = §}P(dx,dy), and
UxU

I = /U Gk, a)IHd(x.y) = 5} P(dx.dy).
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Obviously, by A(x) := K(d(x,a)), I11 <8 [k(d(x,a))I{d(x.a) > 1}Pi(dx) +
8k(1) < dwi(1) + 8k(1). Further,

o= [ Kea) G p)z8lHd(v.) > Ny+1{d(r.a) N} P(x. )

5/ A(x)1{d(x,a) > N}Pl(dx)+K(N)/ I{d(x,y) > 8} P(dx,dy)
U UxU

<wi(1/N) + K(N)S.

Now let us estimate the last term in estimate (6.3.12):

Iz = / d(y.a)k(d(x,a))I{d(x,y) = 8}[I{d(x,a) > d(y,a) > N}
UxU

+ I{d(y,a) > d(x,a) > N} + I{d(x,a) > N,d(y,a) < N}
+ I{d(x,a)<N,d(y,a) > N}+I1{d(x,a) < N,d(y,a) < N}|P(dx,dy)

< / A(x)I{d(x,a) > d(y,a) > N}P(dx,dy)
UxU
[ a0 2 dea = NPy
+ /l; Ax)I{d(x,a) > N}P(dx) + /[; A()I{d(y,a) > N}Py(dy)

+ K(N) I{d(x,y) = 8} P(dx,dy)
UxU

< 2wi(1/N)+2w:(1/N) + K(N)S.
Summarizing the preceding estimates we obtain I, < w;(1)+68k(1)+3w,(1/N)+
2wy(1/N) 4+ 2K(N)5. By symmetry we have I, < §w,(1) + k(1) + 3wa2(1/N) +
2w1(1/N) + 2K(N)§. Therefore, the last two estimates imply
[ewnraxan <n+ o
< 8(wi(1) + wa(1) + 2k(1) + 4K(N))
+5wi(1/N) + 5w2(1/N).

Letting § — K(P) we obtain (6.3.11), which proves the claim.
Claim 2 (Strassen—Dudley Theorem).

inf{K(P) : P € PPy = 5 (P, P,). (6.3.13)
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Proof of Claim 2. See Dudley (2002) (see also further Corollary 7.5.2 in Chap. 7).
Claims 1 and 2 complete the proof of the theorem. O

—~ o .
The next theorem shows that ji.-convergence and j.-convergence imply the
weak convergence of measures.

Theorem 6.3.3. .
Br? < . < fie. (6.3.14)

Proof. Obviously, for any continuous nonnegative function c,
e < Tie (6.3.15)

and
f, > ¢, (6.3.16)
where ¢ . is the Zolatarev simple metric with a {-structure (Definition 4.4.1)
Cc = Cc(Pls PZ)
= | [ raei= ) 10> RS0 - flzet v yeu].
U

(6.3.17)

Now, using assumption (C2) we have that c(x,y) > Bd(x,y) and, hence, {, >
B¢ . Thus, by (6.3.16),

1L > BE,. (6.3.18)

Claim 3.
¢y >t (6.3.19)

Proof of Claim 3. Using the dual representation of iy [see (6.2.3)] we are led to
fla = ¢4, (6.3.20)

which in view of the inequality
/ d(x,y)P(dx,dy) > K*(P) forany P e pfrf2) (6.3.21)

establishes (6.3.19). The proof of the claim is now completed.
The desired inequalities (6.3.14) are the consequence of (6.3.15), (6.3.16),
(6.3.18), and Claim 3. |

The next theorem establishes the uniform A-integrability

lim supw(e, Py, A) =0
e—=>0 5

o .
of the sequence of measures P, € P, ji.-converging to a measure P € P;.
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Theorem 6.3.4.
wi(e/2) <ay + D, + 2(y + Dan(e). (6.3.22)

Proof. For any N > 0, by the triangle inequality, we have

w1 (1/2N) = /A(x)]{d(x,a) > 2N} Pi(dx) < T + T, (6.3.23)
where
T = V A(x)I{d(x.a) > 2N }(P — Py)(dx)
and
T = /A(x)l{d(x,a) > N}Py(dx) = wp(1/N).
Claim 4.
Ti < o, + K@2N) [ 1{d(x,a) > 2N }(P, + P»)(dx). (6.3.24)

Proof of Claim 4. Denote fy(x) := (1/a)max(A(x), K(2N)). Since A(x) =
K(d(x,a)) = d(x,a)ko(d(x,a),d(x,a)), then by (C1),

| /v () = [y = (/@) |A(x) = A(p)]
< |d(x.a) —d(y.a)|ko(d(x.a).d(y.a)) < c(x.y)

for any x, y € U. Thus the inequalities

‘ /U v (P — Py)(dx)| < & (P1, Po) < [ (Py, Py) (6.3.25)

follow from (6.3.16) and (6.3.17). Since ofy (x) = max(K(d(x,a)), K(2N)) and
(6.3.25) holds, then

T <

/ K(d(x,a))I{d(x,a) > 2N}(P; — P>)(dx)
U

- / KQN)I{d(x.a) < 2N}(P — P2)(dx)
U

+ K(2N) '/ I{d(x,a) <2N}(P — P>)(dx)
U
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= ‘/U afy (x)(Pr — Pp)(dx)

+ K(2N) ' / [{d(x,a) > 2N }(P, — Py)(dx)
U
<ap, + K2N) / [{d(x,a) > 2N }(P, + P»)(dx),

which proves the claim.

Claim 5.
A(Py) := K(ZN)/ I{d(x,a) > 2N} Pi(dx) < Zayﬁc + 2ywy(1/N). (6.3.26)
U

Proof of Claim 5. As in the proof of Claim 4, we choose an appropriate Lipschitz
function. That is, write

gn(x) = (1/Qay)) min{K(2N), K(2d(x, O(a. N)))},
where O(a, N) := {x : d(x,a) < N}. Using (C1) and (C3),
len(x) —gn (W] = (1/Qay))|KQ2d(x. O(a. N))) — K{2d(y. O(a, N)))|
by (Cl1)
= (1/y)ld(x, O(a.N))
—d(y, 0(a, N))|ko(2d(x. O(a. N)).2d(y. O(a. N)))
by (C3)
< d(x,y)ko(d(x,0(a.N)).d(y. O(a. N))) < c(x.y).

Hence

‘/ gn(Pi— P)(dx)| <&, < jt,. (6.3.27)

Using (6.3.27) and the implications
d(x,a) >2N = d(x,0(a,N)) > N = KQ2d(x,0(a,N))) > K(2N)

we obtain the following chain of inequalities:
AP) = 2ay [ gx(Pi@v)

< 2ay +2ay/ gy (x) Pr(dx)
U

/ an (¥)(P1 — Py)(dx)

< 20, + / KQd(x, O(a, N))I{d(x.a) > N} Py(dx).
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K(Q2t) _ 2tko(2t,2t)
(byC3’ KO~ tho(t.0) 52”)

< 2ayfi 42y / K(d(x. O(a. NY){d(x.a)=N} Py(dx)
< 2ayp, + 2ywy(1/N), (6.3.28)

which proves the claim.
For A(P») [see (6.3.26)] we have the following estimate:

A(Pp) < / K(d(x,a))I{d(x,a) > 2N} P>(dx) < w,(1/N). (6.3.29)
U
Summarizing (6.3.23), (6.3.24), (6.3.26), and (6.3.29) we obtain

wi(1/2N) < aji, + A(P)) + A(P2) + w,(1/N)
< (@ + 2ay)jt, + 2y +2)wx(1/N)
forany N > 0, as desired. O

° . .
The next theorem shows that u.-convergence implies convergence of the
A-moments.

Theorem 6.3.5. .
D <apu,. (6.3.30)

Proof. By (C1), for any finite nonnegative measure 0 with marginals P; and P,
we have

D: ‘/ A(x)(Py — P>)(dx)
U

z'/ A(x) — A(y)Q(dx. dy)

UxU

5/ ald(x,a) — d(y,a)lko(d(x,a), d(y,a)) Q(dx,dy)
UxU

< a/ ¢(x. )0 (dx. dy)
UxU

which completes the proof of (6.3.30). O

Inequalities (6.3.9), (6.3.14), (6.3.22), and (6.3.30), described in Theorems
6.3.2-6.3.5, imply criteria for convergence, compactness, and uniformity in the
spaces of probability measures (P(U), i.) and (P(U ),ELC) (see also the next

. . . —~ o .
section). Moreover, the estimates obtained for i, and w, may be viewed as
quantitative results demanding conditions that are necessary and sufficient for
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[L.-convergence and /?LC-convergence. Note that, in general, quantitative results
require assumptions additional to the set of necessary and sufficient conditions
implying the qualitative results. The classic example is the central limit theorem,
where the uniform convergence of the normalized sum of i.i.d. RVs can be at any
low rate assuming only the existence of the second moment.

6.4 Convergence, Compactness, and Completeness
in (P(U), i) and (P(U), i)

In this section, we assume that the cost function ¢ satisfies conditions (C1)—(C3) in
the previous section and A(x) = K(d(x,a)). We begin with the criterion for ji.-

]
and H.-convergence.

Theorem 6.4.1. If P,, and P € P,(U), then the following statements are
equivalent

(A)
e (P,, P) — 0;
(B)
wo(Py, P) = 0;
(C)
P, 5P (P, converges weakly to P) and /Ad(Pn —P)—>0asn — oo;
(D)

P, - P and lim sup w, () = 0,

where w, (¢) := w(e; PyiA) = [ A(x){d(x,a) > 1/e}P,(dx).

Proof. From inequality (6.3.14) it is apparent that A = B and B = P, - p.
Using (6.3.30) we obtain that B implies [ Ad(P, — P) — 0, and thus B = C.
Now, let C hold.

Claimé6. C = D.

Proof of Claim 6. Choose a sequence €, > &, > --- — 0 such that P(d(x,a) =
1/e,) = 0foranyn = 1,2, .... Then for fixed n

/)L(x)l{d(x,a) <1/ey}(Pr — P)(dx) —> 0 as k — o0
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by Billingsley (1999, Theorem 5.1). Since P € P, w(e,) := w(e,; P;c) — 0 as
n — oo, and hence

/ ACHd(x.a) > e} (P — P)(dx)

lim sup wy (g,) < lim sup
k—00 k—o00

+ w(en)

< lim sup //\(x)(Pk — P)(dx)
k—o00
+ lim sup //\(x)l{d(x,a) <1/e,}(Pr — P)(dx)
k—o00

+w(e,) = 0asn — oo.

The last inequality and Py € Pj imply lim, o sup, w,(¢) = 0, and hence D
holds.
The claim is proved.

Claim7. D = A.
Proof of Claim 7. By Theorem 6.3.2,

ﬁc(an P) < w(Py, P)[AK(1/8,) + wu(1) + o(1) + 2k(1)] + Sw,(g,) + Sw(ey),
where w, and w are defined as in Claim 6 and, moreover, &, > 0 is such that

4K(1/e,) + supw, (1) + w(1) + 2k(1) < (m(P,, P))~"2.

n>1

Hence, using the last two inequalities we obtain
He(Pn, P) < y/7(Py, P) + 5supw,(e,) + 5w(en),
n>1

and hence D = A, as we claimed. O

The Kantorovich—Rubinstein functional ,LOLC is a metric in P, (U), while [i. is not
a metric except for the case ¢ = d (see the discussion in the previous section). The

]
next theorem establishes a criterion for . -relative compactness of sets of measures.
o
Recall that a set A C P, is said to be u,.-relatively compact if any sequence of

measures in A has a ,&C-convergent subsequence and the limit belongs to P,. Recall
that the set A C P(U) is weakly compact if A is m-relatively compact, i.e., any
sequence of measures in .4 has a weakly (-) convergent subsequence.

Theorem 6.4.2. The set A C P) is ,lclc-relatively compact if and only if A is weakly
compact and

lim sup w(e; P;A) = 0. (6.4.1)
e=>0 pec A
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Proof. “If” part: If A is weakly compact, (6.4.1) holds and {P,},>1 C A, then
we can choose a subsequence { Py} C {P,} that converges weakly to a probability
measure P.

Claim8. P € P,.

Proof of Claim 8. Let0 < @) < ap < --+, limea,, = oo be such a sequence that
P(d(x,a) = ay) = 0 forany n > 1. Then, by Billingsley (1999, Theorem 5.1) and
(6.4.1),

//\(x)l{d(x,a) <ay}P(dx) = nli)ngo/)k(x)l{d(x,a) < ay} Py (dx)

IA

liminf/A(x)P,,/(dx) < 00,
n—>oo

which proves the claim.

Claim 9.
He(Py, P) — 0.

Proof of Claim 9. Using Theorem 6.3.2, Claim 8, and (6.4.1) we have, for any
5 >0,

[ (Pur, P) < Tic(Pur, P) < (P, P)4K(1/¢) + w1 (1) + wa(1) + 2K(1)]
+5supw(Py;e;d) + w(P;e; )

<w(Py, P)[4K(1/e) + o1(1) + w2(1) +2K(1)] + 6

if ¢ = ¢(8) is small enough. Hence, by n(P,/, P) — 0, we can choose N = N(§)
such that ,LOLC(P,,/, P) < 2§ forany n’ > N, as desired.

Claims 8 and 9 establish the “if”” part of the theorem.

“Only if” part: If Ais ﬁc-relatively compact and {P,} C A, then there exists
a subsequence { P, } C {P,} that is convergent w.r.t. ,LOLC, and let P be the limit.

Hence, by Theorem 6.3.3, ,LOLC(Pn, P) > Bwn?(P,, P) — 0, which demonstrates that
the set A is weakly compact.

Further, if (6.4.1) is not valid, then there exists § > 0 and a sequence {P,}
such that

o(l/n; Pj;A)>8 VYn=>1. (6.4.2)

Let {P,/} be a ,&C-convergent subsequence of {P,}, and let P € P, be the

corresponding limit. By Theorem 6.3.4, w(1/n'; Py A) > (2y +2) (opoLC(P,,/, P)+
w(l/n’; P; 1)) — 0 as n’ — oo, which is in contradiction with (6.4.2). O
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In the light of Theorem 6.4.1, we can now interpret Theorem 6.4.2 as a criterion

for ,&C-relative compactness of sets of measures in P by simply changing ,&C with
L. in the formation of the last theorem.

The well-known Prokhorov theorem says that (U, d) is a complete s.m.s; then the
set of all laws on U is complete w.r.t. the Prokhorov metric .> The next theorem is

an analog of the Prokhorov theorem for the metric space P;, ﬁc).
Theorem 6.4.3. If (U, d) is a complete s.m.s., then (P(U), poLc) is also complete.

Proof. If {P,}is a ,&C-fundamental sequence, then by Theorem 6.3.3, { P} is also
n-fundamental, and hence there exists the weak limit P € P(U).

Claim 10. P € Py.
Proof of Claim 10. Let e > 0 and ELC(P,,, P,) < e for any n,m > n,. Then, by
Theorem 6.3.5, | [ A(x)(P, — P,,)(dx)| < ae for any n > n,; hence,

sup //\(x)P,,(dx) <oe+ / A(x) Py, (dx) < oo.

nxng

Choose the sequence 0 < o] < o0y < -+, limg— 00 @ = 00, such that P(d(x,a) =
ai) = 0 forany k > 1. Then

[rnidea) < wip@o = tin [ 1e0ridea) < ad @

IA

lim inf / A(x) P, (dx)

IA

sup/U/\(x)P,,(dx) < 00.

nxng

Letting k — oo the assertion follows.

Claim 11. s
1o (Py, P) — 0.

Proof of Claim 11. Since ,LOLC(P,,, P,,) < eforany n > n,, then, by Theorem 6.3.4,

sup @(8; Py; A) < 2(y + 1)(ae + w(28; Py,; A))

nxng

for any § > 0. The last inequality and Theorem 6.3.2 yield

[t.(Py, P) < [i.(Py, P) < m(P,, P)[4K(1/5)

2See, for example, Hennequin and Tortrat (1965) and Dudley (2002, Theorem 11.5.5).
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+ sup w(l; Py;A) + o(1; P;A) +2K(1)]

n>ng

+10(y + D(ae + 0(28; Py,; A) + 5w(8; Py,;A))  (6.4.3)

for any n > n, and § > 0. Next, choose 6, = 6, > O such that §, — Oasn — oo
and

1

n>ng

Combining (6.4.3) and (6.4.4) we have that ELC(Pn, P) < const. ¢ for n large
enough, which proves the claim. O

6.5 .- and ji,-Uniformity

]
In the previous section, we saw that 4, and (i, induce the same exact convergence

in P;. Here we would like to analyze the uniformity of lic and [i.-convergence.
Namely, if for any P,, O, € P,, the equivalence

ELC(Pn,Qn) — U(Py,0,) —>0 n— o0 (6.5.1)
holds. Obviously, <, by IOLC(P,,, 0.) < . So, if

f(P.Q) < ¢(le(P.Q)) P.Q€P; 6.5.2)

for a continuous nondecreasing function, ¢(0) = 0, then (6.5.1) holds.

Remark 6.5.1. Given two metrics, say @ and v, in the space of measures, the
equivalence of - and v-convergence does not imply the existence of a continuous
nondecreasing function ¢ vanishing at 0 and such that . < ¢ (v). For example, both
the Lévy metric L [see (4.2.3)] and the Prokhorov metric & [see (3.3.18)] metrize
the weak convergence in the space P(R). Suppose there exists ¢ such that

(X, Y) <¢(L(X,Y)) (6.5.3)

for any real-valued r.v.s X and Y. (Recall our notation (X, Y) := u(Prx, Pry) for
any metric u in the space of measures.) Then, by (4.2.4) and (3.3.23),

L(X/A,Y/A) =Ly(X,Y) > p(X,Y) as A—0 (6.5.4)
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and
a(X/AY/A) =m,(X,Y)—>0o(X,Y) as A —0, (6.5.5)

where p is the Kolmogorov metric [see (4.2.6)] and o is the total variation metric
[see (3.3.13)]. Thus, (6.5.3)—(6.5.5) imply that 6 (X,Y) < ¢(p(X,Y)). The last
inequality simply is, however, not true because in general p-convergence does not
yield o -convergence. [For example, if X, is a random variable taking values k/n,
k = 1,...,n with probability 1/n, then p(X,,Y) — 0 where Y is a (0, 1)-
uniformly distributed random variable. On the other hand, o (X,,Y) = 1.]

We are going to prove (6.5.2) for the special but important case where ,&C is the

Fortet-Mourier metric on P3(R), i.e., ﬁC(P, Q) = ¢(P, Q;G?) [see (4.4.34)]; in
other words, for any P, Q € P,

ie(P. Q)= sup { / FAP = 0): f R — R, |f(x)—f(y)|<c(x. )V, yeR!.

where
c(x,y) = |x — ylmax(L, [x|?”~" [y[”7") p=1 (6.5.6)

Since A(x) := 2max(|x|, |x|?), then P, (R) is the space of all laws on R, with finite
pth absolute moment.

Theorem 6.5.1. If c is given by (6.5.6), then
(P, Q) < pit.(P.Q) VP.Q € Pi(R). (6.5.7)

Proof. Denote h(t) = max(l,|t[’™"), 7 € R, and H(x) = [, h(t)dt, x € R.
Let X and Y be real-valued RVs on a nonatomic probability space (€2, A, Pr) with
distributions P and Q, respectively. Theorem 5.5.1 gives us explicit representation

of ,LOLC, namely,

.0 = [ hOIF @ - Frolar 6.538)
and thus
. 0) = [~ 1Fuen () = Fun (ola. 6.59)

Claim 12. Let X and Y be real-valued RVs with distributions P and Q, respec-
tively. Then

(P, Q) = inf{E|H(X) — H(Y)| : Py = Fx, Fy = Fy}. (6.5.10)

Proof of Claim 12. Using the equality [i; = ﬁd [see (6.2.3) and (5.5.5)] with
H(t) = t we have that
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[1;(F,G) = [iq(F.G) = inf{E|X' = Y'|: Fy» = F. Fyr = G}

_ /oo |F(x) — G(x)|dx (6.5.11)

for any DFs F and G. Hence, by (6.5.9)

,lic(P, Q) = inf{E|X’ — Y/| . Fxf = FH(X), Fy/ = FH(Y)}
= inf{E|H(X) — H(Y)| : Py = Fx, Py = Fy}
which proves the claim.
Next we use Theorem 2.7.2, which claims that on a nonatomic probability space,

the class of all joint distributions Pry y coincides with the class of all probability
Borel measures on R?. This implies

fc(P, Q) = inf{Ec(X,Y) : Py = Fx, Fy = Fy}. (6.5.12)

Claim 13. Forany x,y € R, c(x,y) < p|H(x) — H(y)|.
Proof of Claim 13.
(a) Lety > x > 0. Then

c(x,y) = (y —x0)h(y) = yh(y) —xh(y) < yh(y) — xh(x)

e yh(y) — xh(x)
< (H) = H@) sup e S

Since H(t) is a strictly increasing continuous function,

B := sup M= sup f(0) = f(s)
T oes0 HO)—H(X) ~ os0 t—s

where f(¢) := H='(t)h(H~'(t)) and H~! is a function inverse to H ; hence,
B =esssup, | f'(t)| < p.

(b) Let y > 0 > x > —y. Then c(x,y) = |x — y|h(y) = (y + (—=x)h(y) =
Yh(y) + (=x)h(x|) + ((=x)h(y) — (=x)h(|x])) < yh(y) + (=x)h(]x|). Since

roifr <1, e tp—l | if0<t <1,
tPift > 1, T EY— 4 —tPift > 1,
p V4

th(t) =

then yh(y) + (=x)h(lx]) = p(H(y) + H(-x)) = p(H(y) — H(x)).
By symmetry, the other cases are reduced to (a) or (b). The claim is shown.
Now, (6.5.7) is a consequence of Claims 12, 13, and (6.5.12). |
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6.6 Generalized Kantorovich and Kantorovich-Rubinstein
Functionals

In this section, we consider a generalization of the Kantorovich-type functionals [,

and /1, [see (5.2.16) and (5.2.17)].

Let U = (U, d) be an s.m.s. and M (U x U) the space of all nonnegative Borel
measures on the Cartesian product U x U. For any probability measures P; and P,
define the sets P(F1-2) and Q(F1-2) a5 in Sect. 5.2 [see (5.2.2) and (5.2.13)].

Let A : M(U x U) — [0, o] satisfy the conditions

1. A(@P) =aA(P) VYa >0,
2. A(P+ Q) <AP)+A(Q) YPand Qin MU xU).

We introduce the generalized Kantorovich functional
A(Py, Py) := inf{A(P) : P € PP} (6.6.1)
and the generalized Kantorovich—Rubinstein functional
APy, Py) = inf{A(P) : P € QF1-P2)}. (6.6.2)
Example 6.6.1. The Kantorovich metric?
(P Py) = sup{‘/fd(Pl—Pz) fU

=R |f(x) = fOI =d(x,y).x.y € U}

in the space of measures P with finite “first moment,” [ d(x,a)P(dx) < oo, has

the dual representations £ (P, P;) = A(Py, P;) = A (Py, P>), where

A(P) = A((P) ::/

Ux

d(x,y)P(dx,dy). (6.6.3)
U
Example 6.6.2. LetU =R, d(x,y) = |x — y|. Then

@1(P1,P2)Z/R|F1(I)—F2(l)|dt,

3See Example 3.3.2 in Chap. 3.
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where F; is the DF of P; and
A(P) = /(Pr(X <t<Y)+Pr(Y <t < X))dt
R

=/Pr(X <t)+Pr(Y <t)—2Pr(max(X,Y) < ¢)dt
R
= FEQmax(X,Y)—X—-Y)=E|X—-Y|

for RVs X and Y with Pryy = P. We generalize (6.6.3) as follows: for any 1 <

p < oo, define
P 1/p
{/ [/ c,(x,y)P(dx,dy):| A(dt)} l1<p<oo
R L/R

A(P) == Ap(P):= esssupA/ ¢ (x, y)P(dx,dy)
R2

:=inf{s>0:k%t:/ c,dP>8} =O} p = o0,
R2

(6.6.4)
where ¢, (¢ € R) is the following semimetric in R

a(x,y)=Hx<t<y}+I{y <t <x}Vx,y €R, (6.6.5)
and A(-) is a nonnegative measure on R. In the space X = X(R) of all real-valued

RVs on a nonatomic probability space (€2, .4, Pr), the minimal metric w.r.t. A is
given by

1/p
ll‘lf{[/d)[p(X,Y)/\(dZ)} X, Y €e X,Pry = P,Pry = P,
R

~ I<p<oo
A,(Py, Py)=

inf{suqu,(X, Y): X, Y € X,Pry = P,Pry = Pz}
teR

p = oo.
(6.6.6)
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Similarly, the minimal norm with respect to A is

1/p
inf%a[/q&f(X,Y)A(dt)} >0, XY eX,
R

AP(PI’ Pz) — Ol(PI‘X —Pry) = P1 — Pz ifp < o0 (6.6.7)

inf{a sup, ¢ (X.Y) 10 >0, X.Y € X,
(X(PI’X —Pl‘y) = Pl — Pz} lfp =00,

where in (6.6.6) and (6.6.7)

G (X.Y):=Pr(X <t <Y)+Pr(Y <t <X). (6.6.8)

The next theorem gives the explicit form of A pand A .

Theorem 6.6.1. Let F; be the DF of P; (i = 1,2). Then

A,(Pi, P)) = Ap(Py, Py) = A ,(F1, Fy), (6.6.9)
where
1/p
(/ Fi(r) - Fz<z>|f’x<dz>) l<p<oo
A, (Fi, Fy)= R
p(F1. F2) esssup, |F1 — F>| = inf{e > 0: A(¢ : |Fi(t) — F2(t)| > &) = 0}
p = 0.
(6.6.10)

Claim 14. A'p(Flv ) < Ap(Pls P,).
Proof of Claim 14. Let P € Q1P Then in view of Remark 2.7.2 in Chap.2,
there exista > 0, X € X, Y € X, suchthat « Pryy = P and a(Fy — Fy) =
F, — F>; thus
[Fi(x) — Fa(x)| = | Fx(t) — Fy (1)|
= a[max(Fx(t) — Fy(t),0) + max(Fy (t) — Fx(¢),0)]
< ag(X,Y). 6.6.11)

By (6.6.7) and (6.6.11), it follows that A , (Fi, F2) < A,(Py, P,), as desired.
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Further
A,(Pi, P)) < A, (Pr, Py) (6.6.12)
by the representations (6.6.6) and (6.6.7).
Claim 15.

Ay(Pi, Py) < A,(Fi, F).

Proofof claim 15. Let X := F;{'(V),Y := F;'(V), where F,! is the generalized
inverse to the DF F; [see (3.3.16) in Chap. 3] and V is a (0, 1)-uniformly distributed
RV. Then Fy3(t,s) = min(F;(7), F2(s)) for all 7,5 € R. Hence, ¢(X,Y) =
| F(t) — F>(t)|, which proves the claim by using (6.6.6) and (6.6.7).

Combining Claims 14, 15, and (6.6.12) we obtain (6.6.9). ]

Problem 6.6.1. In general, dual and explicit solutions of A pand A, in (6.6.1) and
(6.6.2) are not known.
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Chapter 7

K -Minimal Metrics

The goals of this chapter are to:

* Define the notion of K-minimal metrics and describe their general properties;
* Provide representations of the K-minimal metrics with respect to several
particular metrics such as the Lévy metric, Kolmogorov metric, and p-average

metric;

* Consider K-minimal metrics when probability measures are defined on a general

separable metric space;

¢ Provide relations between the multidimensional Kantorovich and Strassen

theorems.

Notation introduced in this chapter:

Notation Description
;"L K-minimal metric w.r.t. a probability

distance p on (P, (U")
Pu Metric on the Cartesian product U"
E A (0, 1)-distributed random variable
Xg=(Xy,..., Random vector with components Fy, (E), i = 1,...,n
w For a given compound distance ut, t(X,Y) = u(Xg, Yr)
L(X,Y;a) Lévy distance in space of random vectors on (R?, p,)
W(X,Y;a) Limit AL(X/A,Y/A;a)as A = oo
1 Discrete metric in space of distribution functions on R”
KF, Ky Fan functional in X(U™)
I A(PIS’) Prokhorov functional in (P(U))"
[x] Integer part of x
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7.1 Introduction

As we saw in the previous two chapters, the notion of minimal distance

APy, Py) =inf{u(P): P € P(U*),T;P = P;,i = 1,2} P|,P,eP()
(7.1.1)

represents the main relationship between compound and simple distances (see the
general discussion in Sect.3.3). In view of the multidimensional Kantorovich
problem (Sect. 5.2, VI), we have been interested in the n-dimensional analog of the
notion of minimal metrics, that is, we have defined the following distance between
n-dimensional vectors of probability measures [see (5.3.15)]

R(P,0) = inf%/ A(x, y)P(dx.dy) : P € B(P,0)}, (7.12)
U

nxyn

where P = (Pii,.... Py), O = (Q1,...,9n), Pi,0Qi € P(U), Alx,y) is a
distance in the Cartesian product U”, and B(P, Q) is the space of all probability
measures on U?2" with fixed one-dimensional marginals Py, ..., P,, O1,..., Q.
In the 1960s, H. G. Kellerer investigated the multidimensional marginal problem.
His results on this topic were the major source for the famous Strassen (1965) work
on minimal probabilistic functionals. In this chapter, we study the properties of
metrics in the space of vectors P that have representation similar to that of fR.

7.2 Definition and General Properties

In this section, we define K-minimal distances and provide some general properties.

Definition 7.2.1. Let p be a probability distance (p. distance) in P,(U") (U is
an s.m.s.). For any two vectors P; = (P,.(l), cee, P,.(")), i = 1,2, of probability
measures P,-(/ ) e P1(U) define the K-minimal distance

(P 1. Py) = inf{u(P) : P e P(Py. Po)l, (7.2.1)

where B(P, P,) = {P e P,(U"): T;P = PV . Tj1,P =P j=1,... . n

. 1 ~ . .. Lo
Obviously, 4 = . One of the main reasons to study K-minimal metrics is
based on the simple observation that in most cases the minimal metric between the

product measures ﬁ(Pl(l) X eee X Pl("), Pz(l) X oo X Pz(")) coincides with /ilc(?l, ?2).

Surprisingly, it is much easier to find explicit representations for ;’11,(’131,’132)
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P; € P(U"™) than for i(Py, Py) [P; € P(U)]. Some general relations between
compound, minimal, and K-minimal distances are given in the next four theorems.

is the marginal distribution of P on the coordinates &) < o < «++ < 0.

Theorem 7.2.1. Let W be a right semicontinuous (RSC) function on (0, 00) and
¢(t1,...,t,) a nondecreasing function in each argument t; > 0, i = 1,...,n.
Suppose that a p. distance p on P(U") and p. distances i, ..., uy on Po(U)
satisfy the following inequality: for any P € B(P 1, P2)

V(u(P) = ¢((Tinr1 P), po(Topt2P). ..o pon (T 2n P)). (712.2)
Then
v (P P) =0 (@ (PO PY) o (P P))
Proof. Given & > 0, there exists P® € (P, P») such that |D,| < &, where
D= v (P, Po) = we(P) ). Ths, by 722,

0 (BPLT) =y (PO + 2 6 ( (P 27) o (P17 1))

O
Theorem 7.2.2. Let jy,...,Mk,V1,...,Vx be probability distances on
Po(U") and suppose

V(i (Pr), ... uk(Pr)) = d(Wi(Pr),....vi(P), P e Po(UY),

where ¢ is nondecreasing in each argument and  is an RSC function on R". Then

V(i ) = ¢ Gr b,

The proof is straightforward.
In what follows, P; x --- x P, denotes the product measure generated by
Py, ..., P,. The next theorem describes conditions providing an equality between

(P}, Py) and ﬂ(Pl(l) X oo X Pl(n)’ P2(1) e x Pz(n)).

Theorem 7.2.3. Suppose that a p. distance u on P,(U") and p. distances
Uis ..oy iy on Pa(U) satisfy the equality

w(P) = ¢(ui(Tra+1P), ..., pn(Th 20 P)), (7.2.3)
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where ¢ is an RSC function, nondecreasing in each argument. Then for any vectors
of measures P, P, € P (U)"

~ o~

(P Po) = (P xoox P PV oo x PJ")

—¢ (ﬁl (Pl(l), Pz(l)) T (Pl(”), p;"))) . (724

=

Proof. Given & > 0, choose §, € (0,¢) and P©® ¢ ‘B(ﬁl, ]52) such that

AP Pa) = (P = 5 = $(ua(Tins1 PO i (Tyan PO)) — 6. (7.2.5)
Take
0® =T, 1P X X T P®.
Then

and by (7.2.3), u(P®) = u(Q®), which, together with (7.2.5), implies
(P Pa) = w(Q®) =6, = (P! x -+ x P PV o P = 5,
and
ﬁ(ﬂp’lv FP’Z) > ¢ (ﬁl(Pl(l)’ PZ(I))’ e ﬁﬂ(Pl(n)’ P2(n))) - 85‘

On the other hand, /1(P 1, P2) < W(P" x ---x P, PV x ... x P{"), and if

D, = (ﬁl(Pl(l)v Pz(l))s cee ﬁn(Pl(n)’ PZ(n)))_d) ('U“I(TL”‘HP(S)’ s T"’Z"P(S)))’

then, taking into account (7.2.3), we get

oG (P, PYY, (P, PYY) = w(P®) + D, > 1(Py, P,) + D,

where D, — O as e — 0. O

In terms of distributions of random variables (RVs), the last theorem can be
rewritten as follows. Let X; = (Xl-(l), e, Xi(")) (i = 1,2) be two vectors in X(U")
with independent components, and suppose that the compound metric p in X(U")
has the following representation:

p(X,Y)=¢ (mXD, YD), (XD YD) XY € XU, (1.2.6)
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where ¢ is defined as in Theorem 7.2.3. Then
X1, X0) = A X) = ¢ (M. X X)) a2

Remark 7.2.1. The implication (7.2.6) = (7.2.7) is often used in problems of
estimating the closeness between two RVs with independent components. In many
cases, working with compound distances is more convenient than working with
simple ones. That is, when we are seeking inequalities, estimators, and so on, then,
considering all RVs on a common probability space, we are dealing with simple
operations (for example, sums and maximums) in the space of RVs. However,
considering inequalities between simple metrics and distances, we must evaluate
functionals in the space of distributions involving, e.g., convolutions or product of
distribution functions (DFs). Among many specialists, this simple idea is referred to
as the “method of one probability space.”

A particular case of Theorem 7.2.3 asserts that the equality
w(Xy, X2) = ¢(ui(X1, X2)) X1, X2 € X(U) (7.2.8)

yields
(X1, X2) = ¢(in1(X1, X2)) (7.2.9)

for any RSC nondecreasing function ¢ on [0, co). The next theorem is a variant of
the implication (7.2.8) = (7.2.9) and essentially says that if

then

s = (Mg (7.2.11)

for any measurable function ¢. More precisely, let (U, A), (V,B) be measurable
spaces and ¢ : U — V be a measurable function. Let 4 be a p. distance on P(V2);
then define

po : PV = [0,00] ug(Q):= u(Qug) 0O <PV, (7.2.12)

where Q44 is the image of O under the transformation (¢,¢)(x,y) =
(¢(x),¢(y)). Similarly, if v is a simple distance vy(P1, P2) = v(Pig, Prg), Where
Pig(A) = Pi(¢7'(A)).

It is easy to see that 4 defines a probability semidistance on P(U 2). In terms of
RVs, the preceding definition can also be written in the following way: g (X,Y) =

p(p(X), ¢(Y)).

Definition 7.2.2. A measurable space (U, A) is called a Borel space if there exists a
Borel subset B € B; = B(Rl) and a Borel isomorphism ¢ : (U, A) — (B, BNB3y),
i.e.,if U and B are Borel-isomorphic (see Definition 2.6.6 in Chap. 2).
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Theorem 7.2.4. Let (U, A) be a Borel space, (V, B) a measurable space such that
{vi € Bforallv € V,and ¢ : U — V a measurable mapping. Let [i, [l denote
the minimal distance corresponding to i, jLy. Then

iy(Pr, P2) = [i(P1g. Pag) (7.2.13)

forall Py, P, € P1(U).

Proof. We need an auxiliary result on the construction of RVs. Let (2, £, Pr) be a
probability space, and let (S, Z) : Q2 — V xR be a pair of independent RVs, where
S is a V-valued RV and Z is uniformly distributed on [0, 1]. Let P be a probability
measure on (U, A) such that P o ¢! coincides with the law of S, Prg. O

Lemma 7.2.1. There exists a U-valued RV X such that

Pry =P and ¢(X)=S ae (7.2.14)

Proof. We start with the special case (U, A) = (R, B;). Let I : R — R denote the
identity, /(x) = x, and define the set (P;);ey of regular conditional distributions
Py := Pjj4—s, s € V. Let F; be the DF of Py, s € V. Then it is easily verified that

F:VxR—=][0,1], F(s,x):= Fs(x) (7.2.15)

is product-measurable. For s € V let F, 7! (x) := sup{y : Fy(y) < x},x € (0,1),be
the generalized inverse of F; and define the RV X := Fg!'(Z).Forany A € A = B,
we have

Pr(X € A) = / Pry|s=s(A) Prs(ds).
14
For the regular conditional distributions we obtain, by the independence of S and Z,
Prx|S:S = Per\fl(Z)\S=s = Perl(Z) .

Since Prp-1(z) = Py = Pjjg=y, then Pr(X € A) = [ Pjjy=s(A)P 0 ¢~ (ds) =
P(A). Thus, the law of X is P. To show that ¢(X) = S a.e., observe that, by
Prg = P o ¢~ and Pry|s—; = Pjj4=s, we have

Prg(X) = §) = /V Pry(s—s (x : $(x) = 5) Prs(ds)

_ /V Pripms(x 1 () = 5)P 0§~} (ds) = 1.

Now let (U, A) be a Borel space. Let ¢ : (U, A) - (B : B,NBy), B €B,bea
measure isomorphism, and define P’ := Povy~!, ¢’ := ¢poyy~!. By the first part of
this proof, there exists aRV X’ : © — B such thatPrys = P’ and ¢’o X' = S ae.;
thus, Pry = P and¢ o X = S ae., where X = 1//_l o X', as desired in (7.2.14).

O
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Now let P¥1-72) be the set of all probability measures on U x U with marginals
Pl, Pz. Then

{Qg : Q € PPy cphio-bu)

and hence
Bp(Pi, Py) = inf{ju(Pyy) : P € PP}
> inf{u(P): P € PH1o-Pw)y = U(P1g, Pay).

On the other hand, suppose P € PF19-P20) Let (2, £, Pr) be a probability space
with V-valued RVs S, S’ such that Pr(s s/y = P and rich enough to contain a further
RV Z : M — [0, 1] uniformly distributed on [0, 1] and independent of S, S’. By
Lemma 7.2.1, there exist U-valued RVs X and Y such that Pry = Py, Pry = P,
and ¢(X) = S, ¢(Y) = S a.e. Therefore, u(P) = u(po X, ¢po V) = uy(X,Y),
implying that

Wy (Py, Py) = inf{ug(X,Y): Py = P, Py = P2}
< inf{u(S,S’) : Prg = Piy,Pryr = Pyg} = [i(Pig, Pay).

Remark 7.2.2. Theorem 7.2.4 is valid under the alternative condition of U being a
u.m.s.m.s. and V' being an s.m.s.

Remark 7.2.3. Let U = V be a Banach space, dy(x,y) = |x|x[*"'= vy [I*~",
x,y € U, where s > 0and x||x|*~! = 0for x = 0. Let us(X,Y) = Edy(X,Y).
Then the corresponding minimal metrics k4(X,Y) := u,(X,Y) are the absolute
pseudomoments of order s [see (4.4.40)-(4.4.43)]. By Theorem 7.2.4, k; can
be expressed in terms of the more simple metric k1, k5(P1, P2) = k((Pig, Pay),
where ¢ (x) = x||x|]*".

7.3 Two Examples of K -Minimal Metrics

Let (U,d) be an s.m.s. with metric d and Borel o-algebra B(U). Let U" be the
Cartesian product of n copies of the space U. We consider in U”" the metrics
Pa(x,y), 2 € [0,00], x = (X1,...,%), Yy = (V1,...,yn) € U" of the following
form:

n min(1,1/a)
Pal(x,y) = (Z da(xiin)) for € (0, 00)

i=1

Poo(x,y) = max{d(x;,y;);i =1,...,n}

pox,y) = D TH(x, ¥)ixi # yi), (73.1)

i=1



176 7 K-Minimal Metrics

where [ is the indicator in U?". Let X(U") = {X = (X1,...,X,)} be the space
of all n-dimensional U -valued RVs defined on a probability space (€2, .4, Pr) that is
rich enough.'

Let p be a probability semimetric in the space X(U"). For every pair of random
vectors X = (Xy,...,X,), Y = (Y1,...,Y,) in X(U") we define the K-minimal
metric

(L(X,Y) = inf u(X,Y),

where the infimum is taken over all joint distributions Pryy with fixed one-
dimensional marginal distributions Pry, Pry, i = 1,...,n. In the case n = 1,

,LnL = [i is the minimal metric with respect to . Following the definitions in Sect. 2.5,
a semimetric p in X(U") is called a simple semimetric if its values u(X,Y) are
determined by the pair of marginal distributions Pry, Pry. A semimetric u(X,Y) in
X(U") is called componentwise simple (or K-simple) if its values are determined
by the one-dimensional marginal distributions Pry,, Pry,,i = 1,...,n. Obviously,
every K-simple semimetric is simple in X(U").

We give two examples of K-simple semimetrics that will be used frequently in
what follows.

Example 7.3.1. Suppose that in R” a monotone seminorm ||x| is given, that is,
(@ ||x|]] = O for any x € R*; (b) |[Ax| = |A] - |Ix]| for A € R, x € R"; (c)
lx +ylI = llxl + llyl; @if 0 < xi < yi, i = 1,....n, then |x|| = [y].
Examples of monotone seminorms:

1. A monotone norm

i=1

n 1/a
lalle = (Z|ai|°‘) l1<a<oo a=(ay,...,a,) €eR", (7.3.2)

lalloo = max{la;|.i =1,...,n}; (7.3.3)

2. A monotone seminorm

n
Ea,-.

i=1

lall = (7.3.4)

Let uV, ..., u(n) be simple metrics in X(U). The semimetric u(X,Y) =
I (X0, ). .o p (X, Y, is K-simple in 2(U")

Example 7.3.2. Denote by E an RV uniformly distributed on (0,1), and for
every X = (Xi,...,X,) € X(R") denote by Xg the random vector Xp =
(Fx'(E)..... Fx'(E)), where Fy'(t) = sup{x : Fx,(x) < r}. For any p. metric
w(X,Y) in the space X(R")

'See Sect. 2.7 and Remark 2.7.1 in Chap. 2.
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H(X.Y) = u(Xp. YE) (13.5)

is K-simple in X(R"). Obviously, ,LnL <.

In the next two sections, for some simple and compound probability metrics, we
will find the explicit form of the corresponding K-minimal metrics. We will often
use the following obvious assertion.

SES

=

Theorem 7.3.1. Let v = [i. Then

7.4 K-Minimal Metrics of Given Probability Metrics:
The Case of U = R

In this section, we will examine the representations of the K-minimal metrics w.r.t.
the following probability metrics in X(R"): Lévy metric, Kolmogorov metric, and
the p-average metric £ .2

Let 0 < a < 0o and p, be defined by (7.3.1). The expression x < y or x €
(—o00, y] for x, y € R" means that x; < y; foralli = 1,...,n. As a metric d in
U = R! we take the uniform metric d(x;, y;) = |x; — y1| for x;, y; € R. For every
a € (0, 00) we define a Lévy metric in X(R")

L(X,Y;a) = inf{e > 0;Pr(X < x) <Pr(Y € (—o0,x]}) + ¢,
Pr(Y <x) <Pr(X € (—o0,x]) +¢& VxeR"}
where AY, = {x : po(x,A) < e} forany A C R". As is well known, L(X,Y; ),
a € (0,00] metrizes the weak convergence in X(R"). In X(R') we define the
Lévy metric L(X},Y;;®) in the foregoing manner. Obviously, L(Xy, Y;;a) =

L(X;,Y1;1) for @ € [1,00] is the usual Lévy metric (2.2.3) (Fig.4.1). We recall
the uniform metric (Kolmogorov metric) p(X, Y) in X(R")

p(X,Y) =sup{|Pr(X <x)—Pr(Y <x)|:x eR"}.
Denote by W and § the following simple metrics in X(R"):

W(X,Y;@) :=inf{e > 0;Pr(X < x) <Pr(Y € (—oo,x[).
Pr(Y <x) <Pr(X € (—o0,x]), Vx e R"},

2See (3.4.3) in Chap. 3 and (4.2.22) and (4.2.24) in Chap. 4.
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and §(X,Y) is the discrete metric: §(X,Y) = 0if Fx = Fy and §(X,Y) = +o0
if Fx # Fy. The following relations are valid (Example 4.2.3):

1.1
L(XX,XY;a)—)p(X,Y) asA — 0,4 >0, a €(0,00], (7.4.1)

1 1
lim AL =X, -Y;a) =W(X,Y;a), fora €1, ],
A—00 A A

1 1
lim AL =X, -Y;a) =68(X.Y), fora € (0,1). (7.4.2)
A—00 A A

For any X = (X1,...,X,) € X(R") we denote by My (x) = min(Fy(x;),

- Fx(xn)) = Pr(Fg(E) < x1, ..., Fy M(E) < xy), x = (x1,...,x,) € R", the
maximal DF having fixed one-dimensional marginal distributions Fy,,i = 1,...,n.
For any semimetric ;(X,Y) in X(R") we denote by u(X;,Y:),i = 1,...,n, the
corresponding semimetric in X(R).

Theorem 7.4.1. Foranya € (0,00] and X,Y € X(R")

max L(X,.Yiio)” < L(X.Yia) < max Lo, 'Y :a)

1<i<n 1<i<n

a* := max(1, 1/a). (7.4.3)

Proof. The lower estimate for L follows from the inequality
max{L(X;,Y;:a);i = 1,...,n} <L(X,Y:a)?, B :=min(l, ),

for any X,Y € X(R"). Let max{L(n'*X; n'/*Y;;a);i = 1,...,n} < & and
x € R". Thenforanyi = 1,...,n,any x; € R

Pr(X; < x;) <Pr(Y; < x; +n /%) + &,
and thus

min Pr(X; < x;) < 1m1n Pr(Y; < x; +n~ V. gmax(Ll/@)y 4 o (7.4.4)

1<i<n

Given X, Y € X(R"), denote X = XE, Y = YE (see Example 7.3.2 in Sect. 7.3).
Then X and Y have DFs My and My, respectively. Now, (7.4.4) implies that
Myx(X) = Pr(X < x) < Pr(Y € (—o00,x];) + e. Therefore, L(X,Y;a) < ¢
and thus the upper bound in (7.4.3) is established. O

Letting ¢ = oo in (7.4.3) we obtain the following corollary immediately.

Corollary 7.4.1. Forany X andY € X(R")

n
L(X,Y;00) = L(Xg, YEg;00) = max{L(X;,Y;,00); i =1,...,n}. (7.4.5)
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Corollary 7.4.2. Forany X andY € X(R")

;ﬁ)(X, Y)=p(Xg,Yg) = max{p(X;,Y;);i =1,...,n}. (7.4.6)
Proof. One can prove (7.4.6) using the same arguments as in the proof of Theorem

7.4.1. Another way is to use (7.4.5) and (7.4.1). O
Corollary 7.4.3. Foreverya € (0,00l and X,Y € X(R")

. @
max W(X;,Y;0)* <W(X,Y;a) < 1m‘ax W(nl/“X,-,nl/“Yi;a)
<izn

1<i<n

\le(X, Y;00) = sup{|F§l_1(t) — Fgl(l)|;t el0,1],i =1,...,n}. (7.4.7)

Proof. The first estimates follow from (7.4.2) and (7.4.3). The representation for

n
W(X, Y, 00) is a consequence of the preceding estimates. O

Corollary 7.4.4. Forany X,Y € X(R")
§(X.Y) = 8(Xp, V) = maxt8(X:, Yi):i = 1,....n). (7.4.8)

Equalities (7.4.5)—(7.4.8) describe the sharp lower bounds of the simple metrics
L(X,Y), p(X,Y), W(X,Y), and §(X,Y) in X(R") in the case of fixed one-
dimensional distributions, Fy,, Fy,, i = 1,...,n).

We will next consider the K-minimal metric with respect to the average
compound distance

Ly(X.Y)=EHWAX,Y)),X,Y € XR") (7.4.9)

[see Example 3.4.1 and (3.4.3)], where d(x, y) = po(x,y) (7.3.2)~(7.3.4) (@ > 1)
and H is a convex function on [0,00), H(0) = 0. We will examine minimal

functionals that are more general than L.
Definition 7.4.1 (Cambanis et al. 1976). A function ¢ : E C R?> — R is said to

be quasiantitone if

d(x,y) +o(x',y) <p(x,y) + d(x, ) (7.4.10)

forall x’ > x,y' >y, x,x’,y,y € E.Wecall ¢ : E C R" — R quasiantitone if
it is a quasiantitone function of any two coordinates considered separately.

Some examples of quasiantitone functions are as follows: f(x — y) where f is
a nonnegative convex function on R; |x — y|? for p > 1; max(x, y), x, y € R; any
concave function on R”; and any DF of a nonpositive measure in R”.
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At first we will find an explicit solution of the multidimensional Kantorovich
problem [see Sect.5.2, VI, and (5.2.36)] inihe case of U = R, d = p,, and a cost
function ¢ being quasiantitone. ThatNis, let F ={F;,i =1,..., N} be the vector of
N DFs Fi, ..., Fy onR, and let B(F) be the set of all DFs F on RY with fixed one-
dimensional marginal Fy, ..., Fy. The pointwise upper bound of the distributions
F inSB(F) is obtained at the Hoeffding distribution

M(x) := min(Fi(x1),..., Fx(xn)), x=(x1,...,XN). (7.4.11)

The next theorem shows that the minimal total cost in the multidimensional
Kantorovich transportation problem

A(F) = inf{/ ¢dF : F e B(F) (7.4.12)
RN

coincides with the total cost of f]RN ¢ dM, i.e., M describes the optimal plan of
transportation.

Lemma 7.4.1 (Lorentz 1953). For a p-tuple (xi,...,x,) let (X1,...,Xp)
denote its rearrangement in increasing order. Then, given N p-tuples (x;l), .

x;,l)), cees x%N), e ,xg,N)) for any quasiantitone function ¢, the minimum of

Zle (,ZS(xi(l), e ,xi(N)) over all the rearrangements of the p-tuples is attained
—(1 - —(N -

at(x(l ),...,x(pl)),...,(x(l ),...,x;N)).

Proof. Let X®) = (xfk), o x;k)). Further, in inequalities containing values of the

function ¢ at different points, we will omit those arrangements that take the same but
arbitrary values. For a group / of indices i, 1 <i < N, we denote U; := {u; }ie;s,
Ul ={u;}ier,and Uy + U] = {u; + u}ies.

Claim 1. For any two disjoint groups of indices 7, J, and h;, h; > 0,

oWU;+H Uy +Hy))—¢pU;+H;,Up)—o¢Up, Uy +Hy)+¢(U;,Uy) <0.
(7.4.13)

Proof of the Claim 1. Let I’ be the group consisting of I and the index k, which
belongs to neither I nor J. Then

oUp +Hp, Uy +Hy)—¢Up +Hp,Uy)—¢Up, Uy 4+ Hy) 4+ ¢(Up,Uy)
={¢WUr + Hy ux + hi , Uy + Hy) — Uy + Hrue + hi, Uy)
—dWUr,up + hi, Uy + Hy) + ¢ Uy, up + hie, Uy)}
+{d U, up + hie, Uy + Hy) — Uy, up + hy, Uy)

—¢Wr,ue, Uy + Hy) + ¢Ur,ue, Uy)}.
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Starting the inductive arguments with the inequality

P Y)— (X y) —Pp(x. )+ (x,y) <0, X' =y y >y,

we prove the claim by induction with respect to the number of elements of 7 and J.
Further, for any 1 < s < p we consider the following operation, which gives
a new set of p-tuples X ). We set ¥ = x™ fori # s,i # s + 1, and ¥ =

mm(x(k) 51-{{—)1) Afﬁzl = max(x(k) 51-{{—)1) If I consists of indices k for which x(k) <

s+l’ J of indices k for which x; 2 > x§ )1, uy is the smaller, and u; + hy is the
larger of the two values, then

V4 V4
YoV M) =) oG, EY) (7.4.14)

i=1 i=1

is exactly inequality (7.4.13). Continuing in the same manner we prove the theorem
after a finite number of steps. O

Theorem 7.4.2 (Tchen 1980). Let F = (Fi,..., Fy)beasetof N DFsonR and
M be defined by (7.4.11). Given a quasiantitone function ¢ : RY — R, suppose
that the family {¢(X), X distributed as F € B(F)} is uniformly integrable. Then

Ay(F) = / ¢ dM. (7.4.15)

Remark 7.4.1. For N = 2, this theorem is known as the Cambanis et al. (1976)
theorem.?

Proof. Suppose first that the F; have compact support. Let X = (Xi,...,
Xy) be distributed as F € ‘P(F) and defined on [0, 1] with the Lebesgue
measure. By Lemma 7.4.1, if the distribution F is concentrated on p atoms
(xi(l),...,xl-(N)) @ = 1,...,p) of mass 1/p, then E¢(X) > E¢(Xg), where

= (F;ll(E), ey FgNl(E)), E(w) = o, w € [0, 1] (Sect.7.3, Example 7.3.2).
In the general case, let

X = 2"E{X;I[k27" < X; < (k +1)27"]}

and
om_]
X'w)y=Y i Ik2" <o <(k+127" i=1..N ocl0.l]
k=0
X", X3, ..., Xy are step functions and bounded martingales converging almost
surely (a.s.) to X1, ..., Xy, respectively; see Breiman (1992).

3See Kalashnikov and Rachev (1988, Theorem 7.1.1).
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Call X", i = 1,...,N the reorderings of X". X" and X" have the same

distribution and X]" = Fy,}(E); hence, X" — Fy'(E) a.s., so that in the bounded
case the theorem follows bly bounded convergence.

Consider the general case. Let By = (—B, B)N , and let Fp be the distribution
that is F outside By and Fp{A} = F{ANB} + Fp{ANBy} for all Borel sets
on RV, where F  is the maximal subprobability with the sub-DF

Mp(x) = min F{(—B,B] ' x (—B,x;] x (B, B]" ™"}

for
X = (Xl,...,XN) € By.

Clearly, Fp € &B(Fi) and Fp converges weakly to M as B — oo, which completes
the proof of the theorem. O

As a consequence of the explicit solution of the N -dimensional Kantorovich
problem, we will find an explicit representation of the following minimal functional:

L,,(F) :=inf{ED, (X): X = (X1,..., Xy) € X(RY),

Fx, =F, i=1,...,N}, (7.4.16)

q ~
where D, ,(x) = [leis/’sN |x; —lep] ,p>1,g<1l,and F = (F,..., Fy)
is a vector of one-dimensional DFs.

Corollary 7.4.5. Forany p > landq <1
—_ o0
L(F) = / D, (F7' (@), ..., F N (2))de. (7.4.17)
0

As a special case of Theorem 7.4.2 [N = 2, ¢(x,y) = H(|]x — y|], H convex
on [0, 00), H € H (Example 2.4.1), we obtain the following corollary.

Corollary 7.4.6. Let H be a convex function from H and
Lu(X.Y)=EH(X-Y]|)

be the H-average distance on X(R) (Example 3.4.1). Then
R _ 1
Lu(X,Y)=Ly(X,Y) = / H(\Fy'(t) — Fy ' (0)])de. (7.4.18)
0

Further, we will consider other examples of explicit formulae for K-minimal
and minimal distances and metrics. Denote by m(X, Y) the following probability
metric:



7.4 K-Minimal Metrics of Given Probability Metrics: The Case of U = R 183

1 n
m(X,Y)=E [Zmax(Xl,...,Xn,Yl,...,Y,,) —= ) (X + Y,-)] . (7.4.19)
n

i=1

Theorem 7.4.3. Suppose that the set of random vectors X and Y with fixed
one-dimensional marginals is uniformly integrable. Then

N _ e’} 1 n
mX,Y) =mX.,Y) = / =3 [Fx, (w) + Fy, ()]
—o0 M 7=
—2min[Fy, (). ..., Fx, (), Fy, (), . ... Fy,(w)]du. (7.4.20)
Proof. Suppose E|X;| + E|Yi| < oo,i = 1,...,n. Then from the representation
®© 1 n
m(X.,Y) = / - > [Fx, (u) + Fy, (w)]
T =1

—2Pr(max(Xy,...,X,,Y1,...,Y,) <wdu
and the Hoeffding inequality,
Pr(max(Xy,..., X,,Y1,...,Y,) <u)
= min(FXl (u)s ERR) FXn (M)v FYl (u)s ERE] FYn (u))v

we obtain (7.4.20). The weaker regularity condition is obtained as in the previous
theorem. O

Consider the special case n = 1. We will prove the equality
A(X.Y) =[(X.Y) = u(Fy ' (E), Fy ' (E)). (7.4.21)

where E is uniformly distributed on (0, 1) for various compound distances in X(R).
In Example 3.4.3 we introduced the Birnbaum—Orlicz compound distances

00
@H(Xl,Xz)Z/ H(PI‘(X]§t<X2)+PI'(X2§t<X1))dZ
HeM (1422

Ry (X, X2) =sup HPr(X| <t < X3) +Pr(X; <t < X))
teR
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and compound metrics

00 V4

0,(X1. X)) = {/ [Pr(X; <t < Xp) +Pr(X; <t < X))]’dt
—0o0
p' =min(1,1/p),

O (X1, X2) = sup[Pr(X; <t < Xp) +Pr(X2 <t < Xy)].
reR

Note that @, (X, X2) = E|X| — X»| for H(t) = ¢. In Example 3.3.4, we consider
the corresponding simple Birnbaum—Orlicz distances

01 (Fi, F») =/ H(Fi(x)— FB(x)|dx, HeH,

0 1 (F1, F2) = sup H(|Fi(x) — F2(x)|) (7.4.23)

x€R

and simple metrics

00 p
01,(F1,F2): (/ |F1(x)—F2(x)|pdx) .

o0

0 oo (F1, F2) = p(F1, F2) = sup | Fi(x) — F>(x)].
x€R

Theorem 7.4.4.

0H=§H=@H pHZiHZﬁH 0p=§p=@p 0<p§OO.
(7.4.24)

Proof. To prove the first equality in (7.4.24), consider the set of all random pairs
(X1, X») with marginal DFs F} and F,. For any such pair

O (X1, Xs) = / " H(F(0) + Falt) — 2Pr(X, v X, < 0)dr
> 61—1()(1, Xz) = / H(F](l) —+ Fz(l) — 2min(F1(t), Fz(l))dl
- /_ H(F() - B0t = 05(F. F).

Thus © 5 = e # = 0 y.Inasimilar way one proves the other equalities in (7.4.24).
O



7.5 The Case Where U Is a Separable Metric Space 185

Remark 7.4.2. Theorem 7.4.2 for N = 2 shows that the infimum of
E¢(Xy1, X2) (¢ is a quasiantitone function (7.4.10) over P(F), F>), the set of
all possible joint DF H = Fy, x, with fixed marginals Fx, = F;) is attained at the
upper Hoeffding—Fréchet bound H (x, y) = min(F|(x), F>(y)). Similarly,*

1
sup{ E¢(X1, Xo) : H € P(F1, Fy) = /0 $(F(1). Fo(1—0)dr, (7425

i.e., the supremum of E¢(X;, X,) is attained at the lower Hoeffding—Fréchet
bound H (x,y) = max(0, Fi(x) + F>(y) — 1). The multidimensional analogs of
(7.4.25) are not known. Notice that the multivariate lower Hoeffding—Fréchet bound
H(xy,...,xy) = max(0, Fi(x1) + -+ + Fy(xy) — N + 1) is not a DF on RY,
in contrast to the upper bound H (x1,. .., xy) = min(F;(x;), ..., Fy(xy)), which
is a DF on R". That is why we do not have an analog for Theorem 7.4.2 when
the supremum of E¢(Xy,..., Xy) over the set of N-dimensional DFs with fixed
one-dimensional marginals is considered.

Remark 7.4.3. In 1981, Kolmogorov stated the following problem to Makarov:
find the infimum and supremum of Pr(X + Y < z) over P(F, Fy) for any
fixed z. The problem was solved independently by Makarov (1981) and Riischendorf
(1982). Riischendorf (1982) considered also the multivariate extension. Another
solution was given by Frank et al. (1987). Their solution was based on the notion of
copula linking the multidimensional DFs to their one-dimensional marginals.’

7.5 The Case Where U Is a Separable Metric Space

We begin with a multivariate extension of the Strassen theorem, # = K where 7 is
the Prokhorov metric.®

The following theorem was proved by Schay (1979) in the case where (U, d) is a
complete separable space. We will use the method of Dudley (1976, Theorem 18.1)
to extend this result in the case of a separable space.

Denote by P(U) the space of all Borel probability measures (laws) on an s.m.s.
(U,d).Let N > 2 be an integer, let ||x||, x € R”, be a monotone norm (if 0 < x <
v, then ||x|| < [|y[) in R", where m = (3), and let

D(x1,....xn) = |d(x1,x2), ..., d(x1, xn),d(x2,x3), ..., d(xn—1,xn3)]|
(7.5.1)

4See Cambanis et al. (1976) and Tchen (1980).

5See Sklar (1959), Schweizer and Sklar (2005), Wolff and Schweizer (1981), and Genest and
MacKay (1986).

6See Example 3.3.3 and (3.3.18) in Chap. 3.
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Theorem 7.5.1. For any Py,..., Py in P(U), « > 0, B > 0, the following two
assertions are equivalent:

(I) Foranya > a there exists u € P(UN) with marginal distributions Py, ..., Py
such that

w{D(x1,...,xy) >a} <pB. (7.5.2)
(1l) For any Borel sets By, ..., By—1 € B(U)

Pi(B1) + -+ Py-1(By-1) < PyB® +f+ N -2, (7.5.3)
where B@ = {xy € U : D(xi,...,xy) < «, for some x; € By,...,Xy_| €
By_1}. If Py, ..., Py are tight measures, then a = «.

Proof. Assertion (I) implies (II) since

N—1
Pi(B1) = u(D(x1,...,xy) >a) + (m{xi € Bi},D(x1,...,xy) < a)

i=1

N—1
+u ()Cl € By, U{xi ¢ B,-},’D(xl,...,xN) < a)

i=2
N-—1

< B+u(B)+ Y (1 Pi(B)).
i=2

As a — o we obtain (II).

To prove that (II) = (I), suppose first that Pj,..., Py are tight measures.
Let {x; : i = 1,2,...} be a dense sequence in U, and let P;, (i = 1,...,N)
be probability measures on the set U, := {xi, ..., x,}. We first fix n and prove (I)

— (I) fora = «, Uy, and Py, ..., Py, inplace of U and Py, ..., Py, and then let
n — oo.

For any I = (if,...,iy) € {l,...,n}Y and X; = (xi;, ..., Xiy) define the
indicator: Ind(X;) = 1 if D(X;) < o and Ind(X;) = 0 otherwise. To obtain the u
of the theorem, we consider x, on UnN . We denote

E]Z,LLn({XI}) Pik,j:Pj,n({xik}) ikzl,...,n, k,] :1,...,N.

Since we want pu,, to have P ,, ..., Py, as one-dimensional projections, we require
the constraints

Y& <Py j=1...N ik=1...n,
i
& >0, (7.5.4)

where in (7.5.4) i; runs from 1 ton forall £ € {1,...,k—1,k+1,...,N}.
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If we denote by ju; the “optimal” ju,, that assigns as much probability as possible
to the “diagonal cylinder” C, in UY given by D(X;) < a, then we will determine
i (Cy) by looking at the following linear programming problem of canonical form:

maximize Z = Z Ind(X;)&; subject to (7.5.4). (7.5.5)

The dual of the foregoing problem is easily seen to be

n N
minimize W = E g P, jui,

ir=1j=1

subject to u;, ; > 0
N
> wp;=Ind(X;) Vig=1...n k=1..N j=1..N (156
j=1

and by the duality theorem,’ the maximum of Z equals the minimum of W. Let us
write #;, ; = 1 —u;, ;. Then (7.5.6) becomes

n N-—1 n
minimize W = N — 1 — Z Z Pik,jﬁik,j + Z Dip NUip N

ir=1j=1 ir=1

subjecttoﬁik,j <1, j= 1,....N —1, Ui, N = 0,

and u; N

%

n—1
(Ind(X)) =N —1) + Y @
j=l1

Vip=1,....n k=1,...,N. (7.5.7)

We may also assume
ﬁiksj 20 ,] = 135N_1 Ui, N = 1 (758)

since these additional constraints cannot affect the minimum of W. Now the set of
“feasible” solutions u;, ;, j = 1,...,N —Lwy n,ix =1,....,n,k =1,....N
for the dual problem (7.5.7), (7.5.8) is a convex polyhedron contained in the unit
cube [0, I]N ", the extreme points of which are the vertices of the cube. Since the
minimum of W is attained at one of these extreme points, there exists u;, ;, Ui, §
equal to O or 1, which minimize W under the constraints in (7.5.7) and (7.5.8). Thus,
without loss of generality, we may assume that u;, ; u;, v are Os and 1s.

7See, for example, Berge and Chouila-Houri (1965, Sect. 5.2).
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Define the sets F; C U", j = 1,..., N — 1, such that %; ; = 1 for all j such
that x;, € F; and u;, ; = 0 otherwise. Then, by (7.5.7), u;, y = 1 for all k such
that Ind(X;) = 1 whenw;, ; =1, j =1,..., N — 1, that is, whenever x;, satisfies
D(X) fozwithxij €F;,j=1,...,N —1. Hence

mnW =N —1 _maX[Pl,n(Fl) + -4 PN—l,n(FN—l) _ PN,n(Fn(a))],
where
Fn("‘) ={xiy : D(X;) <a forsome x;; €F;, j=1,....,N—1}.

Thus, by the duality theorem in linear programming, maximum Z = minimum W,
and then

Pn (D(X1) > &) = 1 — p1;;(Co)
=2—N + max{[Pl,n(Fl) + -+ PN—l,n(FN—l)
—PN, (E9]: Fy,...,Fy_; CUy,}.

The latter inequality is true for any o > 0, and therefore

inf{a : u*D((X;) > @) < a}

=infJa:  max v [Pia(F) 4+ -+ Pyv—1a(Fn—1)

Fi,..FN—1CUy

—Py,(F914+2—N <ay.

Given P; (j = 1,...,N), one can take P;, concentrated in finitely many atoms,
say in U, such that the Prokhorov distance  (P; ,, P;) < &. The latter follows, for
example, by the Glivenko—Cantelli-Varadarajan theorem.® As P; is tight, then P, ,
is uniformly tight and thus there is a weakly convergent subsequence P; ) — P;.
The corresponding sequence of optimal measures /,L:(k) with marginals P;,x) (j =
1,...,N) is also uniformly tight. Now the same “tightness” argument implies the
existence of a measure p for which (7.5.2) holds. O

Remark 7.5.1. Itis easy to see that (II) is equivalent to (7.5.3) for all closed sets B;
(j=1,...,N —1)and/or B® givenby {xy € U : D(x1,...,xy) < a}.

Now, suppose that P, ..., Py are not tight. Let U be a completion of the space
U.Foragivena > a lete € (0,(a —«)/2|e|), wheree = (1,...,1) and A is a

8See Dudley (2002, Theorem 11.4.1).
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maximal subset of U such that d(x, y) > ¢/2 for x # y in A. Then A is countable;
A = {xijp2, Let Ay ={xeU;d(x,x;) <e/2=<d(x,x;),j =1,....k =1}

and A =_Zk N (L The measure £1 e, &v on U determines the probability
measures Py,..., Py on U. Then Py,..., Py are tight, and consequently there
exists i € P(UN) with marginal distributions P4,..., Py for which (I) holds for

a=ua.Let Pr,,(B) = Pr(BNAp),k=1,...,N,forany B € B(U). We define
the measure

Moy oy = Cmyomy Py X oo X Py

We set

Then p, has marginal distributions Py, ..., Py (see the proof of Case 3, Theo-
rem 5.3.1 in Chap. 5) and

@1 yN) > @) = Y gy (D1 yn) > o+ 22 e]])

mi,..., my
< Z ﬁ{(zmlx---meN):
mi,..., my

D(x1,...,xyn) > +¢&e|}
<uDW1,....y.) >a) < B.

Thus (IT) — (I), as desired.
Let us apply Theorem 7.5.1 to the set X(U) of RVs defined on a rich enough
probability space (Remark 2.7.1), taking values in the s.m.s. (U, d).
Given a > 0 and a vector of laws P = (Py,..., Py) € (P(U))", define
S1(P;a) = inf{Pr(D(X) > ) : X = (X1,..., Xy) € X(U"),
Pry, =P, i=1,...,N} (7.5.9)

and

S>(Piar) = sup{Py(B)) + -+ + Py_1(By_1) — Py(B)
—N+2:B,B,,...,By_; EB(U)}, (7.5.10)
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where D(x1,...,xy) = |d(x1,x2),...,d(x1,xn),....d(xn—1, xp)|, || - || isa
monotone seminorm and B](\‘,X) is defined as in Theorem 7.5.1. Then the following
duality theorem holds.

Corollary 7.5.1. Foranya >0
S1(P:a) = $>(P; ). (7.5.11)

If P;s are tight measures, then the infimum in (7.5.9) is attained.
In the case N = 1, we obtain the Strassen—Dudley theorem.

Corollary 7.5.2. Let K) (A > 0) be the Ky Fan metric [see (3.4.10)] and &), the
Prokhorov metric [see (3.3.22)]. Then 7, is the minimal metric relative to Ky, i.e.,

K, = ;. (7.5.12)

In particular, by the limit relations 7, —> £y = o (Lemma 3.3.1) and K, —> Ly
A—0 A—0

[see (3.4.11) and (3.4.6)], we have that the minimal metric relative to the indicator
metric Lo(X,Y) = EI{X # Y} equals the total variation metric

o(X,Y)= sup |Pr(X € A) —Pr(Y € A)|,
AeB(U)

i.e., (Dobrushin (1970)) Lo = o. B
By the duality Theorem 7.5.1, forany A > O and P = (Py,..., Py) € POV,

inf KF(X) = T (P), (7.5.13)
Xex@wh)
Pl‘xi =P,', i=1,..., N
where CF; is the Ky Fan functional in X(UV),
KFy(X) :=inf{e > 0 : Pr(D(X) > Ae) < &},
and Hl(?) is the Prokhorov functional in (P(U))N with parameter A > 0

,(P) = inf{e > 0: S>(P, Ae) < ¢}

Letting A — 0 in (7.5.13), we obtain the following multivariate version of the
Dobrushin (1970) duality theorem:

inf Pr(Xi;éXj Vi<i<j<N)
Xex(@Uh)
PTX,-=Pis i=1,..N
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N-l
= sup [P1(31)+"'+PN—1(BN—1)—PN(ﬂ Bi)_N+2:|

Bi,..., Bny—1€B(U) i=1

N—1
= sup [PN (U B,-) — Pi(By) — - — PN_I(BN_l):| :

Bi,..., Bny—1€B(U) i=1

(7.5.14)

Note that the preceding quantities are symmetric with respect to any rearrange-
ment of the vector P.

Multiplying both sides of (7.5.13) by A and then letting A — oo [or simply using
(7.5.11)] we obtain

inf ess supD(X) = inf{e > 0 : SZ(F; €) = 0}.
XexUh)
PrXi =P, i=1,...N

Using the preceding equality for N = 2, we obtain that the minimal metric
relative to Loo(X,Y) = esssupd(X,Y) [see (3.4.5), (3.4.7), (3.4.11)] is equal to
Loo [see (3.3.14) and Lemma 3.3.1], i.e.,

Loo = loo. (7.5.15)
Suppose that dy, ..., d, are metrics in U and that U is a separable metric space
with respect to each d;,i = 1,...,n. We introduce in U" the metric

ds(x.y) = > di(xi. ). x = (¥1.....%),y = (Vi.....yn) €U". (15.16)

i=1
We consider in X(U") the metric tx(X,Y) := FEdg(X,Y). Denote by
k(X;,Y;; d;) the Kantorovich metric in the space X(U, d;)
@ -fol _,
di(x,y)
(7.5.17)

(X, Yisdi) = sup J |ELF (X)) — fFODI IS o= sup

(Example 3.3.2).

Theorem 7.5.2. Suppose that for X = (X1,...,X,), Y = (¥1,...,Y,) € X(U"),
tx(X,a) + t=(Y,a) < +oo for somea € U". Then

TN Y) = Y k(X0 Yird), (7.5.18)

i=1
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Proof. By the Kantorovich theorem (Corollary 6.2.1), the minimal metric relative
to the metric T(X;,Y;;d;) = Ed;(X;,Y;) in X(U) is k (X;, Y;; d;). Hence,

n

T3(X,Y) = YR Visdy) = Yow(Xi Yird).  (75.19)

i=1 i=1
Conversely, let Eff,) ,i = 1,2,..., be a sequence of joint distributions of RVs X;,
Y; such that k(X:, Yi;d;) = limpooo T(X:, Yi1d;, £1)), where T(X:, Yi:di; £4))

is the value of the metric T for the joint distribution Sf,i). Then "}E(X YY) <
Z?:l t(X;, Y d;; E%)), and as m — +o00 we get the inequality

TX.Y) = Y k(X Yidy). (7.5.20)

i=1
Inequalities (7.5.19) and (7.5.20) imply equality (7.5.18). ]
Corollary 7.5.3. Forany a € [0, 1]

TXY:dY) = Y (X, Yiid®) for0 < a < 1, (75.21)

i=1

T(X,Y:d%) = Y o (X,. Y. (75.22)

i=1

The proof of (7.5.21) follows from (7.5.18) if we set d; = d“. Equality (7.5.21)
follows from equality (7.5.21) as @ — 0.

7.6 Relations Between Multidimensional Kantorovich
and Strassen Theorems: Convergence of Minimal
Metrics and Minimal Distances

Recall the multidimensional Kantorovich theorem [see (5.3.1), (5.3.2), and (5.3.4)]
Ap(P) =K(P) := K(P,®(U)), (7.6.1)

where P = (P1,...,Py) € (P(U)N

Ap(P) = inf%/ DAP, P e B3(P)} ,D = H(D). (7.6.2)
UN



7.6 Relations Between Multidimensional Kantorovich and Strassen Theorems 193

In the preceding relations, the minimal functional D(x) is given by
D(x) = ||d(x1,x2),d(x1,x3),...,d(x1,xy),d(x2,x3),...,d(xny=1,xN)].

| - || is a monotone seminorm on R”, m = (g’), and B(P) is the space of all Borel
probability measures P on U N with fixed one-dimensional marginals Py,..., Py
(Sect.5.3).

Next we turn our attention to the relationship between (7.6.1) and the multidi-
mensional Strassen theorem [see (7.5.13)].

Theorem 7.6.1. Suppose that (U, d) is an s.m.s.,
KF(P) =inf{a > 0: P(D(x) > a) < o} (7.6.3)
is the Ky Fan functional in P(U"), and

M(P) = inf{la > 0: P(B)) + -+ Py_1(By_1)
< Py(B®)+a+ N -2

forall By,..., By_1, Borel subsets of U} (7.6.4)
is the Prokhorov functional in (P(U))N, where
B@ = {xy € U : D(x1,...,xy) < « for some x; € By,...,xny—1 € By_1}.
Then
inf{KF(P): P € B(P)} = I(P), (7.6.5)

and if P is a set of tight measures, then the infimum is attained in (7.6.3).

The next inequality represents the main relationship between the Kantorovich
functional A p (P) and the Prokhorov functional H(P)

Theorem 7.6.2. For any H € H* (i.e., H € H, Example 2.4.1, and H is convex),
M >0,anda € U

M(P)H(TI(P)) < K(P) < H(TI(P)) + c; H(M)TI(P)

N
+C2Z/UH(d(x,a))1(d(x,a) > M)P;(dx), (7.6.6)
i=1

where c; .= K [see (2.4.3)], £ := [logy(AnN?)]| + 1, 1 = Ney, [x] is the integer
part of x, and

. . . .. N
Ay = maxm{||(11,...,lm)||:lk=0,k7é],zj=1} m:( )

I<j< 2
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Proof. For any probability measure P on UV and ¢ > 0 the inequality
fUN H(D(x))P(dx) < 8 = eH(e) follows from P(D(x) > ¢) < ¢; hence,

KF(P)- HKF(P)) < /U H(D(x) P(dx).

From (7.6.1), (7.6.2), and (7.6.5) it follows that TI(P) H(I1(P)) < Ap(P). We will
now prove the right-hand-side inequality in (7.6.6). Given LF(P) < §anda € U,
we have

/H(D(x))P(dx) = (/D( ><5+/p<) 8) H(D(x)) P(dx)

< H(é’)—l—/( ) 5H (AmZd(x,-,xj)) P(dx)

D i<j

H(AmN2 max d(x,-,a)) P(dx)
(x)>8 N

I<i<<

§H(8)+/

D

[by (2.4.3), H(2*t) < K&, H(1)]

N
<H@®) +Ky Y I

i=1

where
I; ::/ H(d(x;,a))P(dx)
D(x)>6
_ (/ +/ ) H(d(x:, a)) P(dx)
D(x)>68,d(xj,a)>M D(x)>68,d(xj,a)<M
< / H(d(x;,a))P(dx) + H(M)S.
d(xja)>M
Hence,

/ H(D(x))P(dx) < H(KF(P)) + cxNH(M)KF(P)

N
ve)y [ HEea)P@).
i=17d

(xja)>M

Together with (7.6.1) and (7.6.5), the latter inequality yields the required esti-
mate (7.6.6). O
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The inequality (7.6.6) provides a “merging” criterion for a sequence of vectors
P =", . .. P").

As in Diaconis and Freedman (1984), D’Aristotile et al. (1988), and
Dudley (2002, Sect. 11.7), we call two sequences {P™},~1, {Q™},5; € PU),
u-merging, where i is a simple probability metric if (P ™, Q™) — 0asn — oo.
More generally, we say the sequence {P™},=1 C (P(U))" is p-merging if

,u(Pi("), P;")) — 0 as n— o0

foranyi,j =1,...,N.
The next corollary gives criteria for merging it and the minimal distance £y
(3.3.10) with respect to the Prokhorov metric.

Corollary 7.6.1. Let {75(”)},,21 C (P(U))N. Then the following statements
hold:

(i) {ﬁ(”)}nzl is w-merging if and only if
O(P"™) =0 as n > . (7.6.7)

(ii) If H € H* and [ H(d(x,a))Pi(dx) < oo, i = 1,..., N, then {P™},5, is
L -merging if and only if

K(F(")) — 0 as n — oo.

Proof. (i) There exist constants C; and C, depending on the seminorm || - ||
such that

G Y. K(T;P)<KF(P)<C Y K(TyP)

I<i<j<N I<i<j<N

where K is the Ky Fan distance in P; (U) (Example 3.4.2). Now Theorem 7.6.1
can be used to yield the assertion.

(ii) The same argument is applied. Here we make use of the multidimensional
Kantorovich theorem 7.6.1. O

Theorem 7.6.2 and Corollary 7.6.1 show that £;-merging implies x-merging.
On the other hand, if

lim  max /H(d(x,a))l{d(x,a) > M}P™(dx) = 0,

M—oon>1,1<i<N

then £ y-merging and w-merging of {75(” )},>1 are equivalent.
Regarding the K-minimal metric "}z [see (7.5.16) and (7.5.18)], we have the

following criterion for the T z-convergence.
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Corollary 7.6.2. Given X® = (x®,... . x) e xU") such that
Edj(X(.k),a) < oo, j = 1,....,n, k = 0,1,..., the convergence

n
1(X® XO)y — 0as k — oo is equivalent to convergence in distributions,

XJ(»k) BN X;O), and the moment convergence Edj(X(»k),a) — Edj(X(»O),a)
Vj=1,...,n

Corollary 7.6.2 is a consequence of Theorems 7.5.2 and 6.4.1 [for A(x) =

d(x,a), c(x,y) = d(x,y)].

To conclude, we turn our attention to the inequalities between minimal distances
ZH, the Kantorovich distance £y [see (3.3.10), (3.3.15), and (5.3.17)], and the
Prokhorov metric x [see (3.3.18)].

Corollary 7.6.3. (i) Forany H € H, M > 0,a € U, and P, P, € P(U)
such that

/H(d(x,a))(Pl + P)(dx) < o0 (7.6.8)
the following inequality holds:

H(x (P, P))w(P1, P) < Ly (Py, Py)

< H(x(Py, P»)) + KH|:27Z(P17P2)H(M)

+/ H(d(x,a))(P1 + Pz)(dx)}-
d(x,a)>M
(7.6.9)

If H € H is a convex function, then one can replace ZH with £y in (7.6.9).

(ii) Given a sequence Py, Py,--- € P(U) with [ H(d(x,a))P;(dx) < oo

(j =0,1,...), the following assertions are equivalent as n — 00:

(a) L(Py, Py) =0,

(b) P, converges weakly to P (P, BN P) and/ H(d(x,a))(P,— P)(dx) —

O)
(c) P, — P and Jlim_Tim sup / H(d(x,a))I{d(x,a) > N} P,(dx) = 0.
—00 g

This theorem is a particular case of more general theorems (see further Theorems
8.3.1and 11.2.1).
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Chapter 8
Relations Between Minimal and Maximal
Distances

The goals of this chapter are to:

. . . . . (s)
* Discuss dual representations of the maximal distances i, and (. and to compare
them with the corresponding dual representations of the minimal metric & and

. . o
minimal norm ..,

. . . (s) . .
* Provide closed-form expressions for [t and (. in some special cases,
* Study the topological structure of minimal distances and minimal norms.

Notation introduced in this chapter:

Notation Description

F(Fi, F) Set of bivariate distribution functions with
fixed marginals F; and F,

F_(F, F) Hoeftding—Fréchet lower bound in F(F;, F3)

FL(F, F) Hoeffding—Fréchet upper bound in F(Fi, F,)

D Metric between pth moments

8.1 Introduction

The metric structure of the functionals [, ,toL, fic, and ([1,) was discussed in Chap. 3
(see, in particular, Fig. 3.3). In Chap. 6, we found dual and explicit representations

for the minimal distance ji. and minimal norm ;clc choosing some special form of
the function c. Here we will deal mainly with the following two questions:

1. What are the dual representations and explicit forms of i, ([1)?
2. What are the necessary and sufficient conditions for lim ji.(P,, P) = 0, resp.
n—od

lim i, (P,, P) = 0?
n—>00

S.T. Rachev et al., The Methods of Distances in the Theory of Probability and Statistics, 199
DOI 10.1007/978-1-4614-4869-3_8, © Springer Science+Business Media, LLC 2013
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We begin with duality theorems and explicit representations for ji. and ([1,) . and

then proceed with a discussion of the topological structure of ji. and pOLC.

8.2 Duality Theorems and Explicit Representations

. (s)
for 1. and K,

Let us begin by considering the dual form for the maximal distance i, and

(5) . . .
M., and let us compare them with the corresponding dual representations for the

minimal metric & and minimal norm ,&C (Definitions 3.3.2, 3.3.4, 3.4.4, and 3.4.5).
Recall that

o ~ . (s)
we (P, P2) < fe(Pr, Py) < e (P, Pr) < i (Pr, Pa). (8.2.1)

Subsequently, we will use the following notation:

Lo = {f:U—>RY[f(x) = fOW)| < ad(x,y).x,y € U},

Lip := U L,

a>0
Lip® := {f € Lip : sup{| f(x)| : x € U} < o0},
c(x,y) == H(d(x,y)),x,y € U H € H (Example 2.4.1),

Py = {P e PWU): /c(x,a)P(dx) < o0y,

Gy =1(f8): fig eLip’, f(x) + g(y) <c(x.y), x,y €U}, (822)
Gu =1{(f.2): f.g eLip’, f(x) 2 0,¢(y) = 0, f(x)

+8(y) = c(x,y), x,y € U}, (8.2.3)

h(x,y) :=d(x,y)ho(d(x,a) vd(y,a)) x,y €U, V:=max, (8.2.4)

where a is a fixed point of U and hy is a nonnegative, nondecreasing, continuous
function on [0, c0)

Lip, :={f : U = R' | f(x) = f())| < h(x.y), x.y € U}
H* := {convex H € H}
F:={feLip’: f(x) + f(y) > c(x,y), x,y € U} (8.2.5)

and

T(Py, P»; F) := inf{/fd(Pl +P): feFt. (8.2.6)
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Theorem 8.2.1. Let (U, d) be an s.m.s.
(i) If H € H* and Py, P, € Py, then the minimal distance,

e(Py, Py) .= inf{u.(P): P e P(UxU), ;P =P;,i =1,2}, (8.2.7)
relative to the compound distance,

je(P) = / c(x.y) P(dx. dy). (82.8)
UxU

admits the dual representation

(P, Py) = sup{/fdPl + /gsz (f,g) €Guy . (8.2.9)

If P, and P, are tight measures, then the infimum in (8.2.7) is attained.
(ii) If [ h(x,a)(Py + P,)(dx) < oo, then the minimal norm

,LoLh(Pl, P,) := inf{u,(m) : m-bounded nonnegative measures with fixed

Tlm — sz = Pl — Pz} (8210)

has a dual form

ﬁh(Pth)=SuP{‘/fd(P1—Pz)

fe Liph} , (8.2.11)

and the supremum in (8.2.11) is attained.
(iii) If H € H* and Py, P, € Py, then the maximal distance

,ll(Pl,Pz) = sup{uC(Pl,Pz) P e P(U XU), T,P=P,i= 1,2}
(8.2.12)

has the dual representation

fie(Py, Py) :inf{/fdPl +/gc1P2 (fg)eCut. (8.2.13)

If Py and P, are tight measures, then the supremum in (8.2.12) is attained.
(iv) If H € H* and Py, P, € Py, then

(s) (s)
I (P1, Py) = (P, + Py)

sup{u(P) : P e P(U xU), TP + TL,P = P + P}
(8.2.14)
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has the dual representation

(5)
W (Pr, Pr) = T(Py, Py; F). (8.2.15)

If Py and P, are tight measures, then the supremum in (8.2.14) is attained.

Proof. (i) This is Corollary 5.3.2 in Chap. 5.

(ii) This is a special case of Theorems 5.4.2 and 5.4.3 with c(x,y) = h(x,y)
given by (8.2.9).

(iii) The proof here is quite similar to that of Corollary 5.3.2 and Theorem 5.3.1
and is thus omitted.

(iv) For any probability measures P; and P, on U, any P € P(U x U) with fixed
sum of marginals, T P +T, P = P;+ P,,and any f € F [see (8.2.5)] we have

/fd(P1 + P) = /fd(T1P +TLP)

- [ £ + () P(dx.dy) = / ¢(x, y) P(dx, dy),

hence
(ii)c(Pl + Py) < T(P1, P2; F). (8.2.16)

Our next step is to prove the inequality

(ft)c(Pl + P2) > T(P1, P2, F), (8.2.17)

and here we will use the main idea of the proof of Theorem 5.3.1. To prove (8.2.17),
we first treat the following case.

Case A. (U,d) is abounded s.m.s. For any subset U; C U define

FU) ={f:U >R f(x)+ f(y) = c(x,1) forall x,y € U},
F(Uy) = F(Uy) N Lip,(Uy),
where Lip,(U;) := {f : U — R! : | f(x) — f(»)| < t(x,y) forall x,y € Uy}
and t(x,y) = supf{|c(x,z) —c(y,2)| 1 z € U}, x,y € U. We need the following
equality: if Py(U;) = P,(U;) = 1, then
T(P1, Py; F(Ur)) = T(Py, Py; F(U)). (8.2.18)

Let f € F(U;). We extend f to a function on the whole U letting f(x) = oo
for x ¢ Uy, and hence

f(x) > f*(x) :=supfc(x,y) — f(y):y e U} Vx € U. (8.2.19)
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Since forany x,y € U
ffx) =) = SES{C(x,Z) - f@)} - S,‘;B{C(y’w) — fw)}

= Sup{c(xvz) _C(y’ Z)} =< 'C()C, y)»

zeU
then f* € F(U). Moreover, if P;(U,) = P,(U;) = 1, then by (8.2.19),
T(Py, P: F(U))) = T(P1, Py; F(U)) (8.2.20)

which yields (8.2.18).

Case Al. Let (U,d) be a finite set, say, U = {uy,...,u,}. By (8.2.18) and the
duality theorem in the linear programming, we obtain

(EL)C(Pl + Py) = T(P;, Py; F(U)) = T(Py, Py; F(U)), (8.2.21)

as desired.

The remaining cases A2 [(U, d) is a compact space], A3 [(U, d) is a bounded
s.m.s.], and B [(U,d) is an s.m.s.] are treated in a way quite similar to that in
Theorem 5.3.1. O

In the special case ¢ = d, one can get more refined duality representations

for ([1,) .- This is the following corollary.

Corollary 8.2.1. If (U,d) is an sm.s. and P\,P, € PU), [d(x,a)(P +
Py)(dx) < oo, then

1y(Pr P2) = inf{/fd(Pl + Py): fely, f(x)+ f(y) = d(x.y) Vx,y € Up.

(8.2.22)

Here the proof is identical to the proof of (iv) in Theorem 8.2.1 with some
simplifications due to the fact that c = d.

Open Problem 8.2.1. Let us compare the dual forms of iy, ,lcl 4> Ha, and (,u‘) d-
The Kantorovich metric 7i, in the space P! of all measures P with finite moment
[ d(x,a)P(dx) < oo has two dual representations:

q(Py, Py) = SUP{/fdPl +/gdP2 s figeL, f(x)+g(y) =dx,y),

x,yeU

= sup {/ fd(Pi—Py): f € Ll} = 11;(P1, Ps) (8.2.23)
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[see Sect. 6.2, (5.4.15), and (8.2.9)]. On the other hand, by (8.2.13) and (8.2.16), a
dual form of i, is

APy, Py) = inf{ / FdP + / gdPy: fig € Ly, f(x) +g(y) = d(x.y)

Vx,yeU,, (8.2.24)

which corresponds to the first expression for [i; in (8.2.23), so an open problem is
to check whether the equality

. (s)
fia(Pr, Py) = jy(Py., Py) (82.25)
holds [here, (,ii)d is given by (8.2.22)]. In the special case (U,d) = (R, |- |), equality

(8.2.25) is true (see further Remark 8.2.1).

. . . . . o~ o v
Next we will concern ourselves with the explicit representations for i, (., fLa,

(s) .
and ,&)C inthecase U = R, d(x,y) = |x — y|.
Suppose ¢ : R?> — R is a quasiantitone upper-semicontinuous function

(Sect.7.4). Then iy, fLy, and (,LSL)¢ have the following representations.

Lemma 8.2.1. Given P and P, € P(R) with finite moments
[ ¢(x,a)dPi(x) < oo, i = 1,2, we have:

(i) (Cambanis—Simons—Stout)

1
(PP = [ 9(FT 0. 55 (8.2.26)

where F; is the DF of P; and

1
fip(P1, Py) = / d(F @), Fy (1 —1))de. (8.2.27)
0
(ii) Assuming that ¢ (x,y) is symmetric,

1
QP+ Py = /0 B(A®), A(1 — 1))ds, (8.2.28)
where A(t) = 3(Fi(1) + Fa(1)).

Proof. (i) Equality (8.2.26) follows from Theorem 7.4.2 (with N = 2). Analo-
gously, one can prove (8.2.27). That is, let F(F), F>) be the set of all DFs
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F on R? with marginals F, and F,. By the well-known Hoeffding—Fréchet
inequality, F(Fy, F>) has a lower bound

F_(x1,x3) ;== max(0, Fi(x;) + Fa(x2) — 1), F_ e F(F,F), (8229
and an upper bound
F+()C1, XQ) = min(Fl (xl), Fz()Cz)), Fi e ]:(Fl, Fz) (8.2.30)

Consider the space X(R) of all random variables (RVs) on a nonatomic
probability space (Remark 2.7.2). Then

Tig(Pi. P) = inf{E¢(X,. X,) : X; € X(R), Fx, = F.i = 1,2}, (8.2.31)
[ig(P1. P) = sup{EG(X. X2) : X; € X(R), Fy, = F;.i =1,2}. (8.2.32)

If E is a (0,1)-uniformly distributed RV, then F_(x1,x2) = P(X;
X1, X5 < Xxp), where X; = Fl_l(E), X5 = Fz_l(l — E) and Fi_l(u) :
inf{t : F;(t) > u} is the generalized inverse function to F;. Similarly,
Fi(x1,x) = P(X;" < x1,X) < xp), where X, = F7Y(E),i = 1,2.
Thus

1A

1
(P Py = BT X)) = [ o0 B - 3239

and

1
Ro(Pi b = Eo X = [LorT O F o 62349

In Theorem 7.4.2 of Chap.7 (in the special case N = 2), we showed that
(8.2.34) is true with an equality sign. Using the same method, one can check
that jig(P1, P2) = E¢(X[, X5).!

From the definition of (;L)(Pl, P,) [see (8.2.14)] it follows that

(s) (s)
Pg(P1+ P2) = py(Fi+ F»)
= sup{Ep(X1, X3) : X1, X7 € X(R),
FX] + FX2 =N+ F = ZA},

or, in other words,

!See Kalashnikov and Rachev (1988, Theorem 7.1.1).
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5 1
(M)¢(F1 + F) = SUP{/RZ¢(X7)’)C1F(X7Y) 1 F e F(F\, F), E(Fl + F) = A}~

For any F € F(Fi, F,) denote F(x, y) = %[F(x, ¥) + F(y, x)]. Then, by the
symmetry of ¢ (x, y),

Vig(Fi, F2) = sup{ /R $(r.y)dF(x.y) F e f(AA)}

1
=g A) = [ paT .47 - o) .
0
Remark 8.2.1. 1t is easy to see that for any symmetric cost function ¢

(5) 1 1
Ky(Pr+ Pr) = ch(E(Pl + P»), E(Pl + Py)), P eP). (8.2.35)

On the other hand, in the case U = R, c¢(x, y) = |x — y|, by Lemma 8.2.1,
1
fetpo P = [ 1FTO < = olar
0

= /oo |x —a|d(Fi(x) + F2(x)), (8.2.36)

(o]

where a is the point of intersection of the graphs of F) and 1 — F>, i.e., Fi(a—0) <
1 — F(a—0)but Fi(a +0) > 1— F,(a + 0). Hence, by (8.2.1) and (8.2.37),

(s)

We(Pi, P2) = [ie(Py, P)
= sup{E|X1—a| + E|Xz2—al : X1, X2 € X(R), Fx,+Fx, = Fi+F>}
(5)
> ,lSLC(Pl, Py),
L@ ~
ie., b, = M.

By virtue of Lemma 8.2.1 [with ¢ (x, y) = c(x,y) := H(|x — y|), H convex on
[0, 00)], we obtain the following explicit expressions for [, fic, (,LSL)C, and poch.

Theorem 8.2.2. (i) Suppose Py, P, € P(R) have finite H-absolute moments,
[ H(x)(P1 + P,)(dx) < oo, where H € H*. Then

1
(P, Py) = / c(F7 (@), Fy ' (t))dt, (8.2.37)
0

1
(P, P,) = / c(F7' @), F; ' (1 —1))dt, (8.2.38)
0
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and

, 1
V(P Py) = / (A7 (1), A7V (1 = 1))dt, (8.2.39)
0

where F; is the DF of P;, F."! is the inverse of F;, and A = %(Fl + F).

(ii) Suppose h : R*> — R is given by (8.2.3), where d(x,y) = |x —y| and h(t) > 0
fort > 0. Then

(PP = [l = aDIFio) — Fx(lar. (8.2.40)

8.3 Convergence of Measures with Respect to Minimal
Distances and Minimal Norms

In this section, we investigate the topological structure of minimal distances (i)
o
and minimal norms u,, defined as in Sect. 8.2 in Chap. 8.

First, note that the definition of a simple distance v (say, v = [i, or v = lolh)
does not exclude infinite values of v. Hence, the space P; = P(U) of all laws P on
an s.m.s. (U, d) is divided into the classes D(v, Py) := {P € Py : v(P, Py) < oo},
Py € P, with respect to the equivalence relation P, ~ P, <= v(P;, P») < oo.
El Sects. 6.3, 6.4, and 7.6, the fopological structure of the Kantorovich distance
Ly = [i., where ¢(x,y) = H(d(x,y)), H € H [Example 3.3.2 and (5.3.17)],
was analyzed only in the set D([i, 84), @ € U, where §,({a}) = 1. Here we will
consider the Ji. convergence in the following sets: D(i., Py), 5C(P0) = {P €
Pi i pe(P x Py) = [y ¢(x,y)P(dx)Po(dy) < oo} and D(fi., Py) := {P €
Py : i (P, Py) < oo}, where J1 is the maximal distance relative to u. [see (8.2.12)]
and Py is an arbitrary law in Py. Obviously, D(fic, Po) C D(Po) C D(fi. Po) for
any Py € Py and D(jic, 8y) = Do (84) = D(fie; 8s), . € U.

Let Hy(t) = H@)I{t > N} for H € H,t > 0, N > 0, and define
en(x,y) = Hy(d(x,9)). ey HBeys fey by (8.2.8), (8.2.7), and (8.2.12),
respectively. Therefore,

D(fie, Po) = {P €Pr: lim Jiey (P, Po) = o} , (8.3.1)
—00

Do (Py) = {P € Pt lim iy (P x Po) = o} . (83.2)
—00

D(fic, Po) D D(jte., Po) = {P € Py lim fio, (P, Po) = o} . (8.3.3)
—> 00

As usual, we denote the weak convergence of laws {P,} 2, to the law P by

P, — P,
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Theorem 8.3.1. Let (U,d) be a u.m.s.m.s. (Sect.2.6), H € H [H(t) > O for
t > 0], and Py be a law in P;.

(l) I.f{Plv P2a e } C D(ﬁcv PO) and Q € 5(/107 PO)’ then
lim fi.(P,. Q) =0 (8.3.4)
N—o0

if and only if the following two conditions are satisfied:

(1%) P, —> Q;
(2%) lim sup ey (Pn, Po) = 0.
N—>oo 5

(ii) If {Q, P, P5,...} C 5C(P0), then (8.3.4) holds if and only if the conditions
(1%*) and
(3*%) lim sup uc(Py x Py) =0
N—>oo 5
are fulfilled.

(iii) If {P, P,...} C 5([LC, Po) and Q € D(li., Po), then (8.3.4) holds if and
only if the conditions (1*) and

(4*) lim sup ft.(Py, Py) =0
N—>oo 5
are fulfilled.

Theorem 8.3.1 is an immediate corollary of the following lemma. Further, we
use the same notation as in (8.2.1)—(8.2.2).

Lemma 8.3.1. Let U be a u.m.s.m.s., « the Prokhorov metric in P, and H € H.
For any Py, Pi, P, € Py and N > 0 the following inequalities are satisfied:
fe(Pr, P2) < H(m(Py, P2))
+Ku{2m (P, PYH(N) + ey (P, Po) + fiey (P2, Po)},
(8.3.5)
Ke(Pr, P2) < H(m(Py, P2))
+ K2 (Pr, P)H(N) + fiey (Pr X Po) + pey (P2 X Po)j,

(8.3.6)

n(Py, P)H(w(Py, P2)) < [i(P1, P2), (8.3.7)

ﬁcN (Ph PO) = K(ﬁc(Ply PZ) + ﬁC'N/Z(Pza P())), (838)
Mey (Pl X PO) = K(ﬁc(Ply PZ) + I"LCN/Z(Pz X PO))a (839)
fley (P1, Po) < K(ic(Pr, Py) + fley, (P2, Po)), (8.3.10)

where Ky is given by 2.4.3)and K = Ky + K%.
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Remark 8.3.1. Relationships (8.3.5)—(8.3.10) give us necessary and sufficient
conditions for [i.-convergence as well as quantitative representations of these
conditions. Clearly, such treatment of the [i.-convergence is preferable because it
gives not only a qualitative answer when [i.(P,, Q) — 0 but also establishes a
quantitative estimate of the convergence ji.(P,, Q) — 0.

Proof of Lemma 8.3.1. To get (8.3.5), we require the following relation between
the H -average compound i, = Ly and the Ky Fan metric K (Examples 3.4.1 and
3.4.2):

Ly(P) < HEK(P))
+ Ky {2K(PYH(N) + Ly (P") + Ly (P")} Ly = ey
(8.3.11)

for N > 0 and any triplet of laws (P, P’, P”) € P, such that there exists a law
Q € P; with marginals

TnQ =P T30 =P T530=P" (8.3.12)

If K(P) > §, then, by (2.4.3),

/ H(d(x.y)) P(dx.dy)

< KH/[H(d(x,xO)) + H(d(y,xo)[I{d(x,y) > ;0 (dx.dy.dxo) + H(5)
< H() + Kuy{2H(N)§ + Luy (P') + Lu, (P")}.
Letting § — K(P) completes the proof of (8.3.11).

For any ¢ > 0 we choose P € P, with marginals P, P,, and P’ € P, with
marginals P; and P, such that

K(P,P)>K(P)—e,  Luy(P1.Py) > Ly (P) —e. (8.3.13)
Choosing Q with property (8.3.12) [see (3.3.5)] we obtain
Lu(Py. Py) < L(P)
< HEK(Py, Py) + ¢) + Ky {2(K(Py, P,) + &) H(N)
+Lpy (P1, Po) + & + Ly (T30)}

by (8.3.11) and (8.3.13). The last inequality, together with the Strassen theorem (see
Corollary 7.5.2), proves (8.3.5).

If P; x Py and P, x Py stand for P’ and P”, respectively, then (8.3.11) implies
(8.3.6). To prove that (8.3.7)—(8.3.10) hold, we use the following two inequalities:
for any P € P, with marginals P; and P,

K(P)H(K(P)) < Ly (P) (8.3.14)
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and
Liy(P') < K[Ln(P) + Ly, (P"), (8.3.15)

where (P, P/, P”) are subject to conditions (8.3.12) and N > 0. Using the same
arguments as in the proof of (8.3.5), we get (8.3.7)—(8.3.10) by means of (8.3.14)
and (8.3.15). ]

Given a u.m.s.m.s. (U, d) and an s.m.s. (V, g), let ¢ : U — V be a measurable
function. For any probability distance p on P(V?) define the probability distance
Mg On P(U?) by (7.2.12). Theorem 7.2.4 states that (Remark 7.2.2)

Hg(P1, P2) = [W(Prg, Prg). (8.3.16)

or, in terms of U -valued RVs,

Ry (X1, X2) = (d(X1), 9(X2)), X1, X2 € X(U). (8.3.17)

Next we will generalize Theorem 8.3.1, considering criteria for [ic4-
convergence. We start with the special but important case of u, = ﬁg (p = 1.
Define the £ ,-metric in P(V?)

1/p
£,(0):= (/V Vgp(x,y)(dx,dy)) L p=1 0eP),

Then, by (7.2.12), £, 4 is a probability metric in P(U?) and L ».¢ 18 the correspond-
ing minimal metric. In the next corollary, we apply Theorems 7.2.4 and 8.2.1 to get
a criterion for £ p.p-cConvergence.

Let Q, P, P,,... be probability measures on P(U). Denote m,y =

(Py g, Qy), m being the Prokhorov metric in P(V)
1/p
[ e 10(0)

1/p
D,y :=D(Puy, Qy) := ‘(/Vg”(x,a)P,,,de)) —( g

(a is a fixed point in V'),
1/p
AQy) = (p [ e+ 1)P—1Q¢(dx)) ,
1/p
Mo M) i= ([ &ttt > Mgy )

1/p
M(Qy) = ( /V gP(x,a)Q¢(dx)) .

Corollary 8.3.1. Foralln = 1,2,... let

M(P,4) + M(Qy) < . (8.3.18)
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Then ZM)(P,,, Q) — Oasn — oo if and only if P,y weakly tends to Q4 and
D, 4 — 0asn — oo. Moreover, the quantitative estimates

Lpo(Py, Q) = max(D, 4. (a4)' V7). (8.3.19)

Lpo(Pu, Q) < (1 +2N)m, g +5M(Qy. N)
+(ng) /P BA(Qg) + 22TVPN) + Dyy  (8.3.20)

are valid for each positive N .

Proof. The first part of Corollary 8.3.1 follows immediately from (8.3.19), (8.3.20)
[for the “if” part set, for instance, N = (Jrn,(p)_l/z”]. Relations (8.3.19) and (8.3.20)

establish additionally a quantitative estimate of the convergence of L p.o(Pn, Q) to
zero. To prove the latter relations, we use (8.3.16) and the following inequalities:

L,(01,05) > max(m(Q1, 02)' 77, D(Q1, 02)), (8.3.21)

L,(01,05) < (1 +2N)x (01, 02) + M(Q1,N) + M(Q2,N),  (83.22)
and

M(Q1,2N) < D(Q1, Q2) +4M(Q2, N)
+7(Q1, 02)"P BA(Q2) + 2*1VPN) (8.3.23)

for each positive N and Q, Q> € P(V), where D is the primary metric given by
1/p 1/p
001,00 = |( [ #wo0i@n) - ([ e aosan)

Claim 1. Equation (8.3.21) holds.
For any V-valued RVs X, and X, with distributions Q; and Q», respectively,

. (8.3.24)

Ly(X1, X2) = [Eg” (X1, X2)]'7 > D(Q1. 02)
by the Minkowski inequality. Thus Z,,(Ql, 05) = D(Q1, Q7). Using (8.3.7) with
H(t) = t”, we have also that Zp > gl+l/p,
Claim 2. Equation (8.3.22) holds.
We start with Chebyshev’s inequality: for any X; with laws Q;
Ly(X1.X2) = (1 +2N)K(X1, X2) + M(Q1, N) + M(Q2, N),

where K is the Ky Fan metric in X(V) and M(Q;) = (/;, g7 (x. a)Q,-(dx))l/p. The
proof is analogous to that of (8.3.11). By virtue of the Strassen theorem, it follows
that K = =, and the preceding inequality yields (8.3.22).
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Claim 3. Equation (8.3.23) holds.
Observe that

1/p
M(01,2N) = ( /V ¢ (r.a){g(x.a) > 2N}Q(dx))

= D(Q1.02) + va”(x,a)l{g(x,a) <2N}(Q1— 02)(dx)

1/p

+M(Q>,2N).
Denote f(x) := min{g?(x,a), 2N)?}, h(x) := min{2?g?(x, O(a, N)), (2N)?},

where O(a,N) :={x €V :g(x,a) < N}. Then
1/p

I = ‘/;gp(x,a)l{g(x,a) <2N}(Q1— Q2)(dx)

1/p

1/p
1N ' /V I{g(x.a) > 2N}(01 — 05)(dx)

IA

' /V F()(01 = 02)(d)

=1+ L.
Using the inequality

[f(x) = fOD)] < |g7(x,a) — g"(y.a)l|
< pmax(g’~'(x,a).g" " (y.a)|g(x,a) — g(y.a)|

< pmax(g” ' (x,a).g" ' (y,a)g(x.y) x.yeV
we get for any pair (X, X;) of V-valued RVs with marginal distributions Q
and 0>
IV = |E(f(X) — f(X2))|
< E|f(X1) = f(X2)|I{g(X1, X2) <y}
+E[f(XD] + | f(X2)]1{g(X1, X2) = v}
< YPE(g(X2.a) + )" +2(2N)" Pr(g(X1. X2) = y} forany y € [0.1].
Let K = K(X, X3) be the Ky Fan metric in X(V'). Then from the preceding bound
I = K'PLA(Q2)" +22N)"1Y7 < KYPLA(Q2) +2'F1/7 N,

Now let us estimate the second term in the upper bound for /:
1/p

L= VV(ZN)"I{g(x,a) > 2N }(Q1 — 02)(dx)

1/p
< (/V(ZN)pl{g(x,a) >2N}Q1(dX)) + M(Q2,2N).
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If g(x,¢) > 2N, then g(x, O(c, N)) > N, and therefore

1/
[ / QN) I{g(x.a) > 2N}Q1(dX)} " < EnG)
14
< |Eh(X,) — Eh(X»)|"?
+HERX)VP = 1] + 1.
The inequality

|h(x) —h(y)| <2P|g"(x,0(a,N)) —g”(y.O(a. N))|
< 2”pmax[g’™" (x,O(a.N)), g" ' (v, O(a, N))lg(x, y)
implies
I} < [E|h(X)) — h(X2)|I{g(X1. X2) < y}]'/7
+ [E(h(X1) + h(X2) I {g(X1, X2) > y}]'/?
< 2{yEplg(X2, O(a,N)) + 1]77"}!/7
+2(@2N)?Pr(g(X1, X3) > y)V/? for K < y.

On the other hand, by the definition of £,
Iy := [ER(X2)]"? < [EQN)?I{g(X2,a) > N}]'/? < 2M(Q2. N).
Combining the foregoing estimates we get
I, <3M(Q», N) +2K"Y? A(Q,) + 2'TV/PNMVP.
Making use of the estimates for /; and /, and the Strassen theorem we get
I <5+ 1 <3M(Q2.N)+ 7(Q1. 02)"/" BA(Q2) + 2*TV/7N).

This completes the proof of (8.3.23).

213

O

We can extend Corollary 8.3.1 considering the H -average compound distance

1e(Q) = L1 (0) = /V Cr)0@ndy)  QEP(Y).  (8329)

where c(x, y) = H(g(x,y)) and H(¢) is a nondecreasing continuous function on

[0, 0c0) vanishing at zero (and only there) and satisfying the Orlicz condition

Kp :=sup{HQ2t)/H(t);t > 0} < 00 (8.3.26)

[see (3.4.1) and Example 2.4.1].
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Corollary 8.3.2. Assume that [, c(x,a)(Pry + Qg)(dx) < oo. Then the
convergence i 4(P,, Q) — 0 asn — oo is equivalent to the following relations:
P, 4 tends weakly to Q4 as n — oo, and for some a € U

lim lim | c(x,a)I{g(x,a) > N} P, 4(dx) = 0.
nJy

N—>o00

Proof. See Theorems 8.3.1 and 7.2.4. O

Note that the Orlicz condition (8.3.26) implies a power growth of the function H .
To extend the [i.g-convergence criterion in Corollary 8.3.2, we consider the
functions H in (8.3.25) with exponential growth. Let RB represent the class of
all bounded from above real-valued RVs. Then

e RB < (8.3.27)

1
7(§) :=inf{a > 0: EexpAf <expia VA > 0} = supIInEexp(AE) < 00.
A>0

In fact, clearly, if § € RB, then 7(§) < oo. On the other hand, if Fg(x) < 1
for x € R, then for any a > 0, E exp[A(§ — a)] > exp(Aa) Pr(§ > 2a) — oo as
A — oo. By the Holder inequality one gets

tE+n) =)+ (), (8.3.28)

and hence, if O € P(V?) and (Y},Y,) is a pair of V-valued RVs with joint
distribution Q, then

7(0) = 1(g(Y1, 1)) (8.3.29)

determines a compound metric on P(V?).2 The next theorem gives us a criterion
for T4-convergence, where T is defined by (8.3.16) and (8.3.17).

Theorem 8.3.2. Let X,,, n = 1,2,..., and Y be U-valued RVs with distributions
P, and Q, respectively, and let T(g(¢p(X,),a)) + t(g(p(Y),a)) < oo. Then the
convergence Tg(P,, Q) — 0 asn — oo is equivalent to the following relations:
(a) P,y tends weakly to Qg,

(b) limy oo lim, 7(g(¢(Xy).a)I{g(¢(X,).a) > N}) = 0.

Proof. As in Corollary 8.3.1, the assertion of the theorem is a consequence

of (8.3.16) and the following three claims. Let V-valued RVs Y; and Y, have
distributions Q| and Q», respectively.

Claim 1.
(01, 02) <T(Q1, Q). (8.3.30)

2See Sect. 2.5 of Chap. 2.
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By the Strassen theorem K=nrn (see Corollary 7.5.2 in Chap.7), it is enough to
prove that (g(Y1,Y,)) > K?(Y}, V). Let £ = g(¥1,Y,) and 7(£) < €2 < 1. Then

Eef—1 e®_1 1
< < <e.

Pr(§ > ¢) <
i >e) < ee—1 = ef—1 — ef—-1 "~

Letting £ — (&) we obtain (8.3.30).
Claim 2.

1(g(Y1.a)I{g(Y1.,a) > N}) < 27(Q1. Q1) + 21(g(Y2.c)I[{g(Y2.a) > N/2}).
(8.3.31)

Note that the inequality £ < n with probability 1 implies t(§) < t(5). Hence

t(g(Y1.a)I{g(Y1.a) > N})
= tl(g(Y1.Y2) + g(Y2,a)) [{g(Y2,a) + g(Y1.Y2) > N}]
= t[(g(N1, Y2) + g(Y2,a)) max(I{g(Y2,a) > N/2}, [{g(Y1,Y>) > N/2})]
= t(g(Y1, Y))I{g(Y1.Y2) > N/2}) + ©(g(Y1. Y2)I{g(Y1,Y2) = N/2}
x I{g(Y2,a) > N/2}) + ©(g(Y2,a){g(Y2,a) > N/2}) + t(g(Y2, a)
x 1{g(Y2,a) > N/2}1{g(Y1,Y2) > N/2})
= 2t(g(Y1, Y2)I{g(Y1,Y2) > N/2}) + 21(g(Y2,a) I {g(Y2,a) = N/2})
= 2t(g(Y1.Y2)) + 2t(g(Y2,a)1{g(Y2,a) > N/2}).
Passing to the minimal metric T we get (8.3.31).

Claim 3.

T(Q1, 02) <®(Q1, Q2)(1 +2N) + t(g(Y1,a)I{g(Y1,a) > N})
+7(g(Ya,a)I{g(Ys,a) > N}), VN >0,aecV. (83.32)

For each ¢ the following relation holds: 7(g(Y1, Y2)) < t(g(Y1, Y2)I{g(Y1,Y>)
<&} + t(g(Y1,Y2)I{g(Y1,Y,) > 6}) =: I, + I,. For I} we obtain the estimate

Iy =supl/Aln Eexp(Ag(Y1,Y2)I{g(Y1,Y2) <6}) <supl/AEexpAd =3.
A>0 A>0

For I, we have
L =t(g(Y1,a) + g(Y2,))I{g(Y1,Y2) > 6})
= t(g(Y1,a)I{g(Y1,Y>) = 6})
+1(g(Y2,a)I{g(Y1,Y2) = 8}) =: A1 + As.
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Furthermore,

A < t(g(Y1,a)l{g(Y1,Y2) > 8} 1{g(Y1,a) < N})
+1(g(Y1,a)l{g(Y1,Y2) > 8} 1{g(Y1,a) > N})
< t(NI{g(Y1,Y2) > 8}) + t(g(Y1,a)I{g(Y1,a) = N}).

Hence, if K(Y1, Y3) < 6, then

t(g(Y1,Y2)) = (1 +2N)8 + (g(Y1,0)I{g(Y1.¢) > N})
+1(g(Y2,a)I{g(Y2,a) > N}).

Letting § — K(Y1, Y>) and passing to the minimal metrics, we obtain (8.3.32). O

In the rest of this section, we look at the topological structure of the minimal

norms ﬁh(Pl, P,), P, P, € P [see (8.2.10)], where the function h(x,y) =
d(x,y) ho(d(x,a) vd(y,a)),x,y € U,is defined as in (8.2.3).

Theorem 8.3.3. Let (U, d) be an s.m.s.
(a) If g :=d/(1+d)anda, := sup,.,ho(2t)/ ho(t) < oo, then

:&h(Plv P) <1+ N),&g(Pu P,)

+(2ah+4)/h(x,a)l{d(x,a) > N}(Pi+Py)(dx) for N > 1.

(b) If by, = supy_, 1 [(1 + 1 —5)/ ho(1)] ™" < 00, then j1,(P1, P2) < j1,(Py, P).
(c) If
cp = supl[tho(t) —sho(s)]/[(t —5)/ ho(t)] < o0,

O<s<

then

'/h(x,a)(Pl — P2)(dx)| < cuit(Py, Po).
(d) Ifap + by 4+ cn <ooand [ h(x,a)(P, + P)(dx) <oco,n =1,2,..., then
bt 1 o
if and only if P, 5 Pand

nli>11010 ‘/h(x,a)(P,, — P)(dx)| =0.
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The proof of the theorem is similar to that of Theorem 6.4.1 in Chap.6 and
can therefore be omitted. Note that, in contrast to Theorems 6.3.2 and 6.3.3, the
preceding bounds are based only on the relationships between minimal norms.

Open Problem 8.3.1. A question of great interest concerning the topological
structure of minimal distances is the necessary and sufficient conditions for the
convergence [i.(P,, P) — 0, where {P,P,,n = 1,2,...} C D(li., Py) and
Py is an arbitrary law of P;. Note that in the case (U.d) = (R!,|-]), if
{P,Py,n=12,...}CD@a, P, then iq(Py, P) = [0 |F,(x) — F(x)|dx =

L1(P,, P) — 0if and only if P, — P and

N—oo 5,

lim sup/ | Fy(x) — Fo(x)|dx = 0,
|x|>N

where F,, isaDFof P,,n =0,1,...,and F is the DF of P.

Reference

Kalashnikov V'V, Rachev ST (1988) Mathematical methods for construction of stochastic queueing
models. Nauka, Moscow (in Russian). [English transl. (1990) Wadsworth, Brooks—Cole, Pacific
Grove, CA]



Chapter 9

Moment Problems Related to the Theory
of Probability Metrics: Relations Between
Compound and Primary Distances

The goals of this chapter are to:

* Explore the general relations between compound and primary probability
distances that are similar to the relations between compound and simple
probability distances,

e Study the primary minimal metrics arising from minimal functionals with one
pair of marginal moments fixed,

* Extend the setting to minimal functionals with two pairs of marginals and with
linear combinations of moments fixed.

9.1 Introduction

In Chaps.5-8, we investigated the relationships between compound and simple
distances. The main method we used was based on the dual and explicit solutions of
the following problem:

Marginal problem. For fixed probability measures (laws) P; and P, on an s.m.s.
(U.d) and a continuous function ¢ on the product space U? = U x U

minimize (maximize) / c(x,y)P(dx,dy),
U2

where the laws P on U? have marginals Py and P,,ie., T; P = P;,i = 1,2.

Similarly, in this chapter we will study the connection between compound and
primary distances (see Sect. 3.2 of Chap. 3) solving the following problem:

Moment problem. For fixed real numbers a;; and real-valued continuous
functions f;; (i =1,2,j =1,...,n)

S.T. Rachev et al., The Methods of Distances in the Theory of Probability and Statistics, 219
DOI 10.1007/978-1-4614-4869-3_9, © Springer Science+Business Media, LLC 2013
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minimize (maximize) / c(x,y)P(dx,dy),
U2
where the law P on U? satisfies the marginal moment conditions

/fidei:aijs i=12,j=1,...,n.
U

We begin with moment problems in which one pair of marginal moments is fixed;
then, we extend the setting to moment problems with two pairs of marginal moments
fixed and with linear combinations of marginal moments fixed.

9.2 Primary Minimal Distances: Moment Problems
with One Fixed Pair of Marginal Moments

Let U be a separable norm space with norm | - ||, ¥ = X(U) the space of all U-
valued random variables (RVs), ;& a compound metric in X(U), and M the class
of all strictly increasing continuous functions f : [0,00] — [0,00], f(0) = 0,
f(00) = oo. Following the definition of primary distances (see Sect. 3.2 of Chap. 3)
let us define the spaces h(X) = {Eh(|| X||) : X € X} [see (3.2.3)] forafixedh € M
and a primary minimal distance 71 (in h(X))

w(a,b) :=inf{u(X,Y): X,Y € X, EL(| X)) = a, ER(|Y|) = b}. (9.2.1)
Given the H -average compound distance
wX,Y =Ly(X,Y)=FEH(X-Y|) HeMnNH 9.2.2)

(see Example 3.4.1) we will treat the explicit representations of the following
extremal functional:

I(H,h,a,b) = y(a,b). (9.2.3)
Moreover, for (X, Y):=Ly(X,Y) we will consider the upper bound
S(H,h;a,b) :=sup{u(X,Y): X, Y e X, ER(| X)) =aEh(|Y]) = b} (9.2.4)

whose explicit form will lead to the expression for the moment functions discussed
in Sect. 3.4 (Definition 3.4.6). Denote for all p > 0, g > 0 the values

I(p,q.a,b) .= I(H,h;a,b)(H(t) = t*,h(t) = t7), (9.2.5)

S(p.qia,b) := S(H,h;a,b)(H(t) = 17, h(t) = t9), (9.2.6)
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where here and in the sequel 0° means 0, and thus E|| X — Y ||® means Pr(X # 7).
Clearly, I(p.q:a, b)™1-1/?) represents the primary s-minimal metric (£ p.h) With
respect to the £,-metric

L,(X,Y) = {E||X — Y||Pymin-1/P) £,(X,Y) = esssup || X — Y|,
where hX = E||X||9, ¢ > 0,i.e.,!
I(p.q:a,b)y™™ VD) = F 1 (a,b) := inf{L,(X,Y) : hX =a,hY = b}.

Further (Corollary 9.2.1), we will find explicit expressions for Z,,,h forany p > 0
and any g > 0.

The scheme of the proofs of all statements here is as follows. First we prove the
necessary inequalities that give us the required bounds, and then we construct pairs
of random variables that achieve the bounds or approximate them with arbitrary
precision.

Let f, fi, f> € M, and consider the following conditions (in what follows, f !
is the inverse function of f € M):

A. (fi, /)i fio f5 1) (t = 0) is convex.

B. (f) « fTUESAX +YI) < f7UELAXD) + fHESAY)) for any
X, Y eX.

N EfIX +YI) < EfIIXID + Ef(IY]) forany X, Y € X.

(f1. f2) s limy .0 f1(2)/ f2(2) = 0.

(fi, o) = fio fo(t) (t = 0) is concave.

(fi, f») : fiis concave and f; is convex.

(f1, f2) : im0 f1(2)/ f2(1) = o0

Obviously, if H(¢) =t?,h(t) =t1(p > 0,q > 0),then A(H,h) < p >q,
Bh) <—= q>1,C(h) < g =<1,D(H,h) < q > p,E(H,h)
q>p F(Hh) < p<1<gq,G(H,h) < p > ¢, and hence conditions A
to G cover all possible values of the pairs (p, q).

Qmmon

Theorem 9.2.1. For anya > 0 and b > 0, a + b > 0, the following equalities
hold:

(i)

(H(|h™(a) — h='(b)|) if A(H.h) and B(h) hold,
I(H.h;a,b) = { Hoh™'(la—b|) if ACH,b) and C(h) hold,

0 if D(H, h) holds.
9.2.7)
(ii) Forany H € M and h € M
inf{Pr{X # y}: Eh(|X|) = a, ER(|Y]) = b} =0, (9.2.8)

!See Definition 3.2.2 in Chap. 3.
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inf{EH(|X —Y|) : Pr{X # u} = a,Pr{Y # u}
=0wmeU, a,bel0,1]). (9.2.9)

(iii)
S(H,hia,b) =

H(h™"(a) + h=Y(b)) if F(H,h) holds or if B(h) and E(H,h) hold,
{ Hoh (o + B) if C(h)and E(H,h) hold,

00 if G(H,h) holds.
(9.2.10)
(iv) Foranyue U, H € M, h e M
sup{Pr{X + Y} : Eh(|X|) = a, ER(|Y|)) = b} =1, (9.2.11)

sup{Pr{z Y} : Pr{X # u} = a,Pr{Y # u} = b}
= min(a + b, 1)(a,b € [0,1]), (9.2.12)

sup{ EH(|X = Y|)) : Pr(X #u) = a,Pr{Y #u} = b} = 00. (9.2.13)

Proof. (i) Case 1. Let A(H,h) and B(h) be fulfilled. Denote ¢(a,b) :=
H(lh Y (a) —h7'(b)|),a = 0,b > 0.
Claim. I(H,h,a,b) > ¢(a,b).
By Jensen’s inequality and A(H, h),

Hoh™WEZ)<EHoh™!(2). (9.2.14)

Taking Z = h(|X — Y|) and using B(h) we obtain H " (EH(|X —
Y)) = HWEH o h™'(Z)) = "' (ER(|IX = Y)) = [ (ER(IX]) -
h=Y(Eh(|Y )| for any X, Y € X, which proves the claim.
Claim. There exists an optimal pair (X*, Y *) of RVs such that EA(|| X*|) =
a, Eh(JY*|) = b, EH(| X* — Y*||) = ¢(a, b). (Note that an optimal pair of
RVs has this restricted meaning in the chapter.)

Let e here and in what follows be a fixed point of U with ||e|| = 1. Then the
required pair (X*, Y*) is given by

X*=h"Ya)e Y*=h"'(b)e, (9.2.15)

which proves the claim.

Case 2. Let A(H, h) and C(h) be fulfilled. Denote ¢;(¢) := Hoh™'(¢),t > 0.
Asin Claim 1, we get [(H, h;a,b) > ¢1(Ja—b|). Suppose thata > b,



9.2 Primary Minimal Distances 223

and for eacih & > 0 define a pair (X,, Y;) of RVs as follows: Pr{X, =
c.e, Y. =0} = p., Pr{X, =de,Y., =d.e} =1— p,, where

0:=0e a—b
= Oe = —
Pe a—b+e

b
ce i =h"Ya—b+e) dp:=h"" ( ) .
1 — pe

(9.2.16)

Then (X,, Y:) enjoys the side conditions in (9.2.1) and EH (|| X, —
Yel) = ¢1(a—b +¢e)(a—>b)/(a —b + ¢). Letting ¢ — 0, we claim
9.2.7).

Case 3. Let D(H, h) be fulfilled. To obtain (9.2.7), it is sufficient to define a
sequence (X,,Y,) (n > N) such that lim,_,oc EH(|| X, — Y,,||) = O,
Eh(|Xull) = a, ER(]|Y,]]) = b. An example of such a sequence is
the following one: Pr{X, = 0,Y, = 0} = 1 — ¢, — d,, Pr{X
nae,Y, = 0} = ¢,, Pr{X, = 0,Y, = nbe} = d,, where ¢, =
a/h(na),d, = b/h(nb), and N satisfies cy + dy < 1.

(ii) Define the sequence (X,,Y,) (n = 2,3,...) such that Pr{X, =
h~Y(naye,Y, = h~'(nb)} = 1/n, Pr{X, = 0,Y, = 0} = (n — 1)/n.
Hence, Eh(||X»|) = a, Eh(|Ys]) = b, and Pr(X, # Y,) = 1/n, which
proves (9.2.8).

Further, suppose @ > b. Without loss of generality, we may assume
that u = 0. Then consider the random pair (X .Y ) with the following joint
distribution: Pr{Xn =0,Y, = 0} = 1—a, Pr{Xn = (1/n)e, Yn =0} =a—b,
Pr{Xn = (1/n)e, Y, = (1/n)e} = b. Obviously (Xn,Yn) satisfies the
constraints Pr(X, # 0) = a, Pr(Y, # 0) = b, and lim,—o EH(|| X, —
Y,|l) = 0, which proves (9.2.9).

The proofs of (iii) and (iv) are quite analogous to those of (i) and (ii),
respectively. O

Remark 9.2.1. If A(H,h) and B(h) hold, then we have constructed an optimal
pair (X*,Y™) [see (9.2.15)], i.e., (X*,Y™) realizes the infimum in I(H, h;a,b).
However, if D(H,h) holds and a # b, then optimal pairs do not exist because
EH(|X — Y||) = 0 implies @ = b. Note that the latter was not the case when
we studied the minimal or maximal distances on a u.m.s.m.s. (U, d) since, by
Theorem 8.2.1 of Chap. 8, (X*,Y*) and (X **, Y **) exist such that

Be(X,Y) == inf{u.(X,Y) : X,Y € X(U,d), Pry = Pry,Pry = Pry}

= I’LC(X*s Y*)
and

fie(X,Y) := sup{p(X,Y) : X,Y € X(U,d), Pry = Pry, Pry = Pry}
— ,LLC(X**,Y**)



224 9 Moment Problems Related to the Theory of Probability Metrics
Corollary 9.2.1. Foranya >0,b>0,a+b>0,p>0,¢q >0,

@/t —bYa|P if p=q =1,
a—>blPl,  ifp=q O0<qg<l,
I(p.q:a.b) = | | Frzq 7 (9.2.17)
0, if0<p<qorq=0, p>0,
la — b, if p=q=0,
and in particular, the primary h-minimal metric, Z,,,h (hX = E|X|9), admits the
following representation:

jal/t —b'4).if pzq =1,
la—b|"1, if p>1,0<gq<1,

Lyna.b)y=1{la—bl"4, if1>p=qg>0, (9.2.18)
0, if0<p<gqorq=0, p>0,
la —bl, if p=q=0.

One can verify that if | is a compound or simple probability distance with
parameter Ky, then

M(Pl, Pz) .= sup M(Xl,Xz) X1, X € X,

ER(IX]) = /U h(xPodo.i = 1,20 9219

is a moment function with the same parameter Kyy = K, (see Definition 3.4.2
of Chap. 3). In particular;, in (9.2.4), S(H,h;a,b) (H € H N M), and in (9.2.6),
M, (P1. P2) = S(p.q:a.by™™ /), a = [ x4 Py(dx), b = [ [|x]|* P2(dx) may
be viewed as moment functions with parameters Ky = Ky [see (2.4.3)] and Ky, =
1, respectively.

Corollary 9.2.2. Foranya >0,b>0,a+b>0,p>0,9 >0,

(a1 4+ bV if 0<p<gq, q=>1,
a + b)r/4, if 0 <p=<g<l, 0,
S(p.q;a,b) = ( : o " 0220
o0, if p>q=>0,

min(a + b, 1), if p=¢q =0.

Obviously, if ¢ = 0in (9.2.17), (9.2.18), or (9.2.20), then the values of I and S
make sense fora,b € [0, 1].
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The following theorem is an extension for p = g = 1 of Corollaries 9.2.1 and
9.2.2 to a nonnormed space U such as the Skorokhod space D[0, 1].?

Theorem 9.2.2. Let (U, d) be a separable metric space and X = X(U) the space
of all U-valued RVs, and letu € U, a > 0, b > 0. Assume that there exists 7 € U
such that d(z,u) > max(a, b). Then

min{ Ed(X,Y): X,Y e X, Ed(X,u) =a, Ed(Y,u) = b} =|a—b| (9.2.21)
and
max{Ed(X,Y): X, Y e X, Ed(X,u) =a,Ed(Y,u) =b} =a+b. (9.2.22)

Proof. Leta < b,y = d(z,u). By the triangle inequality, the minimum in (9.2.21)
is greater than b — a. On the other hand, if Pr(X = u,Y =u) =1—-5/y,Pr(X =
wY =z0=0B-a)/y,Pr(X =2z2Y =u) =0,Pr(X =2Y =2 = a/y,
then Ed(X,u) = a, Ed(Y,u) = b, Ed(X,Y) = b — a, which proves (9.2.21).
One proves (9.2.22) analogously. O

From (9.2.21) it follows that the primary #-minimal metric, Zl,h (hX,hY), with
respect to the average metric £;(X,Y) = Ed(X,Y) with hX = Ed(X,u), is
equal to |h X —hY |. The preceding theorem provides the exact values of the bounds
(3.4.48) and (3.4.52).

Open Problem 9.2.1. Find the explicit solutions of moment problems with one
fixed pair of marginal moments for RVs with values in a separable metric space
U. In particular, find the primary h-minimal metric £, (hX, hY), with respect to
L,(X,Y)={Ed"(X,Y)}"/?, p>1,withhX = Ed9(X,u),q > 0.

Suppose that U = R”" and d(x,y) = |x — y|l1, where ||xi,....x,)|1 =
|x1] + -+ 4+ |x,|. Consider the H-average distance Ly(X,Y) = EH(|X —
Y |lh), with convex H € H, and the L,-metric £,(X,Y) = {E|X — Y|}V/?.
Define the engineer distance EN(X,Y; H) = H(|[EX — EY||;), where EX =
(EXy,...,EX,) in the space of X(R") of all n-dimensional random vectors
with integrable components (Example 3.2.5). Similarly, define L ,-engineer metric,
EN(X.Y,p) = (7=, |[EX; — EYi|P)1/p, p > 1[see (3.2.14)]. Let h X = EX for
any X € FSE(R”). Then the following relations between the compound distances L,
L, and the primary distances EN(-, -; /), EN(:, -; p) hold.

Corollary 9.2.3. (i) If H is convex, then

Lun(hX.hY) := min{Ly(X,Y): hX = hX,hY = hY}
= EN(X.Y: H). (9.2.23)

2See, for example, Billingsley (1999).
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(ii) Forany p > 1
Lon(hX,hY) = EN(X,Y; p). (9.2.24)

Proof. Use Jensen’s inequality to obtain the necessary lower bounds. The “optimal
pair”is X = EX,Y = EY. O

Combining Theorems 8.2.1, 8.2.2, and 9.2.1, we obtain the following sharp
bounds of the extremal functionals Ly (P, Q) P,Q € PU) and Ly(P, Q)
(Theorem 8.2.1) in terms of the moments

a= /Uh(x)P(dx), b =/Uh(x)Q(dx). (9.2.25)

Corollary 9.2.4. Let (U, || - ||) be a separable normed space and H € H.

(i) If A(H.h) and B(h) hold, then Ly (P, Q) = H(|h™"(a) — h~" (b)]).
(ii) If B(h) and E(H,h) hold, then Ly (P, Q) < H(h™'(a) + h~(b)).

Moreover, there exist P;,Q; € PWU),i = 1,2, witha = fU h(x) P; (dx),
b = [, h(x)Qi(dx) such that Ly(P, Q1) = H(lh™"(a) — h~'(b)]) and
Li(P2, Q1) = H(h™'(a) + k™' (b)).

9.3 Moment Problems with Two Fixed Pairs of Marginal
Moments and with Fixed Linear Combination
of Moments

In this section we will consider the explicit representation of the following bounds:

I(H,hy,hy;a1,b1,a2,by) ;= inf EH(| X —Y)), 9.3.1)
S(H,hy,hy;a1,by,a2,by) :=sup EH(|| X —Y|]), (9.3.2)
where H, hy, h, € M, and the infimum in (9.3.1) and the supremum in (9.3.2)

are taken over the set of all pairs of RVs X,Y € X(U), satisfying the moment
conditions

Ehi(|X|) =a, Em(YI)=>5:, i=12, (9.3.3)
and U is a separable normed space with norm || - ||. In particular, if H(t) = ¢7,
hi(t) =t%,i =1,2(p >0, g2 > g1 > 0), then we write

I(p.q1.q2:a1,b1,a2,b2) := [(H, hy, hy;ay, by, a2, D), (9.3.4)
S(p,q1,q2;a1,b1,a2,b2) := S(H, hy, ha;a1,by, a2, by). (9.3.5)
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If H € H, then the functional / represents a primary /#-minimal distance with
respect to Ly (X,Y) = EH(|X — Y|)) with hX = (Eh(|X]), Ehx(]| X]))).}
In particular, I(p, q1,q2; a1, by, az, b)™™1-1/P) is a primary h-minimal metric with
respect to £,(X,Y) = {E| X — Y||P}min(:1/P)_ The functionals (9.3.2) and (9.3.5)
may be viewed as moment functions with parameters Ky and 2™"(1:?) | respec-
tively.* A moment problem with two pairs of marginal conditions is considerably
more complicated, and in the present section, our results are not as complete as in
the previous one. Further, conditions A to G are defined as in the previous section.

Theorem 9.3.1. Let the conditions A(hy, hy) and G(hy, hy) hold. Let a; > 0,
b >0,i =1,2,a1+a,>0,b; + b, >0, and

hi'(a1) < hy'(a2).  hy'(br) < byt (bo). (9.3.6)

(i) If A(H, hy), B(hy) and D(H, hy) are fulfilled, then

I(H, hi,hy;a1,bi,a2, b)) = I(H, hy;a1,b1) = H(|h7 ' (a1) — b7 (5y))).
9.37)

(ii) Let D(H,hy) be fulfilled. If F(H,h,) holds or if B(h)) and E(H,h)
hold, then

S(H, hy,hy;ay,bi,a2,by) = S(H, hy;ar, by)
= H(h{"(a)) + b7 (). (9.3.8)
(iii) If G(H, hy) is fulfilled and hi'(ay) # hy'(az) or hi'(by) # hy'(b2), then
S(H,hy, hy;a1,by,az,b2) = S(H, hy;ay, b)) = oo. (9.3.9)

Proof. By Theorem 9.2.1 (i), we have
I(H, hy, ha; fli,a,by,a2,b2) > I(H, hy;a1,b1) = ¢(ar, br)
= H(hy (@) = (o). (9.3.10)

Further, we will define an appropriate sequence of RVs (X;, Y;) that satisfy the side
conditions (9.3.3) and lim;—o0 EH(||X; — Y;||) = ¢(a;,b1). Let f(x) = hy o
hi'(x). Then, by Jensen’s inequality and A(h,, A1),

flay) = fF(Em(IXID) < Ef o (| X)) = a2 (9.3.11)
and f(b1) < by. Moreover, lim,,o f(t)/t = co by G(hy, hy).

3See Sect. 3.2 in Chap. 3.
“See Definition 3.4.2 in Chap. 3.
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Case 1. Suppose that f(a,) < az, f(b1) < ba.

Claim. If the convex function f € M and the real numbers ¢y, ¢; possess
the properties

fc1) <2 tl_l)rgo f@)/t = o0, (9.3.12)

then there exist a positive #y and a function k(¢) (t > 1) such that the
following relations hold for any ¢ > #,:

0 <k(t) <1, 9.3.13)
tf(e1 — k(1)) + k(@) f(c1 +1) = ea(k(t) + 1), (9.3.14)
ko) o (9.3.15)

k@) +t = flci +1)’
and
tl_i)rgok(t) =0. (9.3.16)

Proof of the claim. Let us take #o such that f(c; +t)/(c1 +t) > ca/ci,
t > 1y, and consider the equation

F(Z,X) = (3,

where F(t,x) := (f(c1 — x)t + f(c1 + t)x)/(x + t). For each t > 1,
we have F(t,c1) > ¢, F(t,0) = f(c1) < c¢z. Hence, for each t > 1,
there exists x = k(z) such that k(t) € (0,c¢;) and F(¢,k(¢)) = ca,
which proves (9.3.13) and (9.3.14). Further, (9.3.14) implies (9.3.15), and
(9.3.13), (9.3.15) imply (9.2.16). The claim is established.

From the claim we see that there exist o > 0 and functions £(¢) and
m(t) (t > to) such that for all # > 7y we have

0<{(t)<a;, 0<m()<by, (9.3.17)

tf(ar —L@))+L(t) flar + 1) = ar(€(t) + 1), (9.3.18)
tf(by —m(t)) + m@t) f(by +1t) = by(m(t) + 1), (9.3.19)
t1_1>rgo L) =0, tl_l)Iglo m(t) = 0. (9.3.20)

Using (9.3.17)—(9.3.20) and the conditions A(H, h;), D(H,h;), and
G (hy, hy) one can obtain that the RVs (X;,Y;) (f > ty) determined by
the equalities are

PI‘{X, = xi(t)v Yt = yj(t)} = pij([)s ls./ =12,
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where

x1(t) = hy' (@ —L(t))e,  xa(t) :=hy'(a) + t)e,
yi@@) == hi (b —m(@))e,  ya(t) == h7' (b1 + 1),
pu (@) :==min{t/(L(1) +1),1/(m@) + 1)}, pr@) :=1/({F) +1) — pu@),
par(0):=t/(m(1) + 1) — p11(1), paa(t):=min{l(t)/(L(t) + 1), m(t)/(m(r) + 1)}

possess all the desired optimal properties. O

Case 2. Suppose f(a1) = a [i.e., hi'(a1) = hy'(a2)], f(b1) < by. Then we
can determine (X, ¥;) by the equalities Pr{X, = h7'(a1). Y, = y1(1)} =
t/(m(e) + 1), Pr{X, = hi''(a1). Y; = y2(0)} = m(t)/(m(t) + 1).

Case 3. The cases (f(a;) < az, f(b1) = by) and (f(a;) = az, f(b1) = by) are
considered in the same way as in Case 2.

Parts (ii) and (iii) are proved by analogous arguments. O

Corollary 9.3.1. Leta; > 0, b; > 0,a; +a; > 0, by + by > 0, a}/(h < a;/f{z’
bl/lil < bl/QZ
1 =06

(i) If1 <q1 < p < q», then
I(p.q1,q2:a1,b1,a2,b2) = I(p,qi;a1,by) = (@) —b//")?.  (9.3.21)
(ii) If0 < p < q1, 1 < q1 < q>, then
S(p.q1.qr:a1.br.az.by) = S(p.qiiar.by) = (a)/" —bl/™MP. (9322
(iii) If0< g1 <qg, < p cmda}/q1 = aé/qz orbll/q1 = bzl/qz, then

S(p.q1.92;a1,b1,a2,b2) = S(p,q1;a1,b1) = 0.

Corollary 9.3.1 describes situations in which the “additional moment informa-
tion” a; = E||X||%, by = E||Y |9 does not affect the bounds

I(p,q1.92:a1,b1,a2,b5) = 1(p.q1;a1,a),
S(p.q1.q2;a1,b1,a2,b2) = S(p.q1;a1,a2)

(and likewise Theorem 9.3.1).

Open Problem 9.3.1. Find the explicit expression of I(p, 1, g2, a1, b1, az, by) and
S(p,qi1,q2;:a1,b1,a,,b;) forall p > 0,g, > 0,g; > 0 [see (9.3.4), Corollary 9.3.1,
and Theorem 9.3.1]. One could start with the following one-dimensional version of
the problem. Let 4; : [0,00) — R (i = 1,2)and H : R — R be given continuous
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functions with H symmetric and strictly increasing on [0, 00). Further, let X and Y
be nonnegative RVs having fixed moments a; = Eh;(X), b; = Eh;(Y),i = 1,2.
The problem is to evaluate

[ =infEH(X —Y), S=supEH(X +7). (9.3.23)

If one desired, one could think of X = X(¢) and ¥ = Y(¢) as functions on
the unit interval (with Lebesgue measure).” The five moments a, da, by, by, and
EH(X 1Y) depend only on the joint distribution of the pair (X, Y) and the extremal
values in (9.3.23) are realized by a probability measure supported by six points.®
Thus the problem can also be formulated as a nonlinear programming problem
to find

6 6
1 :ianij(uj -v;), S= suprjH(uj +v;),
j=1 j=1
subject to
6
pj>07 Zp]: ) Mj Zov vj Zov jzls 765

6 6

ijhi(uj):ais ijhi(vj):biv i=1.2.

Jj=1 =1
Such a problem becomes simpler when the function /; and the function H on R
are convex.’

Note that in the case where U is a normed space, the moment problem was

easily reduced to the one-dimensional moment problem (U = R). This is no longer
possible for general (nonnormed) spaces U, rendering the problem quite different

from that considered in Sects. 9.2 and 9.3.

Open Problem 9.3.2. Let u(X,Y) be a given compound probability metric in
(U, - D, I an arbitrary index set, «;, B; (i € I) positive constants, and h; € M,
i € I.Find

H{pw o, Bii € 1} =inf{u(X,Y): X,Y € X(U),
Ehi(|X1) =i ERi(|Y])) = Bi. i € 1}.(9.3.24)

and define S{u;;, B;,i € I} by changing in to sup in (9.3.24). One very special
case of the problem is

3See Karlin and Studden (1966, Chap. 3) and Rogosinky (1958).
6See Rogosinky (1958, Theorem 1), Karlin and Studden (1966, Chap. 3), and Kemperman (1983).
7See, for example, Karlin and Studden (1966, Chap. 14).
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0if Pr(X = Y) = 1,

M(X,Y)=5(X’Y):{1ifPr(X7éY)=1

(Example 3.2.4). Then one can easily see thats

1{6;a;,Bi,i €1} = Oif oy :,’Bi’ viel, (9.3.25)
1 otherwise,
and
S@;a;,Bi,i el)=1. (9.3.26)

In Sect. 3.4 we introduced the p-upper bound with fixed sum of marginal gth
moments

wle;m,q) ==sup{u(X,Y): X, Y e X(U),my(X) +my(Y) =c}, (9.3.27)

where v is a compound probability distance in X(U) and m,(X) is the “qth
moment”

my(X):= Ed(X,a)!, q>0,
mo(X) := EI{d(X,a) # 0} = Pr(X # a).

Similarly, we defined the p-lower bound with fixed difference of marginal gth
moments

pleim,q) = inf{u(X,Y): X, Y € X(U),my(X) —my(Y) =c}.  (9.3.28)

The next theorem gives us explicit expressions for u(c;m,q) and (c;m,q)
when y is the p-average metric (Example 3.4.1), u(X,Y) = L,(X,Y) =
(E|X = Y|?}, p/ = min(1,1/p) (p > 0) or u is the indicator metric,
wX,Y) = Lo(X,Y) = E|X =Y|° = EI{X # Y}. [We assume, as before,
that (U,d), d(x,y) := ||x — y|, is a separable normed space.]

We will generalize the functionals p and & given by (9.3.27) and (9.3.28) in the
following way. For any p > 0, q > 0, a, B, ¢ € R, consider

I(p.g,c.a,B) :=inf{E|X =Y |? :amg + Bmy = c} (9.3.29)

and
S(p.q.c.o, B) :=sup{E|| X = Y|P : amy + Bmy = c}. (9.3.30)

Theorem 9.3.2. Foranya > 0, 8§ > 0, ¢ > 0, p > 0, ¢ > 0, the following
relations hold:

0 ifq#0o0rifg=0,c<a+p,

3.31
4+o0ifqg=0,c>a+f ©.3.31)

I(p.q.c,a,B) =
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[the value +00 means that the infimum in (9.3.29) is taken over an empty set],
I(p.q.c,a,=B) = 0if p<a,p’+¢°#0,0r0<p<gq
orq=0,p>0,andc <«

= [e(BV@D — MY (@B)]P N ifa < B.p = B> 1

= (c/o)"ife <B.p=q0<qg=1

:max(ﬂ,o) fp=q=0,<a,c<a«a

o

= +00 ifg=0,¢c>a. (9.3.32)
Proof. Clearly, if ¢ > « + f, then there is no (X,Y) such that amo(X) +
Bmo(Y) = c. Suppose g > 0. Define the optimal pair (X*,Y*) by X* = Y* =
(c/(a + B))"9e, where ||| = 1. Then £,(X*,Y*) = O forall 0 < p < oo and
clearly am, + Bm, = c, i.e., (9.3.31) holds.

To prove (9.3.32), we will make use of Corollary 9.2.1 [see (9.2.17)]. By the
definition of the extremal functional I(p, g; a, b) (9.2.5),

I(p.q.c,a,—B) =inf{l(p,q:d, f):d >0, f >0,ad — Bf =c}, (9.3.33)

where I(p,q;a,b) admits the explicit representation (9.2.17). Solving the mini-
mization problem (9.3.33) yields (9.3.32). O

Similarly, we have the following explicit formulae for S(p, ¢, c, «, 8) (9.3.30).
Theorem 9.3.3. Foranya >0,8>0,¢c >0, p>0,¢q >0,

+ooif p>0,9g>0,0rp>0,9g=0,c<a
S(p.q.c.a.=p)=q1 if p=q=0,c<a,0or p=0,g>0
—00 if ¢q =0, ¢c>a,

[the value —oo means that the supremum in (9.3.30) is taken over an empty set],

S(p.q.c.a.p) = [c(@"/@™D + pUED)=1 /()P4 if0 < p < q. g > 1.,

1 p/q
:(Emin(a,ﬂ)) f0<p=<qg=<1l,g>0
= 400 ifp>q>00rp>q =0,
c<a+p,
= min[l, ¢/ min(a, B)] fp=q=0,c<a+p,
= —00 ifg=0,c>a+p.

Using Corollary 9.3.1 one can study similar but more general moment problems:

minimize {£,(X,Y): F(mg (X),mg,(X),mg (Y), my,(Y)) = 0}.
(maximize)
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Chapter 10
Moment Distances

The goals of this chapter are to:

* Discuss convergence criteria in terms of a simple metric between characteristic
functions assuming they are analytic,

* Provide estimates of a simple metric between characteristic functions of two
distributions in terms of moment-based primary metrics,

* Discuss the inverse problem of estimating moment-based primary metrics in
terms of a simple metric between characteristic functions.

Notation introduced in this chapter:

Notation Description

A(F,G) Simple probability metric calculating the distance between two
distributions F and G in terms of their characteristic functions

i (F) j th moment of distribution F

dy(F,G) Primary metric based on moments of F' and G with parameter o > 0

D Set of all distributions with finite moments of all orders and uniquely
determined by them

N Subclass of D defined by distributions having moments that do not

increase faster than a given sequence

10.1 Introduction

In this chapter we show that in some cases the investigation of the convergence of a
sequence of distributions { F,,} to a prescribed distribution function (DF) F (or to a
prescribed class K of DFs) can be replaced by studying the convergence of certain
characteristics of F, to the corresponding characteristics of F' (or characteristics
of KC). For example, if [ is a functional on a class of DFs for which a function F is

S.T. Rachev et al., The Methods of Distances in the Theory of Probability and Statistics, 237
DOI 10.1007/978-1-4614-4869-3_10, © Springer Science+Business Media, LLC 2013



238 10 Moment Distances

the only minimum point and the problem of minimizing / is well posed in the sense
that any minimizing / sequence of functions converges to F', then

Fy > F < L(F,) = L(F).

Thus, the convergence of {F,} to F is equivalent to the convergence of I (F}) to
I(F). Of course, estimating the closeness of F, to F' from that of 1(F,) to I(F)
is interesting by itself. Sometimes it is useful to construct a functional I for which
F is a minimum point in order to have scalar characteristics whose convergence to
the corresponding characteristics of F implies the convergence of the distributions
themselves. These problems are considered below for certain special distributions.

We begin the discussion by introducing a simple metric between characteristic
functions of probability distributions denoted by A(F,G) and derive bounds for
the metric assuming the characteristic functions are analytic. In Sect. 10.3, we
introduce a primary metric d, (F, G) defined through the absolute distance between
the corresponding moments of the distributions ' and G. Bounds of A(F, G) are
derived in terms of d,(F, G). Finally, we consider the question of estimating the
primary metric d,(F,G) in terms of the simple metric A(F, G). Although not
always possible because of the nature of the metrics, we consider the conditions
under which an estimate can be provided.

10.2 Criteria for Convergence to a Distribution
with an Analytic Characteristic Function

Consider two characteristic functions fy(¢) and fi(¢) of real random variables
(RVs). Assume that the function fy(¢) has derivatives of all orders and is uniquely
determined by them (i.e., the corresponding random variable has all moments and its
distribution is determined by these moments). In this case, the coincidence of f;(¢)
and fj(¢) in a neighborhood of t = 0 implies their coincidence for all values of ¢.
Therefore, it is natural to think that the convergence on a fixed interval of a sequence
of characteristic functions { f,,(¢)}: lim,—eo f4(t) = fo(¢) for |t| < Ty (where
Ty > 0is a fixed number) will imply the weak convergence of the sequence { F,,} of
the corresponding DFs to Fp. To measure the distance between two distributions F
and G in terms of their characteristic functions, we employ the following metric:

MFE,G) = Tirgmax (lnlliDT((lf(z) — g2, l/T)) , (10.2.1)

where f(z) and g(z) denote the characteristic functions of F and G.

In this section, we will consider this problem for an analytic characteristic
function fj. The first result [see Klebanov and Mkrtchyan (1980)] is formulated
for an entire characteristic function fy.
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Theorem 10.2.1. Suppose that a nondegenerate DF F(x) has the moments y; =
ffzo x/dF(x) of all orders with ,ué]/cak)/(Zk) — 0ask — oo. For {F,}32, to
converge weakly to F, it is necessary and sufficient that for some Ty > 0,

sup | fu(t) — f(t)] = 0, n — o0, (10.2.2)

[t|=To

where f, and [ are the characteristic functions of F, and F, respectively.
Moreover,

A(F,, F) < C min {u;/zk?’/zs;/“k“) + a0 /(Zk)}, (10.2.3)

where A(F, G) is defined in (10.2.1),
&n = sup | fu(t) — f(0)],

t1=<To
and C is a constant depending only on F and Tj.

Proof. Clearly, the weak convergence of F, to F implies that A(F,, F) — 0,
especially as supy, <7, | fn(t) — f(¢)| — 0. Therefore, it is enough to prove (10.2.3).
Let g(¢) be an arbitrary characteristic function. We write

e = sup |f(t) —g@)| (10.2.4)
[t|<To
and prove that
AF.G) = C min {u§/2k3/281/<4k+” + M;,C‘Zk)/(zk)}, (10.2.5)

where G is the DF corresponding to the characteristic function g(¢). This will lead
to (10.2.3) when we take g(t) = f,(¢).
For all real ¢, relation (10.2.4) can be written as

f(t)—g(t) = R(t:¢), (10.2.6)

where |R(t; ¢)| < ¢ for |t| < To. Suppose that

a6 = {exp{—l/(l +2)—1/(1—=1)} fort € (=11,
0 fort & (—1,1),
and
us(t) = u(t/8)/(8 /_Z u(‘r)dr), 5> 0.
Let

@) = [yt — .
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Clearly, u5(z) = 0 for |z] > § and ffzo us(z)dz = 1. Without much difficulty we
can verify that iz5(z) is an infinitely differentiable function and

sup agf"’(z)‘ <Cm™, m=12,..., (10.2.7)
¥4

where C > 0 is an absolute constant.
Multiplying both sides of (10.2.6) by is(¢ — z) and integrating with respect to ¢,
we obtain

f5(z) — g5(z) = Rs(z: 8), (10.2.8)

where

5 = / " F0ist — .
25(2) = /_ g (D)t — 2,

o0
Rs(z;8) = / R(t; e)us(t — z)dt.
—00

Clearly, all functions that appear in (10.2.8) are infinitely differentiable, and
by (10.2.7), for any integern > 1,

R @e)| = Ce forld] < Ty 5. (10.2.9)

Differentiating both sides of (10.2.8) k times with respect to z and letting z = 0, in
view of (10.2.9) we find that

‘fg“(()) - g§k>(0)\ < Ck¥e/sk, k=1,2,.... (10.2.10)

Note that although f; and gs are not characteristic functions of probability
distributions, by the construction of us, they are the Fourier transforms of positive
and finite (but not necessarily normalized) measures. Therefore, they have all the
properties of a characteristic function with the exception of the fact that for z = 0
their values may be different than unity. Thus, for an arbitrary integer k > 1 and
any é € (0, Tp), taking (10.2.10) into account we have for all real z

L £00) — g0) 1290 + ¢ (0)

k
| /5(2) — gs(2)| < ;) I z 0! >
2170
< ce 20 explz] + —— |z|%*. (10.2.11)

3% (2k)!
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Since
0] = [ 17200 e <

we find from (10.2.11) that
| f5(2) — g5(2)] < C explz|(2k)** /87 + 2pua|2|* / (2K)!. (10.2.12)

In addition,

1@ - f@)] < /_ () = F@lis(t — )
< swp 1£() - @)

|t—z|<§

< ud’s. (10.2.13)

Next,

lgs(z2) — g(2)| < sup |g(t) —g(z)| = sup ‘/_ (eix(’_z)—l)eizxdG(x)‘

|t—z|<é [t—z|<8

o0
< sup / e — 1] dG(x)
o0

[t—z]<6 /—

o0
< sup / {1 —cos(t — 2)x? + sin®(t — 2)x}/2d G(x)

[t—z|<§ J—

< sup V3 (1 —cos(t — z)x)l/sz(x)

lt—z|<é —00

< sup f(/ (l—cos(t—z)x)alG(x))l/2

lt—z|<§

< V3(sup 11— gl)

[z|<8

Since § < Ty,

sup [1 —g(0)| = sup |g(zr) — f(D)] + sup [1 = f(7)]

[z|<8 [z|<8 lz|<8

<8+M1/28

From this and the preceding inequality we deduce that

lg5(2) — g(@)] < V32 + V3 u)/ U8V, (10.2.14)
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Relations (10.2.12)—(10.2.14) lead us to

Sk

k
1 8] = Ce 20 expli] + 02k

(2k)!

Z22K 0 4 ey ?s'2, (10.2.15)

which holds for any real z. Here, we assume that ¢ < § < Tp, and C is an absolute
constant.

Let us find the minimum with respect to § of the right-hand side of (10.2.15).
Without difficulty we can verify that this minimum is attained when

1/2 81/2(2)
_ C1/(4k+1)81/(4k+1)(4k)1/(4k+1)(zk)6k/(4k+1) exp Iz| /Mé/(8k+2)
4k + 1
(10.2.16)

and is equal to

2M2k “hak |2k + zc%gmklﬂ) (4k) (4k1ﬁ-1) (2k) (4k61(i-1) exp{i}/M;/Z—l/(gk'i'Z)‘

(2k)! 4k + 1)
(10.2.17)
Since
MF.G) = minmax{max | /) = g, 1/T}.
we find from (10.2.15) and (10.2.17) that
MF.G)< min  min  max (2’;:)’“ 7% 4 Cert 2k)*2ud? 1/ TV,
(10.2.18)

Here, § = §(T) determined by (10.2.16) must be less than 7.
For T = C;(2k)!/(2ua)"/®*+D where C; > 0 is a constant, we have

max {2z T /(2k)! + C e (2k)**pl/2, 1/ T}
< Qua/ @)D 4 C e (2Kk) 2y

< Cuzé(%)/k + e,
where C is a new absolute constant. We now see from (10.2.18) that

A(F.G) = min C{ual® ke + e (2k)** ul/?) (10.2.19)

if only §(T') < T holds. However, for T < 4k + 1,
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§12(T) = Cev¥ (2k)¥%/ s, (10.2.20)

where C > 0 is an absolute constant.
Since the moments j1y; cannot decrease faster than a geometric progression, it is
clear that C; can be chosen in such a way that

T = C1 (2k)!) Qo)) FFT < 4k + 1.

It is easy to see that the minimum on the right-hand side of (10.2.19) is attained for
k = k(e), satisfying

1 1
k(¢) <Cln—/Inln —,
€ €

and that for this k the right-hand side of (10.2.20) can be made to be less than T for
sufficiently small & > 0. O

Corollary 10.2.1. Suppose that F(x) is a DF concentrated on a finite interval
(a,b) and DF G(x) is such that the characteristic function g(t) satisfies (10.2.4).
Then there exist a constant gy > 0, depending only on Ty, a, and b, and a constant
C > 0, depending only on a and b, for which

Inln L
MF,G)<C ] 18

&

when 0 < ¢ < g.

Corollary 10.2.2. Suppose that F(x) is the standard normal DF and G(x) is such
that its characteristic function g (t) satisfies (10.2.4). Then there exist constants gy =
€0(Tp) > 0 and C > 0 such that for € € (0, &),

Inln 112
A(F,G)fC(I:nnls) .

Let us now turn to the case of an analytic characteristic function fj. First let us
obtain an estimate of the closeness of F and G in A knowing that f(¢) := fy(¢) and
g(t) are close in some fixed neighborhood of zero.

Theorem 10.2.2. Let F(x) be a distribution function whose characteristic function
f(¢t) is analytic in |t| < R. Assume that G(x) is such that its characteristic function

g(t) satisfies
[f(t)—g®)] <e (10.2.21)

forrealt € [Ty, To). Then there exist g = 9(Ty) > 0 and C > 0, depending only
on F and Ty, such that for ¢ € (0, g],
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-1
MF,G)<C (lnlnl) . (10.2.22)
&

The proof of this theorem will require the following lemma, which was obtained in
Sapogov (1980).
Lemma 10.2.1. Suppose that F(x) is an arbitrary distribution function and f(t)

its characteristic function. We denote by Ai,zk)( f:t) a symmetric, 2kth-order finite
difference of f with step u > 0att € R'. Then

2 2 —1)¥2 s
F(-2Z) 41 —F(—”) < u/ AC(£.0)du, (10.2.23)
s s s Jo
where s > 0 is arbitrary, k = 1,2, ..., and
L k-
* T 2N

Proof of Lemma 10.2.1. Tt is well known that for any function ¢(¢)

2k
A;zk)((p;t) — Z(_l)l‘/’ (t —(k—Du). (10.2.24)
1=0

For ¢(t) = exp(itx) we have
AP (exp(itx);t) = exp(itx) (—4 sin’ %) .

Since
AP (p:t) = AP (AP (p:1): 1),

for any k > 1 we obtain
A,(fk) (exp(itx); t) = exp(itx) (—4 sin’ %)k ,
Afk)(exp(itx); 0) = (—4 sin? %)k .

By the fact that Affk) (¢; 1) is linear, we find from the last relation that

(=D*APO(f:0) = 4* / ” sin?* %“dF(x). (10.2.25)

—00

Integrating this identity with respect to u between 0 < u < s < oo we obtain
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(—1)k / ACO(f:0)du = 4 / /Oo sin? xz—udF(x)du
0 0 J—oo
=4 / ' / ” i %“d[F(x) — F(=x)]du. (10.2.26)
0 —00

Suppose that forz = 0, 1,2, ... the domains E;, C R? and G;, C R? are determined
as follows:

E, ={(x,u):0<u<s,2hn <x <2(h+ )r},
Gy :={(x,u):x; <x <00, 2hm <xu<2h+ 1)x},
where
xp = 2m(h + 1)/s. (10.2.27)

If (x,u) € Gy, then 2hn/x < u < 2(h + 1)rr/x and according to (10.2.27),
0 <u<2(h+ 1)x/x;, =s.Consequently, (x,u) € Ej. This means that G, C Ej,
h=0,1,2,....Now, letting F;(x) = F(x) — F(—x), we obtain by (10.2.26) that

(- 1)k/ ACO(f: 0)du—4k2// sin’ —dFl(x)du

E/z
Xu
> 4k sin?* ——dF(x)d
Z//G i > 1(x)du
© oo 27 (h+1)/x
=4y / dF (x) sin? 22y
h=0"*h 27h/x 2

x [r0+D
4kZ / dFi(x)3 / sin® ydy
X wh
dF
_ 4k22/ 1(x)12k
Xi+1 dF
— 4k2]2k22/ 1(x)

h=0[=h
0 % dF

— 421, Zh/ 1)
h=1 Xp—1 X

>4k212k2 / dF; (x)
Xp—
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s hs *h
= 4k21k —/ dF; (x)
: }; i+ 1) S, !

%

k s [
4% o) — dFi(x)
2w Sy,

k
— ?12,{ [F(—x0) + 1 — F(x0)].
v

Here we denoted xo = 277/s and used

k=Dt T,
Izk = W = /0 sin ydy

This concludes the proof of Lemma 10.2.1. O

Remark 10.2.1. Let us note now that if f(¢) has a derivative of order 2k att = 0,
then

|ACO(f;0)| < | £ (0)] . (10.2.28)
Let us now prove the theorem.

Proof of Theorem 10.2.2. Suppose that g(¢) satisfies (10.2.21). The distribution
function G(x) corresponding to g(z) is truncated at /s, where s is a positive
number. This means that the probability f‘x dG(x) is displaced from |x| > 7/s
tox = 0 onR!.

For the corresponding distribution function G*(x) we have

|>n/s

/s
/ o(0)d (G*(x) — G(x)) = p(0) dG(x),

—n/s |x|>m/s

regardless of what the continuous function ¢ : [—7/s, w/s] — R! is. Therefore, for
any integer k > 1,

/s

|g*(2k)(0)| :/ ' x*dG(x), (10.2.29)

—n/s

-0 =] [ " (60 - 6w)|
<2 dG(x), 10.2.30
=2 a6 (102,30

where ¢t € R!' and g*(t) = ffzo exp(itx)d G*(x). Next, according to (10.2.24),
letting ¢ = f and ¢ = g, we find, with 0 < ku < ks < Tj and (10.2.21) taken into
account, that
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\MmUﬂ%AW@wM5%%?)UO—%—W%@O—%4MH
=0
< 4k, (10.2.31)
Therefore, for u = s,
|A%D (g;0)] < [APO(f:0)| + g4k (10.2.32)
and
‘/O AR (g O)du‘ < )/O ACO(f 0)‘ + esdk. (10.2.33)

To estimate f‘

‘|>7/s dG(x), we apply Lemma 10.2.1 and (10.2.33), substituting
s for 2s: -

A

dG AP (g:0)d
/lezn/s (X) - 4k12ks‘/ (g ) u’

‘/ AP £:10)du

=

264k 10.2.34
4k12ks +ee ) ( )

Denote por = [0 x**dF(x). By (10.2.28) and the fact that | /9 (0)| = pax,
we have

( )2k+l
‘/ ACR(f: O)du‘ < pus (10.2.35)
Since f(¢) is analytic in |t| < R, for all integers k > 1
2k)!
Mok = C(R—zg. (10.2.36)

Here and subsequently in the proof of the theorem, C denotes a constant (possibly
different on each occasion) that depends only on f.
Relations (10.2.35) and (10.2.36) and Stirling’s formula imply

» 2%
0] < PO
o asron] <SGy

4k12kS

2k
C (ﬁ) Vk. (10.2.37)
eR

From (10.2.21), (10.2.30), (10.2.34), and (10.2.37) we derive, for =Ty < t < Ty,
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|[F(1) = G*(0)] =

(‘/ ACO(£:0)du
<cf[(szk) )

Passing from F(x) to its truncation F*(x), we obtain

/(1) - g<z>|<cf[(2’“) +g}

for—Ty <t < Ty.

10 Moment Distances

(10.2.38)

(10.2.39)

Let us now choose p > 0 and consider g*(¢) for complex ¢ with |[Im(z)| < p.
We assume that p is fixed and chosen sufficiently small so that p < min(R, Ty, 1).

Subsequently more constraints will be imposed on p. We write
W(x):=1—-G*(x) + G*(—x).

We have
/s
gwl=|[  emaetw)
—7/s

/s
- / P dG* (x)

—7/s
:Z //|x|”dG*(x).

However, forn > 1,

/s /s
/ [x|"dG*(x) = —/ x"dW(x)
0

—n/s

/s
=n / X" W (x)dx.
0

In addition, because (10.2.34) and (10.2.37) imply

W(x) < cf[(Zk’Z) +5],

therefore, for r/s > 1 andn > 1,

(10.2.40)
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/s 1 /s
/ |x|"dG*(x) = n/ XMW (x)dx + n/ x"'W(x)dx
0 1

—7n/s
1 7'[ 2 k
Sn/ x"_ldx+n/ ”1C~/_|:(7T ) +8:|dx
0 1
n 2 2k /s
<1+ C+ke (z) +Cx/§(ik) n/ x" 72 1gx,
S Re 1
Thus,
/s 27k n 7T\ 12k
n * =1 k ol
/_ﬂ/slxl a6* ) =1+ ke (T +cf(Re) (D)

for n # 2k and
x/ k 2 2k \* b
/ Ix|*dG* (x)<1+cfg( ) +c¢%(—) 2% Z.
—n/s Re N

Substituting the last two estimates into (10.2.34) and applying Stirling’s formula,
we find that

. 5 ﬁ 2k n zn—Zk
g (t)|_1+’§n![l+Cx/Es(s) +Cf(Re) — () ]
n#2k

I 2k \* b4
(2k)'(1+cfs( ) C\/E(E) 2kln;)

ox 2k \* ok bn 21\ * . 7w
<e” +eCVkes +CVk Ze) * es +C|==] In=.
e s
(10.2.41)
Note that (10.2.39) and (10.2.41) hold for all s > 0 and all integers k > 1. Let

us first choose s = pxr/(2k) in these relations. We then have

If*@) —g* ()] < C«/l?[(%)Zk + s] (10.2.42)

forreal t € [Ty, Tp] and

2k 2k
1g*(1)] < & + CVkee* + C (%)) = (10.2.43)
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for complex ¢ with |[Im(z)| < p. Without loss of generality, we can assume that
pr/R < 1. Let us choose in (10.2.42) and (10.2.43)

1
k = |:ocln—:|,
€

where « > 0 is a sufficiently small number and [x] denotes the integer part of x.
We can assume that &g = g¢(c) is chosen sufficiently small so that k > 0. Then we
obtain from (10.2.42)

|f*@) —g" ()] = Ce", tel-To, T (10.2.44)
for some y = y () > 0, and from (10.2.43) we find that
lg* ()] = M(p). [m()] < p. (10.2.45)

where M (p) depends only on p and &.

The arguments given in deriving (10.2.45) also apply in estimating the modulus
of f*(¢) (the corresponding calculations can even be simplified). That is, we can
assume that

|f* (O] = M(p), [Im@)] < p. (10.2.46)

Next, we obtain a relation similar to (10.2.44) but for complex ¢. Let us choose an
arbitrary integer n > 1 and write

2n—1
ffo-grm=>y

=0

[0 =g 0 ;S - )
j! 2n)! ’

(10.2.47)

where t satisfies |7| < |¢|. We have

£ () = / S(—l)"xzneif"dF*(x)s

—7/s

w/

/s )
g*(Zn)(T) — / (_1)nx2neztxdG*(x)'

—n/s

From this we find that for real ©

/s
|f*(27l)(1,)| S/ xanF*(x)
—7/s

7T\ 21
=(%3)".
s

*(2n) i 2
g (T)|§(s) . (10.2.48)
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If, however, T is a complex number with [Im(t)| < p/2, then

/s
lf*(Zn)(.[)| f/ x2neP-V/2dF*(x)
—7/s
/s 1/2
5(/ x4”dF*(x)) ,
—7/s
/s 172 1/2 [ TT\2n
/ e dF*(x) | < (M(p)" (—) : (10.2.49)
—7/s s
and, analogously,
g 2n
g @< (M) (3)7 . Im@)] < p/2. (10.2.50)

From (10.2.47) and (10.2.48) we obtain for real ¢ such that |¢| < min(7p, 1)

2n—1 i i
f*(])(())_g*(])(()) . o\ ]
‘; I o =cer+(T) an!”

Since we let s = pm/(2k), for real ¢ such that |¢| < Ty := min(7p, 1) the last
inequality produces

2n—1 ry(j) _ o*(j)
> [0 g (O)Z,‘ —Cer 4 (2") L (102.51)
= j! p ) (@2n)!

But then it is well known that!

2171 ex () () — o*)(0) ke\>" 1
= Jj! pn NG

for k > 1 and complex ¢ inside an ellipse with foci 77, real semi-axis T} K'H/ K

and imaginary semi-axis 7 <=1/<
Let us consider complex ¢ such that |¢| < p;, where p; > 0 and ¥ > 1 are chosen

in such a way that

K
o1 <Th

-1/«
< p/2.
5 p/

ISee Bernstein (1937, Chap. II, Sect. 1).
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Then for complex ¢ such that |t| < p;, we obtain from (10.2.52),(10.2.47), (10.2.49),
and (10.2.50) that

. . key2n 1
/D) — g (1) < C<£y 4 (p_Z)Z %)Kzn
ke 2 (i — 1/Kk)*"
p_n) N

If we assume in the last relation that n = Sk, where e/(8p) < 1, then we obtain

+M1/2(p)C(

|f*(t) — g™ (1) < Ce™, (10.2.53)

where y; > 0 is such that y; < y and (10.2.53) is fulfilled for complex ¢ with
7] < pr.

Let us now consider a conformal mapping ¢ = th (%) of {t : [Im(¢)t| < p1}

onto the unit circle {¢ : |{| < 1}. Denote by r the radius of the largest circle with
center at { = O that can be inscribed into the image of |¢| < p; under the mapping

{=th (%) . (10.2.54)
1

Let
p(0) = f*(1(9)),
(@) = g™ (1)
From (10.2.53) we have
lp(@) =W =Ce", [ =r (10.2.55)

and from (10.2.45) and (10.2.46)

lp(O] = M(p), ¥ ()| =M(p). [{]=1. (10.2.56)

Since ¢(¢) and W({) are analytic in || < 1, we can let

e(@) =) a;t/,
j=0

() =) bt
j=0

When [¢{| < r; < r, taking (10.2.55) into account and using the Cauchy inequality
for coefficients of the expansion of an analytic function into a power series, we
obtain
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() - w@)—Z(a,—b W= Z (a; —b))¢’

j=m+1
m+1
< ng%, (10.2.57)

where m > 1 is an arbitrary integer. Hence,

m ) m+1
‘Z(a,» — b,)t" <Cen [1 + M] (10.2.58)
A 1—r/r
j=0
for |{| < r; < r. According to Bernstein (1937), for o > 1 and real
1 1
te [_rlo + /07 rl(r—i— /0}
2 2
we have
m ) m+1
‘Z(a,» — b))t/ < Ce [1 + M]om“. (10.2.59)
, 1—r/r
j=0
However, for all complex ¢ € {|§'| <=L 1/“}
o©) - ¥ =Y~ <| 3 @bt
Jj=0 j=m+1
m+1
+1 2
< M(p) (n(@ +1/9)/2) (10.2.60)

l—ri(c+1/0)/2"°

where we used (10.2.56) and the Cauchy inequality for coefficients of the expansion
of an analytic function into a power series. From (10.2.59) and (10.2.60) we
conclude that

(n(o +1/0)/2)""!
—ri(c+1/0)/2

(ri/rym*!
1—r/r

() = W) = Cen 14 T 0" 4 M(p)

for real ¢ such that || < ri(0 + 1/0)/2. Denoting
O:=1-ri(c+1/0)/2

and taking into account that 0 < r; < r, we can make the last inequality slightly
cruder:

lp(&) —W(&)| < Ce"o™ 2 + M(p)(1—0)"T!/0 (10.2.61)
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for real ¢ such that || < 1 — ©. Note that (10.2.61) is true for all integers m > 1
and all real ® € (0, 1). Now, in (10.2.61) let

Bt
m=|a;In-|,
£

__Inlnl/e
Caplnl/e’

where «; > 0 and o > 0 are sufficiently small (but are independent of ¢). Then,
elementary (though still quite cumbersome) calculations show that

o™t 4+ M(p)(1 —©)" /0 < C(In1/e)™72,
where y. > 0 is a constant. Therefore, (10.2.7) yields

lp(§) =) = Cdnl/e)™

for real ¢, satisfying the condition
1 1
€] <1—Inln—/ (041 ln—) .
€ €
Turning from ¢(¢) and W(¢) back to f(¢) and g(¢) we obtain
1\ 772
0 - g < ()

for real ¢, satisfying

that is, for

1
|t] < ClInln—,
£

which concludes the proof of Theorem 10.2.2. O

Corollary 10.2.3. Suppose that a nondegenerate F(x) satisfies Cramér’s condi-
tion: there exists a positive constant R such that f_ozo exp(R|x|)dF(x) < oo.
A sequence { F,}°2 | of DFs converges weakly to F(x) if and only if for some Ty > 0

en = sup | fu(t)— f(t)] >0, n— oo,

[t|<To

where f,(t), f(t) are the characteristic functions of F, and F, respectively.
Moreover,
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AME,, F)<C/ (1nlnl).

&n

To prove this result, it is enough to note that Cramér’s condition is equivalent to
the analyticity of f(¢) in |¢| < R and then use Theorem 10.2.2.

10.3 Moment Metrics

Suppose that D is a set of DFs given on the real line R! with finite moments of
all orders and uniquely determined by them. Below we give a definition of metrics
on D in which closeness means closeness (or coincidence) of a certain number of
moments of the corresponding distributions.

Assume that F' € D. We denote by 1 (F) the jth moment of the DF F':

o0
wi(F) = / x/dF(x) (j > 0is an integer).
—00
For each positive number o we introduce in D a metric d,, by setting

. 1
do(F1, F2) == , min max{k——}—l’ alpo(F1) — po(F2)|, ...,

.....

o (F1) — ik (F2)} . (10.3.1)

Let us show that d,, is indeed a metric. Clearly, d, is symmetric in F; and F,, and
0 < dy(F1, F») < 1. Moreover, d,(F;, F5) = 0 implies the coincidence of all
moments of F; and F,, and consequently the equality of F; and F; since F; € D
(i = 1,2). It remains to show that d, satisfies the triangle inequality. To this end,
let us clarify the meaning of d,,. Let

do(Fi, ) =d, (10.3.2)
where d > 0is anumber. If 1/d — 1 = k is an integer, then (10.3.2) is equivalent to
i (F1) = pj(F)| < d/a (10.3.3)

being fulfilled for j = 0,1, ..., k. If, however, 1/d is not an integer, then (10.3.2)
is equivalent to (10.3.3) for j = 0,1,...,[1/d]. Let F\, F,, F5 € D.For any j

alp; (F1) — wj(F)] < ofp; (F1) — wi(F3)] +ofp; (F2) — w;(F3)]. (10.3.4)

Let us show that d, (Fy, F>) < dy(F1, F3)+d,(F3, F>). Without loss of generality,
we can assume that d, (Fy, F3) < d,(F3, F3).
To prove the triangle inequality, it is enough to show that

o\ (Fi1) — i (F)| < do(Fi, F3) + do(F3, F)
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for
J =1/ (do(F1, F3) + do(F3, F3))].

However,
[1/ (da(F1, F3) + do(F3, F2))] < [1/do(F1, F3)]

if 1/d,(Fy, F3) is not an integer, and
(1/ (do(F1, F3) + do(F3, F2))] < 1/do(F1, F3) =1

if 1/dy(Fy, F3) is an integer. The conclusion now follows from the value of d,, (Fi,
F3), dy(F,, F3),and (10.3.4).
Clearly, for 0 < o < oo the metrics d,, are topologically equivalent to each other.
Let us now introduce in D the metric d, by setting

1

doo(F1, ) = P

(k> 0)

if all moments of F; and F; up to and including order k coincide and pi+1(F1) #
Wik+1(F>). Itis easy to verify that deo (F, F>) is the limit of d, (F}, F>) as @ — oo.
Clearly, d is a metric on D. Moreover, it satisfies the strengthened version of the
triangle inequality:

dOO(Fla F2) S max (dOO(F17 F3)’dOO(F39 FZ))

for all Fy, F>, F5 € D (so that do, is an ultrametric on D). It is also clear that for
o] < ap < oo we have

doll(Fl7F2) < dOtz(FZa F2) S dOO(F17 FZ)‘

It is easy to verify that do is a stronger metric than any of the d, with @ < oco.
The metrics d,, and do can be extended to the space of all distribution functions
on R! by setting

1
da(Fla F2) = k=1£)I,11i,r.1..,m max{k__‘rlv O{IIU“O(Fl) - /‘LO(FZ)L )

05|Mk(F1)—lLk(Fz)|},
dOO(Fls Fz) = lim da(Fl, Fz)
a—00

Here m is determined from the condition that moments of F; and F5, up to and
including order m, exist (are finite) and at least one of the F; and F, does not have a
finite moment of order m + 1. Note that under such considerations, d,, ceases to be a
metric. Indeed, d,, (F, F>) = 0 does not generally imply that F; = F, (this occurs
if F; and F, have coinciding moments of all orders, but the problem of moments
is indeterminate for them). However, the loss of this property is inconsequential for
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our purposes, and we retain the term “metric” for dy (Fi, F>) (0 < o < 00) even
when Fi, F, ¢ D. Note that do, was first introduced in Mkrtchyan (1978) and d,,
(0 < @ < o0) in Klebanov and Mkrtchyan (1979).

10.3.1 Estimates of A by Means of d~

Suppose that for two DFs F and G

1
2m + 1

dOO(FsG): s mzz.

Then
/,L](F):,LLJ(G), j:0,1,...,2m.
Let

wj = w;(F)=pup;(G), j=01....2m,

B = s, (10.3.5)
j=1

Clearly, B, is a truncated Carleman’s series. Since the divergence of a Carle-
man’s series is a sufficient condition for the problem of moments to be determi-
nate,?it is natural to seek an estimate of the closeness of F and G in A in terms
of B,!. Note that m < [1/dw(F,G) — 1]/2, that is, a large m corresponds to

distributions close in dso and, if Carleman’s series Z?O=1 Mz_jl/(zj ) diverges, then

also a small B,,'. We start with the following result due to Klebanov and Mkrtchyan
(1980).

Theorem 10.3.1. Let F and G be two DFs for which (10.3.5) holds. Then there
exists an absolute constant C such that

_ 1/4
MF.G) = B (14 1) (10.3.6)

where

m < %[l/doo(F, G)— 1.

Proof. We will use some results from Akhiezer (1961), which, for the convenience
of the reader, are stated below.

2See, for example, Akhiezer (1961).
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From a sequence of moments po = 1, Wi, ..., Lo, We can construct a sequence
of determinants
Mo M1 ... MUk
Dy = [Ht P2 ety e 01 m,

M Mk+1 -+ M2k

a sequence of polynomials

Py(§) =1,
Ko M1 ... Mk
1 Ki K2 o k41
P))=———|... .. . |,
~Dy_1D
S Hic Pk+1 -+ Mok
1 ¢ ... ¢

and numbers

%=[z%mwm,

~Dix—1D
b= YL =12, m— 1
Dy
Here, Px(¢) (k =0, 1,...,m) are solutions of the finite-difference equations

bes1Yi+1 + ak Yk + b1 Yi+1 = Eit1.

the second linearly independent solution of which is denoted by Q ().
The following analog of the Liouville-Ostrogradski formula holds for Py (¢) and
0 (¢) for any complex ¢

mqm@@—m@gﬁ@=aa,k=uwm

In Akhiezer (1961, pp. 110-111), it is shown that

m—1 m—2 1
Buoi =Y 15/ < e > o (10.3.7)
n=1 n=0 "

3For more information on these concepts see Akhiezer (1961, pp. 1-18).
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Let us now estimate y ., _ 1/ b,. Using an analog of the Liouville-Ostrogradski
formula and the Cauchy—Bumakowsky inequality, we obtain

m—2

— — m—2
Zbi D P Qut1 Ol + Y P19 2u (@)
n=0 n=0

n=0
m—1 /2 04 1/2
=2 (Z Pn(§)|2) (Z IQn(C)Iz) . (10.3.8)
n=1 n=0

Note that (10.3.8) holds for any complex ¢.
If Im(¢) # 0, then for any n > 1* we have

n—1

S WP + 0k = 2 (103.9)
k=0 {—¢
where
. [T dF (@)
wi=w(l) 1= /_oo ey (10.3.10)

and the bar denotes complex conjugate. Using (10.3.9) we find that

m—2 m—2 m—2
D 1@ <2) WP + Qurt @O +2 ) WP PO
n=0 n=0 n=0
— m—1
<" ol Y P
é‘ § n=0

This, together with (10.3.7) and (10.3.8), implies that

— m—2 m—1
Bt < e2V2 ‘%‘ (Z |Pa@) +e2v2lwl ) |Pn(t)|2) . (103.11)
n=0 n=0

1/2
IF "0 P2 = 1, then Y720 |PL Q) = (ZZ;& |P,,(§‘)|2) , and we derive
from(10.3.ll)that

m—1

SO PP 2 B 1/<2fe<|w|+‘§ k

wl/2
n=0 ; ))

4See Akhiezer (1961, pp. 25, 46-48).
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If, however, Zf;é | P,()|* < 1, then we analogously find from (10.3.11) that

m—1
(Z |Pn(t)|2)
n=0

and consequently,

1/2

1)
)

m—1 m—1 1/2 _
max { Y [P.(O)P, (me) > Bt (wie (|w|+'§

> B 1/(2fe<|w|+‘§

n=0 n=0
(10.3.12)
If G has the same moments (o, i1,..., Uom as F, then for any ( satisfying
Im(¢) = 0 we have’
dF(t) o dG(t) 1 2
‘/ /oot— =Ly PO
The last inequality and (10.3.12) yield the following estimate:
| / dF(z) L[ 4E0)  Cli+ o/ - O™ oan)
—o0 =0 1€ = Z1Bm—1
where C is an absolute constant (below we denote by C possibly different absolute

constants).
To transform (10.3.13) into a more convenient form, we estimate |w| and |(w —
w)/(¢ —¢)|. Denoting { = & + in, we have

w = w({)
_/00 dF (1)
e 1=0)
Y e Ut ) [ n
-[mmnrori [ amgreroe

From this it is easy to obtain that

T m(w)| < i

[Re(w)| = ﬁ

|(w—w/( =) = [Tm(w)/n| < 1/n*

3See Akhiezer (1961, pp. 22 and 55).
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Next we assume that 0 < n < 1. Then the preceding inequalities and (10.3.13)

produce
‘/oo dF () _/°° G _ ¢
—0 I —¢ oo 1 —C _nzﬂm_l’
so that
T e [T
’/_oo —or g g f@ /_oo( g 290 (t)‘ < (103.14)
Using (10.3.14) it is easy to verify that
([ n
‘/_Ae (/_oo mdF(t))dg
A )
Y R L B
/—Ae </oo t—8>+n ZdG(t))dE‘
ZCA (10.3.15)
'7 ,Bm—l

for all A > 0. We want to pass to integrals along the entire axis on the left-hand side
of (10.3.15). To this end, we estimate

/ s/m(z ngind”’) /dgfoo(r s)l:: 74F()

zué‘ “45
:/ E/M 5)2+2dF(”+/ dg/ooa o
(10.3.16)

For this purpose we consider

= /_l * /_: = %‘;72 0
— /_‘;';(/_:H (z%dv)dm)
= /oo (% — arctan A; )dF(t).

—00

It is easy to verify that for some constant C

c
< >
e forz > 0,

i
— —arctanz <
2 7, forz < 0.
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Then

4 A—t
11:/_ (E—arctan ; )dF(t)

(o]

+/AOO(%—arctanA_
4 CdF (1) o0
) Bty e R ARG

</°° CAF (1)
—0o L+ [(A—1)/n]

t)dF(t)

+ (1 — F(A)). (10.3.17)

Let us now show that the first term on the right-hand side of (10.3.17) is not greater
than C(1 + /Ll/z )/ A. Indeed,

A [ C - ®  A/n—t/n
Z[m1+KA—0MFFW-‘4[m1+KA—nmd””

o0 t/n
+[m1+MA—omFF@

ol [ A=
—C<[m1+KA—nmme

4+ 2 / ” LSRN
NJ-oo L +[(4—1)/n]
<+ w/n).
Therefore,

/°° CdF(t)
—o L+ [(A=1)/n]

In addition, it is clear that

(1 + 1)),

o)

C
dF() = —(n+ ") =

1 - F(4) < py/*/A.

Consequently,

‘/%%/ = ;izumwf e S0,

We now see that

‘/ dé/ = t)l:: . (z)‘_(H—“m). (10.3.18)
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Arguing analogously we obtain

V dg/ = [;Lj dF(t)‘_C(lJFT”m). (10.3.19)

Substituting (10.3.18) and (10.3.19) into (10.3.16), we find that

[ e mpero [ [ gl

1/2
B C(l+pu, ).

10.3.20
< y ( )

Using the same arguments for G(¢#) we obtain an estimate similar to (10.3.20) but
with F(¢) replaced by G(¢). Taking this and (10.3.15) into account, we obtain

V dé/ - r)l::nd”” / dé/ G nte)l:i Gy il
(10.3.21)

CA  C(1+u?
'72,3m—1 A .

(10.3.22)

Next, suppose that f(u) and g(u) are the characteristic functions of F and G,
respectively. Since for any distribution function H we have

OO iué o # _ i
/_ooe /_oo E—1) + nde(f)d(é) = e ™ h(u),

where £ is a characteristic function of H, (10.3.21) implies that

| fw) = gw)| < C [nzgn_l + HA”W} el (10.3.23)
Letting here
u < T,
n=min(1/T,1),
A= B0+ ),
we obtain

|f ) — g < CB, V2 + py/P)'2T. (10.3.24)
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Therefore,
. 1
A(F,G) = minmax { - max | f(u) —g(u)|, 1/T
t>0 2 lul<T

< CBMV2( + iV,

Note that estimate (10.3.6) is not exact. A better estimate can be easily obtained
for distributions with slowly increasing moments. It is, however, altogether unfit for
distributions with fast increasing moments. O

Theorem 10.3.2. Let F and G be two DFs for which (10.3.5) holds. Then
A(F,G) < Cu/ ™V /m, (10.3.25)

where m < [1/dxo(F,G) — 1]/2 and C is an absolute constant.

Proof. Suppose that f(t) and g(¢) are the characteristic functions of F and G,
respectively. According to Taylor’s formula we have

2m—1

SO —g0)=Y

k=0

FO0) - g®©) ,  fFem@O) —g?m (o) @m)
Xl e 2m)! e

where 6 is a point between 0 and ¢. Since

wi(F)=pu;(G)=pn;, j=0,1,...,2m,
we have f®(0) = g©(0), k =0,1,...,2m. In addition,

| £ O)| < pam, 182 (O)] < pam.

Thus,
2M2m 2m
1) —o(t)] < ———1¢t ,
|f(@) —g)] < (2m)!| |
and hence
1
—max | f(t) — g(1)] < pamT>"/(2m)!. (10.3.26)
2 |t|<T
Clearly,
minmax{ o, 7"/ 2m)1, 1/ T} = {jran/ @m)1}1/ "0,
>
that is,

A(F,G) < (pam/(2m)H)"/CmHY,

Applying Stirling’s formula, we obtain the desired result. O
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Note that if F is a uniform DF on (0, 1) and G satisfies (10.3.5), then (10.3.25)
yields

MF,G)<C/m, (10.3.27)
while (10.3.6) yields only
AMF.G) < C/m"*. (10.3.28)

Of course, estimate (10.3.27) is significantly better than (10.3.28). On the other
hand, if F is an exponential DF with parameters A = 1 and G satisfies (10.3.5),
then (10.3.25) yields only the trivial estimate

AF.G) =1,
while (10.3.6) implies that
AM(F,G) < C(lnm)~ V4,

Thus, the precision of (10.3.6) and (10.3.25) varies rather substantially for different
classes of distributions. The following result is intermediate between Theorems
10.3.1 and 10.3.2.

Theorem 10.3.3. Suppose that the characteristic function f(t) of F is analytic in
some circle, uj == ;j(F), j =0,1,..., andlet G be suchthat (10.3.5) s fulfilled.
Then

A(F,G) < Cp/In(m), (10.3.29)
where the constant Cr depends only on F (but not on G and m).

Proof. Let g be a characteristic function corresponding to G. As in the proof of
Theorem 10.3.2, we obtain

2M2m 2m
|f(1) —g@)] = mltl

for all real ¢. If f(¢) is analytic in a circle of radius R, then it is clear that for R; < R
and all m

Z[Lzm 2m ~
(2m)!Rl < Cr.

Therefore, for |t| < Ty < R;
| £(t) — g(t)| < Cr(To/R1)™™.

We derive the desired result from Theorem 10.2.2 when ¢ := C r(To/ Rl)z’”. O

Remark 10.3.1. 1Tt is clear that for an exponential distribution estimate (10.3.29) is
better than (10.3.6).
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10.3.2 Estimates of A by Means of d,,, o € (0, 00)

Let us now turn to estimating the closeness of F' and G in A if we know that these
distributions are close in dy, o € (0, 00). The problem of constructing estimates of
this type is equivalent to the problem of estimating the closeness of distributions in
A from the closeness of their first 2m moments.

Assume that F and G have finite moments up to and including order 2m and that

i (F) = (G)| <8, j = 1.2,....2m, (10.3.30)

where § > 0 is a given number.

Theorem 10.3.4. Suppose that F and G satisfy (10.3.30), where 0 < § < 1. Then

A(F,G) =2/In(1 + 8772 + Q2puam/ 2m)1) /"0 (10.3.31)

Proof. If f(t) and g(¢) are the characteristic functions of F and G, then for all
t € [-T,T] (T > 0) we have

2m—1 ] ]
F90) =g DO 1 2mam+8 o
f0-gwl =) S|
= J! (2m)!
gl 8 2M2m 2
< — — =T
- Z_: J! (ZM)!
T ZHom om
Letting here

T = min{In(1 + §7'/2), ((Zm)!/(zuzm))l/(bn—l)}’
we obtain
A(F,G) < max{8"% + 8 + (2pam(2m)!) /" *V 1/ T}
< max{8'% + 8 + (220 /@m)1) " 1/ In(1 4 57177
+ (Z,uzm/(zm)g)l/(ZmH)}

<2/In(1+ 5—1/2) + (zuzm/(2l71)!)l/(2m+l)_

The following result follows immediately from Theorem 10.3.4.
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Corollary 10.3.1. The following inequality holds:

MF,G) <2/In(1 + (do(F,G)/a)™/?) + (zﬂzs/(zs)!)l/(zsﬂ)’

where

s = [(1 —dy(F, G))/(Zda(F, G))],
Hos = t2s(F) (0 < < 00).

Theorem 10.3.5. Suppose that the characteristic function f of F is analytic in a
circle and that (10.3.30) is fulfilled for F and G. Then for any q € (0, 1) there exists
avalue Cy, depending only on q and F (but not on G and m), such that

AM(F,G) < C;/Inn(8 4 2¢>™). (10.3.33)

Proof. For any real ¢ [see (10.3.32)] we have

(1) — g ()] < 8ol 4 212 o, (10.3.34)
(2m)!

Let R be the radius of the circle of analyticity of f(¢). Then, for || < Ry < R; < R,

2,“«2m

el = Cadl”

Rl< <R2
R q1 R’

where C,, depends only on ¢ (and F) but not on m. From (10.3.34) it follows that
for || < R,

/(1) = g(0)] < e + Cqrqi™.
Applying Theorem 10.2.2 we find
A(F,G) < Cy r/Inln(e§ + Cy q7™).

Thus, by the fact that R; and R, are arbitrary under the condition that R} < R, < R,
we obtain (10.3.33). O

10.3.3 Estimates of d, by Means of Characteristic Functions

Previously we obtained estimates of the closeness of distributions in the A metric
from their closeness in the metric d,. It is natural to ask whether it is possible to
construct reverse estimates, that is, whether d, can be estimated by means of A or a
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similar metric. Since in general weak convergence does not imply the convergence
of the corresponding moments, even in the class D an estimate of d,, by means of
A is impossible. However, if we consider a subclass N of D formed by distributions
with moments that do not increase faster than a specified sequence, then such an
estimate becomes possible for ¢ < oo. It is then clear that to construct estimates
of this kind it is enough to know the order of the closeness of the characteristic
functions of the corresponding distributions in some fixed neighborhood of zero.

Suppose that Ny < N, < .-+ < Ni < ... is an increasing sequence of positive
numbers. Let

o0
E:zN(Nl,Nz,...,Nk,...)z{F:/ |x/|dF(x) < N;, j =1,2,...}.

—00

Theorem 10.3.6. Suppose that F,G € N and the corresponding densities f and g
satisfy

sup [f(1) —g@)| <e, (10.3.35)

[t|=To

where Ty > 0 is a constant. Then there exists an absolute constant C such that for
all integers k > 0 with

P CTTeFT < NFFTTy/2 (10.3.36)

we have
|1k (F) = 14 (G)| < C Nt ke (10.3.37)

Proof. Relation (10.3.35) can be written as
f(t) —g(t) = R(t; ¢), (10.3.38)

where |R(¢; ¢)| < ¢ for |t]| < Tp. Let

o(t) = {eXp(—l/(l +1)?—1/(1—-1)%) fort € (-1,1),

fort & (—1,1),
and
1 1
ws(t) = gw(l/S)// w(t)dt, §>0.
-1
We can show that for any integer

SIth‘a)(")(t)‘ <CN™, (10.3.39)

where C is an absolute constant.
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Let us multiply both sides of (10.3.38) by ws(# — z) and integrate with respect
to . We then have

J5(z) — g5(z) = Rs(z: ¢), (10.3.40)

where
£ = /_ F(Ows(t — 2.

gs() = /— g(t)ws(t — z)dt,

o0

Rs(z;¢) = /OO R(t; e)ws(t — z)dt.

—00
Moreover, |R§")(Z; g)| < efor|z| < To—34.

Clearly, fs5(z), gs(z), and Rs(z; €) are infinitely differentiable with respect to z.
By (10.3.39) and the definition of w;, it is clear that

R (@e)| = Cne/s", o] < Ty — 5. (10.3.41)

Differentiating both sides of (10.3.40) k times with respect to z and taking (10.3.41)
into account, we find that

m(k)(o) _ gék)(())\ < Cek* /8~ (10.3.42)

On the other hand,
| 20) = (F)| = [ £,20) = 10
< / T1rO0) - 00 ws()dr

(o]

o

< Nk+l / |Z|a)5(l)dl‘

—oo
< 8Ni+11.

Similarly,

12 (0) — 1 (G)| < 8Nis1.

The last two inequalities, together with (10.3.42), show that
| (F) — 1 (G)| < Cek™ /8 + 28Nj1

forall k > 1 and all § for which To—§ > 0. The right-hand side of the last inequality
attains a minimum with respect to § when
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§ = buin = (CK¥H e/ (2/ Negn)) /Y,

and this minimum is equal to

1 k41 1 1 -
T K kT gk T /Q%FT N F+!
4CFFT K KFT gFFT [2RFT N 75

From this we see that when (10.3.36) is fulfilled, then so is 7o — § > Ty/2,
and (10.3.35) holds. ]
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Chapter 11
Uniformity in Weak and Vague Convergence

The goals of this chapter are to:

* Extend the notion of uniformity,

* Study the metrization of weak convergence,
* Describe the notion of vague convergence,
* Consider the question of its metrization.

Notation introduced in this chapter:

Notation Description

m Space of bounded nonnegative measures

K Generalization of £y on 9t

b SWe G-weighted Prokhorov metric

N Space of nonnegative measures finite on any bounded set
= Vague convergence

K(v',v”)  Kantorovich-type metric in 91
Mm(v',v”) Prokhorov metric in 91

11.1 Introduction

In this chapter, we consider p-uniform classes in a general setting in order to study
uniformity in weak and vague convergence. In the next section, we begin with a few
definitions and then proceed to the case of weak convergence. Finally, we introduce
the notion of vague convergence and consider the question of its metrization.

S.T. Rachev et al., The Methods of Distances in the Theory of Probability and Statistics, 271
DOI 10.1007/978-1-4614-4869-3_11, © Springer Science+Business Media, LLC 2013
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11.2 ¢-Metrics and Uniformity Classes

Let (U, d) be a separable metric space (s.m.s) with Borel o-algebra B. Let 9t
denote the set of all bounded nonnegative measures on 8 and P; = P(U) the
subset of probability measures. Let 9V C 9. For each class F of pu-integrable
functions f on U (i € 9V), define on 9 the semimetric

Cr(u 1) = sup { ‘ / Fd( - 1)

;fef} (11.2.1)

with a ¢-structure.! There is a special interest in finding, for a given semimetric p
on 9V, a semimetric {# that is topologically equivalent to p. Note that this is not
always possible (see Lemma 4.4.4 in Chap. 4).

Definition 11.2.1. The class F is said to be p-uniformif {x(u,, ) — 0asn — oo
for any sequence {i1, U2, ...} C I p-convergentto u € NV,

Such p-uniform classes were studied in Sect. 4.4 of Chap. 4. Here we investigate
p-uniform classes in a more general setting. We generalize the notion of p-uniform
class as follows. Let K be the class of pairs (f, g) of real measurable functions on
U that are p-integrable for any p € 9t C 9. Consider the functional

wWwﬂzwﬂfﬂW+/yW5uweK, w,p" eM. (11.22)

The functional nx may provide dual and explicit expressions for minimal distances.
For example, define for any measures u', u” with @/ (U) = p”(U) the class
A(w', 1) of all Borel measures 7t on the direct product U x U with fixed marginals
wW(A) = @A xU), uW'(A) = w(U x A), A € B. Then (see Corollary 5.3.2 in
Chap.5), for 1 < p < oo, if [dP(x,a)(n’ + p”)(dx) < oo, then we have that
(11.2.2) gives the dual form of the p-average metric, i.e.,

%wmhu@=ﬂM{/d%Lymﬁuxdw:ﬁeﬁw5M3, (11.2.3)

where K(p) is the set of all pairs (f, g) for which f(x) + g(y) < d?(x,y),
x,ye U.

Definition 11.2.2. We call the class K a p-uniform class (in a broad sense) if for
any sequence {{y, 2,...} C D' C M the p-convergence to . € NV implies
limy,— 00 Nx (Hn, 1) = 0.

!'See Definition 4.4.1 in Chap. 4.
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The notation [, N W denotes, as usual, the weak convergence of the sequence
{1, o, ...} CNto u € M.

Theorem 11.2.1. Let u, L1, 2, ... be a sequence of measures in M and w(U) =
wa(U),n=1,2,.... Let B(t), t > 0, be a convex nonnegative function, B(0) = 0,
satisfying the Orlicz condition: sup{B(2t)/B(t) : t > 0} < co. If

/ B(d(x.a)) (ttn + 1)(dx) < oo,

then the joint convergence

[y —> 1 / B(d(x,a))(jty — 11)(dx) — 0 (11.2.4)

is equivalent to the convergence ng (i, ) — 0, where B is the class of pairs (f, g)
such that f(x) + g(v) < B(d(x,y)), x,y € U.

Proof. Let & be the Prokhorov metric in 901, ie.?

m(p', 1) =infle > 0: p'(A) < w(A°) + &, 1" (A) < p/(A°) + &
for any closed set A C U}. (11.2.5)

Then, as in Lemma 8.3.1,% we conclude that
B (w', W) (', 1) < ne(u, 1) < B(m (', "))

+Kp [ZK(M’,M”)B(M)—i— /d B(d(x,a)(u’—i—u”)(dx)} (11.2.6)

(x,a)>M
forany u', "’ € M, M > 0,a € U, and Kp := sup{B(2t)/B(t);t > 0}. Hence,
(11.2.4) provides ng(i,, 1) — 0.

To prove (11.2.4) provided that ng(u,, u) — 0, we use the following inequality:
for any p/, u” € M with @/ (U) = " (U) and [ B(d(x,a)) (i’ + pn”)(dx) < oo,
and forany M > O and a € U, we have

/B(d(x,a))l{d(x,a) > M/ (dx) < (Kp + K3) (L' 1)

+ / B(d(x,a))I{d(x,a) > M/2}i" (dx). (11.2.7)

2See, for example, Hennequin and Tortrat (1965).
3See (8.3.5)—(8.3.7) in Chap. 8.
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In the preceding inequality, LG, )"y = inf{llp(R) : T € A/, 1)} is the
minimal distance relative to Lz (&) := [ B(d(x, y))it(dx, dy). To prove (11.2.7),
observe that for any u € A(u, u”’) we have

/B(d(x,a))l{d(x,a) > M/ (dx)
< Kn [ BUEO.a)IHd(x.) > MITEx.0) + KaLo(D.
where
[ Baw.aprta.a > My
< BONW @(x.a) > M) + [ B(v.a)Iid(.a) > M)
and
=i =g (La@+ [ BaGapde.a > /2 an )
Combining the last three inequalities we obtain
/B(d(x,a))l{d(x,a) > M}/ (dx)
< LoD + K3 LoD + Ka [ B@O.a){d(.0) > My (@)
+K3 [ B 1d0.@) > M2 @)

Passing to the minimal distances L p in the last estimate yields the required (11.2.7).
Then np (w1, n) — 0, together with (11.2.6) and (11.2.7), implies

W —> 1L Mlgn sup/ B(d(x,a))I{d(x,a) > M}u,(dx) = 0.

The preceding limit relations complete the proof of (11.2.4).4 O

Recall that if G(x) is a nonnegative continuous function on U and
{10, t1,...} COM, [ Gdu, < co,n =0,1,..., then the joint convergence

“See Billingsley (1999, Sect. 5).
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[ — o /Gd(un — o) >0 n—o00 (11.2.8)

is called a G-weak convergence (Definition 4.3.2).

Theorem 11.2.2. The G-weak convergence (11.2.8) in
Mg = {,ueim:/Gd,u<oo}

. . w
is equivalent to the weak convergence A, —> Ao, where

A (A) = /(1 + GO))pa(dx), n=0,1,..., Ac®B. (11.2.9)
A

Proof. Suppose (11.2.8) holds; then define the measures v; (B) 1= [, Gdu; (i =
0,1,...) on Ag N B, where Ag := {x : G(x) > 0}. For any continuous and
bounded function f

=

] [ 140, =w)| <|[ 70+ 616 < Magu -0

+ / 11+ GG > N3d(n + ). (112.10)

where || f|| := sup{|f(x)] : x € U} and N > 0. For any N with uo(G(x) =

N) = 0, by the weak convergence i, —> (o, we have that the first integral on
the right-hand side of (11.2.10) converges to zero, and hence (11.2.10) and (11.2.8)
imply A4, 5 X

Conversely, if A, N Ao, then for any continuous and bounded function f
and ¢ = f/(1 + G) we have [ gdA, — [ gdA, since g is also continuous
and bounded (i.e., [ fdu, — [ fduo). Finally, by [, dA, — [, dAo, we have
pn(U) + [ Gdpy — po(U) + [ Gdpo, and thus (11.2.8) holds. O

Recall the G-weighted Prokhorov metric [see (4.3.5)]

7.6 (1, o) = inf{e > 01 A1 (A) < 1,(4%) + ¢
Aa(A) <A (A*)+¢ VAeB), (11.2.11)
where A; is defined by (11.2.9) and A > 0.

Corollary 11.2.1. &, ¢ metrizes the G-weak convergence in Mg.

Proof. For any o, i, € Mg, wi.6(Un, o) — 0 if and only if 7| g (s, o) — 0,

which by the Prokhorov (1956) theorem is equivalent to A, BN Ao. An appeal to
Theorem 11.2.2 proves the corollary. O
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In the next theorem, Theorem 11.2.3, we will omit the basic restriction in
Theorem 11.2.1, u,(U) = uw(U),n = 1,2,.... Define the class OR of continuous
nonnegative functions B(t), ¢t > 0, lim, 0 SUPg<s<; B(s) = 0, satisfying the
following condition: there exist a point to # > 0 and a nondecreasing continuous
function By(?),t > 0, Kp, := sup{Bo(2t)/Bo(t) : t > 0} < 00, By(0) = 0, such
that B(t) = By(t) fort > t,.

Lemma 11.2.1. Let B € OR and u, 41, U2, ... be a sequence of measures in M
satisfying (11.2.4), n(U) = p,(U), [ B(d(x,a))(pn+p1)(dx) < oo, n =1,2,....
Then ng(ty, u) — 0 as n — oo, where B is defined as in Theorem 11.2.1.

Proof. One can easily see that the joint convergence (11.2.4) is equivalent to
U —> I, Mlim sup/ Bo(d(x,a))I{d(x,a) > M}u,(dx) =0 (11.2.12)
—>00

[see Billingsley (1999, Sect. 5) and the proof of Theorem 6.4.1 in Chap. 6 in this
book]. Then, as in the proof of (8.3.6), we conclude that for any M > ¢

sup{ / Fdn + / s F(x)+g() < Bd(x, ) Vx.y € U}

< inf{ / B(d(x, y)(dx.dy) : T € m(u,un)}

< B(n(in, 1)) + K, [m(un, 1t)Bo(M)

+/Bo(d(x,a))1{d(x,a) > M (un + ,u)(dX)],

where B (1) = sup{B(s) : 0 < s < t}. The last inequality implies ng(i,, ) — 0
[see (11.2.2)]. |

Theorem 11.2.3. Let B € OR and i, j41, L2, - . . be a sequence of measures in 9
satisfying (11.2.4) and [ B(d(x,a))(un + p)(dx) < co. Then

lim 7, (n, 1) =0, (11.2.13)
n—oo

where Ky = {(f.g) : f(x) +g(y) = B(d(x.y)).|g(x)| < B(d(x,b)),x,y € U},
and b is an arbitrary point in U.

Proof. As B € OR, it is enough to prove (11.2.13) for » = a. Setting ¢, =
w(U)/ un(U) we have limy, 00 np(cy iy, ) = 0 by Lemma 11.2.1. Hence, as n —

00 0 < kg, (i, 1) < 1/cump(Capin, ) + [1/c — 1] [ B(d(x,b))p(dx) — 0. O
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In the next theorem we omit the condition B € OR but will assume that the class
={g: (f,g) € K} is equicontinuous,i.e.,

lim sup{|g(x) —g(¥)|: g€ G}=0 xeU. (11.2.14)
y—x

Theorem 11.2.4 (See Ranga 1962). Let G be a nonnegative continuous function
on U and h a nonnegative function on U x U. Let K be the class of pairs (f, g)
of measurable functions on U such that (0,0) € K and f(x) + g(y) < h(x,y),
x,y € U. Then K is a wg-uniform class (see Definition 11.2.2 with M = M) if
at least one of the following conditions holds:

(a) limy, h(x,y) = h(x,x) =0 forallx € U, theclass F = {f : (f.g) € K}
is equicontinuous, and | f(x)| < G(x) forallx € U, f € F.

(b) limy, h(y,x) = h(x,x) =0 forall x € U andthe class G = {g : (f,g) €
K} is equicontinuous, |g(x)| < G(x) forallx e U, g € G.

Proof. Suppose that G = 1. Let ¢ > 0, and let (a) hold. For any z € U there is
8 = 48(z) > O such thatif B(z) := {x : d(x,z) < 4}, then

sup h(z,x) <e/2 sup sup |f(x)— f(2)| <¢&/2. (11.2.15)
X€B(2) fEF x€B(2)

Without loss of generality, we assume that (B(z)) = 0 (B is the boundary of B).
As U is an s.m.s., there exists z;, Z2, . .. such that U?":lB(zj). Setting Ay := B(z1),

Aj = B()\U[Z\B(), j =2.3,...,wehave f(x) +g(y) = f(x)— f(z;) +
fz)+gWy) <e/2+h(zj,y) <eforanyx,y € A;.Letx; € A;,j =1,2,....
Then, by

J(x)+g(y)<e Vx,yed;, j=12,..., (11.2.16)
it follows that

Zf(xz)M(Aj)Jr/gdu / (f(x;) + g(x))p(dx) < en(U)
j=1

J=1

forany (f,g) € K. (11.2.17)
Also,
‘ / S () (dx) - Z J@)a(A))] < epa(U) (11.2.18)

and

D 1) n(Ap) = (A <D | (A7) = u(A4;)] - 0 as n — oo
= = (11.2.19)
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by (11.2.15) and p,(A;) — w(A;), respectively. Combining relations (11.2.17)-
(11.2.19) and taking into account that wu,(U) — w(U), we have that 0 <
& (tn> ) — 0.

In the general case, let Ag := {x : G(x) > 0}. Define measures v, and v
on B by v,(B) = [, Gdu, and v(B) = [, Gdu, respectively. The convergence
G (Un, 0) — O implies v, 5 vasn — oo. To reduce the general case to the
case G = 1, denote fi(x) := f(x)/G(x), gi(x) := g(x)/G(x) for x € Ag,
Ki={(/.g0):(f.9) €K}, Fi:={fi: f € F},and

h(x.y) ' G(x)
hi(x,y) = 1-— .
D=0 T G0
Then
_ S+ | ) fX)
Hx) +g1(y) = GO + G~ GO = hi(x.y),
and thus ng (i,, #) = Nk, (Vu, v) = 0 as n — oco. By symmetry, condition (b) also
implies 1k, (v,,v) — 0. O

For any continuous nonnegative function b(t), t > 0, b(0) = 0, we define the
class A, = Ap(c), ¢ € U, of all real functions f on U with f(c) = 0 and norm

Lip, (f) = supt| f(x) = fO)I/D(x,y) : x #y,x,y e U} < 1,

where D(x,y) = d(x,y){1 +b(d(x,c)) + b(d(y,c))}.

Let C(¢) = t(1 4+ b(¢t)),t > 0, and p(x, y) be a nonnegative function on U x U
continuous in each argument, p(x,x) = 0, x € U, and let € be the set of pairs
(f.8) € Ap x A for which f(x) +g(y) < p(x,y),x,y €U.

Corollary 11.2.2 (See Fortet and Mourier 1953). Let

/C(d(x,c))(un +u)(dx) <oco, n=12,....

Then
(@) If
o > 1 /cwmomw—mmm»a (11.2.20)

then
ne(in, ) — 0. (11.2.21)

(b) If p(x,y) = D(x,y), x,y € U and

K = sup{|C(s) — C(0)|/[(s — £)(1 + b(s) + b(t))] : s > t > O} < o0,
(11.2.22)

then (11.2.21) implies (11.2.20).
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Proof. (a) Forany x € U and f € A, | f(x)] < C(d(x,c)). The class Ay is
clearly equicontinuous, and thus (11.2.21) follows from Theorem 11.2.4.
(b) As p(x,y) > D(x,y), x,y € U, it follows that

ne(w', 1) = La, (W, ") /s " € M. (11.2.23)

Applying Theorem 11.2.4 with g = — f and h = D we see that {4, -convergence

yields y, — 1. As K < oo in (11.2.22), the function (1/K)C(d(x.c)), x € U,
belongs to the class A4j, and hence (11.2.21) implies [ C(d(x, ¢))(ia—p)(dx) — 0.
O

11.3 Metrization of the Vague Convergence

In this section we will study p-uniform classes in the space 91 of all Borel measures
v 1B — [0,00] finite on the ring By of all bounded Borel subsets of (U, d).
In particular, this will give two types of metrics metrizing the vague convergence
in 9.

Definition 11.3.1. The sequence of measures {vy, v,, ...} C N vaguely converges
tov € N (v, BN ) if

o0
/fdv,, — / fdv for fel| ) Fm (11.3.1)
m=1
where F,,, m = 1,2, ..., is the set of all bounded continuous functions on U equal

tozeroon S, = {x : d(x,a) <m}>
Theorem 11.3.1. Let h be a nonnegative function on U x U, lim h(x,y) =
y—x

h(x,x) = 0. Let K,, be the class of pairs (f, g) of measurable functions such that
(0,0) € Ky, f(x) +&(y) < h(x,y), x,y € U, f(x) = g(x) = 0, x ¢ Sy, and
let the class ©,, = {f : (f.g) € Ky} be equicontinuous and uniformly bounded.
Then, if for the sequence {vo, vy,...}, vy AN Vo, then lim, o NK,, (Vn, Vo) = 0,
where 1k, is given by (11.2.2), with O replaced by M.

Proof. Let 6(x) := max(0,1 — d(x,S,)), x € U and pu,(A) := [,0dv,,
A e B, n=0,1,.... Then, by v, N Vo, we have u, N Wo. By virtue of

Theorem 11.2.4, we obtain g, (i4n, lo) = 1K, (Vn. Vo) — 0 as n — oo. |

Now we will look into the question of metrization of vague convergence. Known
methods of metrization® are too complicated from the viewpoint of the structure of
the introduced metrics or use additional restrictions on the space 1.

3See Kallenberg (1975) and Kerstan et al. (1978).
See Kallenberg (1975), Szasz (1975), and Kerstan et al. (1978).
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Let FLy ={f : U > R [f(x) = f(W) =d(x,y),x,y €U, f(x) =0,x ¢
Smt,m=1,2,....Set K, to be the following ¢-metric [see (11.2.1)]:

K,(' V') =Cre, 0 V)V VN, m=1,2,..., (11.3.2)

and define the metric

o0
KW' ") =Y 27Ky (V' V) /[1 + Ku(v' V)] V0 €N (113.3)

m=1

Clearly, in the subspace 91, of all Borel nonnegative measures with common
bounded support the metric K is topologically equivalent to the Kantorovich metric’

L (v, V") := sup : f :U — R, bounded,

‘/ fd@' —v")

If(x) = fO)| =d(x.y).x.y eUp. (11.3.4)

Corollary 11.3.1. For any s.m.s. (U, d) the metric K metrizes the vague conver-
gence in ‘N.

Proof. For any metric space (U,d) a necessary and sufficient condition for
A\

vV, —> Vis
/fdvn —>/de forany f € FL:=|JFLn. (11.3.5)

Actually, if (11.3.5) holds, then for any ¢ > 0, B € By (i.e., B is a bounded
Borel set) we have

/fa,Ban - /fs,gdv, (11.3.6)

where f, p(x) := max(0,1 — d(x, B)/¢). For any ¢ > 0, B € ‘B, define the sets
Bt :={x:d(x,B) <¢e},B_,:={x :d(x,U\ B) > ¢}, B*B := B*\ B_,. For
any u', u” € M, and B € B

W (B) < / fopdid < / Fond(l — W) + 1 (BO).

and hence

7See Example 3.3.2 in Chap. 3.
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MMSWWJ+WWMS/ﬁ&ﬂﬂﬂﬁ+W@HﬂWW)
and
ww)s/ﬁwaw—u%+u%W5s/ﬁwaw—u%+u%m+u%WBm

By symmetry,

W' (B) — " (B)| <

/ALmW—M)ﬂ/Amwuwﬁ

+ min(u/(B° B), " (B° B)).

Hence, limsup, _, o, |i4x(B) — 1(B)| < u(B°B), and thus v, .

In particular, from (11.3.5) it follows that the convergence K(v,, v) — 0 implies
Uy —> V.

Conversely, suppose v, SRS By virtue of Theorem 11.3.1, if ®,, is a class of
equicontinuous and uniformly bounded functions f(x), x € U such that f(x) =0
forx ¢ Sy, thensup{| [ fd(v,—v) f € ©,} = 0asn — oo. Setting ®,, = F Ly,
m=1,2,...,we get K(v,,v) - 0. O

Forallm =1,2,...,/ define

(v, V") = inf{e > 0: V' (B) <v"(B°) +¢,v"(B) < V(B
+e,YVBeB,BCS,} Vv eMn

and the Prokhorov metric in 0N

(W W) =) 27w, (V) /[ + ()], (11.3.7)

m=1

Obviously, the metric  does not change if we replace ‘5 by the set of all closed
subsets of U or if we replace B® = {x : d(x,B) < &} by its closure. In 2,
(the space of Borel nonnegative measures with common bounded support) the
metric 1 is equivalent to . We find from Corollary 11.3.1 that & metrizes the vague
convergence in 1. If (U, d) is a complete s.m.s., then (91, K) and (91, ) are also
complete separable metric spaces. Here we refer to Hennequin and Tortrat (1965) for
the similar problem (the Prokhorov completeness theorem) concerning the metric
space Mt = M(U) of all bounded nonnegative measures with the Prokhorov metric

s (w,v) =sup{e > 0: w(F) < v(F®)+e,v(F) < u(F®)+e VY closed F C A}.
(11.3.8)
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Chapter 12
Glivenko—Cantelli Theorem and
Bernstein—Kantorovich Invariance Principle

The goals of this chapter are to:

* Provide convergence criteria for the classical Glivenko—Cantelli problem in terms
of the Kantorovich functional A,

* Consider generalizations of the Glivenko—Cantelli theorem and provide conver-
gence criteria in terms of A,

» Estimate the rate of convergence in the classic Glivenko—Cantelli theorem
through A,

* Provide convergence criteria in the functional central limit theorem in terms
of A,

* Consider the Bernstein—Kantorovich invariance principle and provide examples
with the £, metric.

Notation introduced in this chapter:

Notation Description

CJ0,1] Space of continuous functions on [0, 1]
w Wiener measure

DI[0,1] Skorokhod space

12.1 Introduction

This chapter begins with an application of the theory of probability metrics to
the problem of convergence of the empirical probability measure. Convergence
theorems are provided in terms of the Kantorovich functional A, described in
Chap. 5 for the classic Glivenko—Cantelli theorem but also for extensions such as

S.T. Rachev et al., The Methods of Distances in the Theory of Probability and Statistics, 283
DOI 10.1007/978-1-4614-4869-3_12, © Springer Science+Business Media, LLC 2013
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the Wellner and the generalized Wellner theorems. The approach of the theory of
probability metrics allows for estimating the convergence rate in limit theorems,
which for the Glivenko—Cantelli theorem is illustrated through A, .

As a next application, we provide a convergence criterion in terms of A, for the
functional central limit theorem. We consider the Bernstein—Kantorovich invariance
principle and provide examples with the £, metric.

12.2 Fortet-Mourier, Varadarajan, and Wellner Theorems

Let (U, d) be an s.m.s., and let P(U) be the set of all probability measures on U. Let
X1, X, ... be asequence of RVs with values in U and corresponding distributions
Py, P,,... ¢ P(U).For any n > 1 define the empirical measure

I~'Ll‘l = (8X1 +”'+8Xn)/n
and the average measure
P,=(P +--+ P,)/n.

Let A, be the Kantorovich functional (5.2.2),
Ac(P1, Py) = inf{/ c(x,y)P(dx,dy) : P e PP Y (12.2.1)
UxU

where ¢ € €. Recall that P(F1-P2) is the set of all laws on U x U with fixed marginals
P; and P, and € is the class of all functions ¢(x,y) = H(d(x,y)), x,y € U,
where the function H belongs to the class H of all nondecreasing functions on
[0, co) for which H(0) = 0 and that satisfy the Orlicz condition

Ky =sup{HQ1)/H(t) : t > 0} < 00 (12.2.2)

(see Example 2.4.1 in Chap. 2).

We now state the well-known theorems of Fortet and Mourier (1953), Varadara-
jan (1958), and Wellner (1981) in terms of A, relying on the following criterion for
the p-convergence of measures (see Theorem 11.2.1 in Chap. 11).

Theorem 12.2.1. Let ¢ € €and [, c(x,a)P,(dx) <oo,n =0,1,.... Then
lim Ac(P,, Po) = 0 ifand only if P, — P,
n—o0
lim / c(x,b)(P, — Po)(dx) =0  (12.2.3)
n—o0 U

for some (and therefore for any) b € U.



12.2  Fortet—-Mourier, Varadarajan, and Wellner Theorems 285

Theorem 12.2.2 (Fortet and Mourier 1953). If P, = P, = --- = u and
co(x,y) = d(x,y)/( + d(x,y)), then A.(tn,t) — 0O almost surely (a.s.)
asn — oo.

Theorem 12.2.3 (Varadarajan 1958). If Py = P, =--- = puandc(c € €)isa
bounded function, then A.(ity, 1) — 0 a.s. as n — oo.

Theorem 12.2.4 (Wellner 1981). If P\, P,.... is a tight sequence, then
Aco(in, Py) = 0a.s. asn — oo.

Proof. We follow the proof of the original Wellner’s theorem [see Wellner (1981)
and Dudley (1969, Theorem 8.3)]. By the strong law of large numbers,

/ fd(u, — P,) = 0as,asn — oo (12.2.4)
U

for any bounded continuous function on U. Since {?n_},,zl is a tight sequence, then
for any ¢ > 0 there exists a compact K, such that P,(K;) > 1 —¢e foralln =
1,2,....Denote

Lip,,(U) ={f: U —>R: |[f(x) = f())] < colx,y), Vx,y € U}. (12.2.5)

Thus, for some finite m there are f1, f,..., fm € Lip,,(U) such that

sup inf sup |f(x) — fe(X)| < &;
f€Lip,, () 1=k=m xek,

consequently

sup inf sup | f(x) — fr(x)| < 3e, (12.2.6)
f€Lip, (u) 1=k=m xekg

where K; means the e-neighborhood of K. with respect to the metric ¢o. Let
g_(x) := max(0,1 — d(x, K;)/¢). Then, by (12.2.4) and P,(K?) > fgdP,, >
P,(K)>1—¢, wehave

wn(K®) > /gdp,n > /gd(ﬂn —P)+1—e>1-2¢ as. (12.2.7)

for n large enough. Inequalities (12.2.6) and (12.2.7) imply that

sup { ‘ /U £d@, — P,

o f eLipCO(U)} <10¢ as. (12.2.8)

for n large enough. Note that the left-hand side of (12.2.8) is equal to the
minimal norm ELCO (&, P,) and thus coincides with fi., (7Z,, P,) (see Theorem 6.2.1
in Chap. 6). O

The following theorem extends the results of Fortet-Mourier, Varadarajan, and
Wellner to the case of an arbitrary functional A, ¢ € €.
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Theorem 12.2.5 (A generalized Wellner theorem). Suppose that sy,s3,... is a
sequence of operators in U, and denote

D;
L; = sup{d(s;ix,s;y)/d(x,y) : x # y,x,y € U}
®; = min[D;, (L; + 1) A, (6x,. Pi),1],i =1,2,....

sup{d(s;x,x) : x e U}

Let Y; = 5i(X;), Qi be the distribution of Y;, 0, = (Q1+-+ 0,)/n and
vy, = By, + -+ 0y)/n. If Q,, Q,, ... is a tight sequence

0, =04+ ---+0,)/n—>0as.n— oo (12.2.9)

¢ € Cand for somea € U
lim sup/ c(x,a)I{d(x,a) > M¥(u, + P,)(dx) =0 a.s., (12.2.10)
M—o0 5, U

then A.(in, P,) — 0 a.s. asn — oo.

Proof. From Wellner’s theorem it follows that lim, A¢, (vs, Q,) = 0 a.s. We next
estimate A, (i, P,) obtaining

Aco(tn. Pr) < Aoy, Q) + (By + -+ By)/n, (12.2.11)

where

B, = sup { ‘ /U [/ (si) — (O] Bx, — P)(d)

o f eLipCO(U)}.

In fact, by the duality representation of A, (see Corollary 6.2.1 of Chap. 6)

_ 1<
Aco(ns Pn) = sup{ n Z/U SX)@x, — P)(dx)|: f € Lipco(U) ’
i=1
and thus
AC()(/’LIHFH)
_ 1 1
<Ay T+ sp |- / )6y, — 00 (dx)— / F)(@x,—P) ()
f€Lip, (U) |1 n
_ 1 <&
=A;e(vn, Q)+ sup  |-= Z(f(stf) —Ef(si Xi) — f(Xi) + Ef(Xi))i
feLip, (U) | ;5

= A,y (v, Q,) + (By + -+ + By)/n.
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We estimate B; as follows:

Bi< sup /v@xyfmm&+amm

J€Lip,, (U)

d(s;x,
< sup (six, x)

- Sy, + P)(d 2 min(D;. 1),
erl-i-d(s,-x,x)/( x; + Pi)(dx) < 2min( )

and, moreover, since for g(x) := f(sxx) — f(x), f € Lip, (U), we have

lg(x) —gW) =d(six,siy) +d(x.y) = (Li + Dd(x. ).

d(x,y)
14+d(x,y)

lglloo :=sup{lg(x)|:x e U} <2,
He(x) — gl < g+ g}

d(x,y) .
<2——27 ifd(x, 1,
< 1+d(x,y)1 (x,y) >

lg(x) —g)| <2 (Li + D ifd(x,y) <1,

and thus

B; < sup{ ‘/Ug(X)(SX,- —P)dx)|:g:U —>R,

lg(x) —g()| < 8(L; + I)CO(x,y)§
< S(L, + 1)./400(5)(,., P,').

Using the preceding estimates for B; and assumption (12.2.9) we obtain that
(By 4+ ---+ By)/n — 0. According to (12.2.11),

Acoy(tn, Pr) — Oas.asn — oo. (12.2.12)

If K is the Ky Fan metric (see Example 3.4.2 in Chap. 3) and pt, is the probability
metric

;%wr=LwawHMAn P e Py(U).

then by Chebyshev’s inequality we have

K? - K4 K
1+ K - Hao= 1+K
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Passing to the minimal metrics in the last inequality and using the Strassen—Dudley
theorem (see Corollary 7.5.2 in Chap. 7) we get

2

T
<A, <m+
l14+m

, 12.2.13
1+ ( )
where & is the Prokhorov metric in P(U). Applying (12.2.13) and (7.6.9) (see also
Lemma 8.3.1) we have, for any positive M,

7 (Jn Fn)

2% (in, Pr) - _
S <A6’0(anPn)§7t(Mn7Pn)+m

L (12.2.14)
1 + n(“ﬂ? Pn)

and
‘AC(/"LVI7F}’1) =< H(n(ﬂnvﬁn)) + 2KH7Z(PLnan)H(M)

+Ky / c(x,a)l{d(x,a) > M}(u, + P,)(dx). (12.2.15)
U

From (12.2.12), (12.2.14), (12.2.15), and (12.2.10) it follows that A.(t,, P,) — 0
a.s.asn — oo. O

Corollary 12.2.1. If ¢ (¢ € €) is a bounded function and ©, — 0 a.s., then
Ac(tn, P) — 0as.asn — oo.

Corollary 12.2.1 is a consequence of the preceding theorem when s; (x) = x,
x € U, and clearly is a generalization of the Varadarajan theorem 12.2.3. It is also
clear that Theorem 12.2.3 implies Theorem 12.2.2. The following example shows
that the conditions imposed in Corollary 12.2.1 are actually weaker as compared to
the conditions of Wellner’s theorem 12.2.4.

Example 12.2.1. Let (U, || - ||) be a separable normed space. Let x be ke, where e
is the unit vector in U, and let_Xk = Xj a.s. Set_sk(x) := x — xi; then Q, = 8 and
®, = 0a.s. Clearly, A.(u,, P,) = 0a.s., but P, is not a tight sequence.

In what follows, we will assume that P = P, = --- = u. In this case, the
Glivenko—Cantelli theorem can be stated as follows in terms of A, and the minimal
metric £, = L, (0 < p < 00) [see definitions (3.3.11) and (3.3.12), representations
(3.4.18) and (5.4.16), and Theorem 8.2.1].

Corollary 12.2.2 (Generalized Glivenko-Cantelli-Varadarajan theorem). Let
¢ € Cand [, c(x,a)u(dx) < oo. Then A(pty.pt) — 0 as. asn — oo. In
particular, if

/ d?(x,a)pu(dx) < oo, 0<p <o, (12.2.16)
U

then £,(fy, ) — 0 a.s. asn — oo.
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According to Theorem 6.3.1 and Corollary 7.6.3, the minimal norm ,&Cp with

cp(x,y) = d(x,y)max(1,d"" (x,a),d""(y,a)), p=1,

and the minimal metric £, metrize the same exact convergence in the space
Py(U) ={P € P(U): [, d"(x,a)P(dx) < oo}, namely,

P, — P and

/ d?(x,a)(P, — P)(dx) - 0
U

(12.2.17)
Thus Corollary 12.2.2 implies the following theorem stated by Fortet and Mourier
(1953).

Corollary 12.2.3. If (12.2.16) holds, then

£p(Py. P) >0 <> 1, (P, P) >0 <

ﬁcp(,u,,,,u) — 0a.s.as n — oo.

Remark 12.2.1. One could generalize Corollaries 12.2.2 and 12.2.3 by means of
Theorem 6.4.1; see also Ranga (1962) for extensions of the original Fortet—Mourier
result. We write H* for the subset of all convex functions in H and €* for the set
{Hod : H € H*}. Theorem 8.2.2 gives an explicit representation of the functionals
A., ¢ € ¢* when U = R! [see (8.2.38)]. Corollary 12.2.2 may be formulated in
this case as follows.

Corollary 12.2.4. Letc € ¢*, U = R!, and d(x,y) = |x — y|. Let F,(x) be the
empirical distribution function corresponding to the distribution function F (x) with
[ ¢(x,0)dF (x) finite. Then

/01 c(Fn_l(x), F7'(x))dx > 0 a.s. (12.2.18)
In particular, if
/|x|PdF(x) <oo p=>1, (12.2.19)
then
0 (F,. F) = /01 |F 7 (x) — F7'(x)[?dx - 0 a.s. (12.2.20)
and

o
L’ch(F,,,F)Z/ max(1, |x|?"Y)|F,(x) — F(x)|dx = 0 as.  (12.2.21)
—0Q
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Remark 12.2.2. In the case of p = 1, Corollary 12.2.4 was proved by Fortet and
Mourier (1953). The case p = 2 when F(x) is a continuous strictly increasing
function was proved by Samuel and Bachi (1964).

We study next the estimation of the convergence speed in the Glivenko—Cantelli
theorem in terms of A.. Estimates of this sort are useful if one has to estimate not
only the speed of convergence of the distribution pw, to u in weak metrics but also
the speed of convergence of their moments. Thus, for example, if E£,(u,, u) =
O(¢p(n)), n — oo, for some p € (0,00), then Lemma 8.3.1 implies that
(E(rt (pn, p)) PO/ = O(¢(n)), n — oo, where p’ = max(1, p) [see (8.3.7)],
and by Minkowski’s inequality it follows that

1/p 1/p
[ / dp(x,amn(dx)} - [ / dp(x,a)u(dx)}
U U

for any pointa € U.

We will estimate E.A.(u,, i) in terms of the e-entropy of the measure j, as was
originally suggested by Dudley (1969). Let N (i, &, §) be the smallest number of sets
of diameter at most 2¢ whose union covers U except for a set Ay with ©(A4g) < 4.
Using Kolmogorov’s definition of the e-entropy of a set U, we call log N(u, ¢, €)
the e-entropy of the measure |1. The next theorem was proved by Dudley (1969) for
C = (.

Theorem 12.2.6 (Dudley 1969). Let ¢ = H od € € and H(t) = t*h(1),
where 0 < a < 1 and h(t) is a nondecreasing function on [0,00). Let 8, =
fU ¢"(x,a)u(dx) < oo for somer > 1 anda € U.

E = 0(¢(n)

(a) If there exist numbers k > 2 and K < oo such that
N(p, &'/, eb/*=2y < ge=k, (12.2.22)

then
EA(tn, ) < Cn~ 171N/

where C is a constant depending just on «, k, and K.
(b) If h(0) > 0 and, for some positive ¢; and §

N(u, Y%, 1/2) > ¢1e7*, (12.2.23)

then there exists a co = ca(u) such that

EAc(n. ) > con™ k. (12.2.24)

The proof of Theorem 12.2.6 is based on Dudley (1969) and the inequality

Ac(u,v) <2H(N) A, (1, v) + 2cn / c(x,a){d(x,a) > N/2}(u + v)(dx),
(12.2.25)
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where ¢, = d%/(14+d%), N > 0, and p and v are arbitrary measures on P(U). The
detailed proofis given in Kalashnikov and Rachev (1988, Theorem 9.7, p. 147-150),
where the constant C is bounded from above by %(\/E 3%+,

If (U,d) = R, |- ), my = S llx]|” (dx) < oo, where y = kad/[ko —
d)(k —2)], ka > d, k > 2, then requirement (12.2.22) is satisfied. If (U,d) =
(R || - ||), where ka is an integer and y is an absolutely continuous distribution,
then condition (12.2.23) is satisfied. The estimate E.A.(/t,, 1) < cn~"/* has exact
exponent (1/k) when ka is an integer, U = R¥®, and 1 is an absolutely continuous
distribution having uniformly bounded moments 8,, r > 1, and m,, y > 1.

Open Problem 12.2.1. What is the exact order of n as A.(u,, u) — 0 a.s.? For
the case where p is uniform in [0, 1] and

[x — y]

c(x,y) = colx,y) = m

it follows immediately from a result of Yukich (1989) that there exist constants ¢
and C such that

1/2
lim Pr{cf( ! ) Aoy () < CY = 1. (12.2.26)
n—00 logn

12.3 Functional Central Limit and Bernstein—-Kantorovich
Invariance Principle

Let &,1,802,...,&uk,, n = 1,2,..., be an array of independent RVs with dis-
tribution functions (DFs) F,;, k = 1,...,k,, obeying the condition of limiting
negligibility
lim max Pr(|,x] >¢) =0 (12.3.1)
n 1<k<k,

and the conditions
kn
E&y=0. E&,=0,>0. Y o5 =1 (12.3.2)
k=1

Let o =0and &y = & + -+ + Euk, 1| < k < k,,, and form a random polygonal
line ¢, () with vertices (E¢?,, {ui)." Let P,, from the space of laws on C[0, 1] with
the supremum norm || x|| = sup{|x(?)| : ¢ € [0, 1]}), be the distribution of {,(?),
and let W be a Wiener measure in C[0, 1]. On the basis of Theorem 8.3.1, we have

ISee Prokhorov (1956).
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the following .A.-convergence criterion:

P, — W

APy, W) >0 / c(x,0)(P, — W)(dx) — 0
CJo,1]

(12.3.3)

forany c € € = {c(x,y) = H(|x — y||), H € H [see (12.2.2)].
The limit relation (12.3.3) implies the following version of the classic Donsker—
Prokhorov theorem.”

Theorem 12.3.1 (Bernstein—Kantorovich functional limit theorem). Suppose
that conditions (12.3.1) and (12.3.2) hold and that EH(|&,]) < oo, k =
1,2,....k,, n = 1,2,..., H € H. Then the convergence A.(P,,W) — 0,
n — 09, is equivalent to the fulfillment of the Lindeberg condition

kn
lim Z/ x2dF(x) =0, &>0, (12.3.4)
n ook—l |x|>e
and the Bernstein condition
kn
lim limsup » / H(|x|)dFx(x) = 0. (12.3.5)
N—0 n—00 |x|>N

k=1

Proof. By the well-known theorem by Prokhorov (1956), the necessity of (12.3.4) is

a straightforward consequence of P, S W. Letus prove the necessity of (12.3.5).
Define the functional b : C[0, 1] — R by b(x) = x(1). Forany N > 2+/2,

/OoPr(||§n|| > 1)dH (1) < 2/00 Pr(|Cus,| =t — V2)dH (1)
N N

< 2/00 Pr(|¢nk,| > t)dH(2¢)
N/2

< ZKH/ Pr(|¢pk,| = t)dH(2),
M(N)

where M(N) increases to infinity with N 1 0o.? From the last inequality it follows
that EH (||¢,]|) < oo foralln = 1,2,....By Theorem 12.2.1 and A.(P,, W) — 0,

the relations P, 2 W and

/H(lell)(Pn — W)(dx) — 0

2See, for example, Billingsley (1999, Theorem 10.1).
3See, for example, Billingsley (1999).



12.3  Functional Central Limit and Bernstein—Kantorovich Invariance Principle 293

hold as n — o0, and since for any N

EH(b@G)DI{bE)] > Ny < EH(|S. DTSN > N}

< 2/ Pr(l6] > NdH(),

Mi(N)

where M| (N) 1 oo together with N 1 co, we have (i) P, 0 b™! ——> W o b~! and
() [ h(lx[)(Pyob™ = W ob ') (dx) — Oasn — oo.

The necessity of condition (12.3.5) is proved by virtue of Kruglov’s moment limit
theorem.* The sufficiency of (12.3.4) and (12.3.5) is proved in a similar way. ]

Next we state a functional limit theorem that is based on the Bernstein cen-
tral limit theorem.” We formulate the result in terms of the minimal metric
£, (3.3.11), (3.4.18), and (12.2.17).

Corollary 12.3.1. Let &1,&,,... be a sequence of independent RVs such that
E€ = by and E|&|P < 0o, i = 1,2,..., p > 2. Let B, = by + -+ + by,
& = & + -+ + &, and let the sequence B;”Z/gj, j = 1,2,..., satisfy the
limiting negligibility condition. Let X, (t) be a random polygonal line with vertices
(B /By, Bn_l/z/g), and let P, be its distribution. Then the convergence

€y (P W) >0, n— oo, (12.3.6)

is equivalent to the fulfillment of the condition

; —p/2 P _
lim B, Y EEr =o. (12.3.7)

i=1

Proof. The proof is analogous to that of Theorem 12.3.1. Here, conditions (12.3.4)
and (12.3.5) are equivalent to (12.3.7).6 |

Corollary 12.3.2 (Bernstein—-Kantorovich invariance principle). Suppose that
¢, ¢ € € the array {£.} satisfies the conditions of Theorem 12.3.1, and
conditions (12.3.4) and (12.3.5) hold. Then A.(P,ob™", W ob™') = 0asn — oo
for any functional on C|0, 1] for which

N(b;c,c’) = sup{c’(b(x),b(y))/c(x,y) : x # y,x,y € C[0,1]} < oo.

Proof. Observe that A.(P,, W) — 0 implies A.(P, o b™', W o b™') — 0 as
n — oo, provided N (b; ¢, ¢") < 0o. Now apply Theorem 12.3.1. O

4Given (i), then (ii) is equivalent to (12.3.5); see Kruglov (1973, Theorem 1).
3See Bernstein (1964, p. 358).
6See Bernstein (1964), Kruglov (1973), and de Acosta and Gine (1979).
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Let ¢/(t,5) = H'(|t — s|) and ¢,s € R. Consider the following examples of
functionals b with finite N(b; ¢, ¢’).

(a) If H = H’ and b has a finite Lipschitz norm,

6]l = sup{|b(x) —b(W)I/llx =yl - x # y.x,y € C[0, 1]} < o0, (12.3.8)

then N(b;c,c’) < oo. Functionals such as these are b1 (x) = x(a), a € [0, 1];
by(x) = max{x(t) : ¢t € [0.1]}; b3(x) = [Ix]|, and by(x) = fy p(x(1))dr,
where [|¢]|2 := sup{[¢(x) = (WI/Ix —y[:x,y € [0, 1]} < L.

(b) Let H(t) = t” and H'(t) = t”,0 < p < p’. Then N(bf/p ;ic,c¢’) < oo and
N(bg;c,c') < o0if

lp(x) —p()| < [x —y[??,  x,yelo1]. (12.3.9)

Further, as an example of Corollary 12.3.2 we will consider the functional b4 and
the following moment limit theorem.

Corollary 12.3.3. Suppose &1,&,,... are independent random variables with
E§ =0, EE? =02 > 0, and

lim n="/? ZE|§ |? = 0 for some p > 2. (12.3.10)

n—00
j=1

Suppose also that ¢ : [0, 1] — R has a finite Lipschitz seminorm ||¢|| L. Then

1
( Z¢ (El +---+ gk) ’/ QS(W(Z‘))dt) —0asn — oo, (12.3.11)
0

where the law of wis W.

Proof. Let X, (-) be a random polygon line with vertices (k/n, Sx/o+/n), where
So=0,S; =& + -+ &. From Corollaries 12.3.1 and 12.3.2 it follows that

lim £, ( / 1qs(x,,(z))dz, / 1qs(w(z))dz) =0. (12.3.12)
n—>oo 0 0

Readily,” we have

! 1< Sk
K(/o ¢(Xn(z>)dz—;];¢(a

7See Gikhman and Skorokhod (1971, p. 491, or p. 416 of the English edition).

,0) — 0, (12.3.13)
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where K is the Ky Fan metric. By virtue of the maximal inequality®

00 1 1 n Sk
/O Prg‘/o ¢(Xn(t))dt—gzi:l (Uﬁ) >u} au’
o0 [S| r } »
§/N Pr{gﬁ > ST Vabarr. (12.3.14)

Corollary 12.3.1 and (12.3.10) imply that the right-hand side of (12.3.14) goes to
zero uniformly on n as N — oo. From (12.3.13) and (12.3.14) it follows that

1 1< Sk
/0 ¢<Xn(t)>dt—;;¢(0ﬁ)

Finally, (12.3.15) and (12.3.13) imply

! 1 & Sk
¢, (/0 ¢(Xn(t))dt,;;¢(oﬁ)> — 0asn — oo,

which, together with (12.3.12), completes the proof of (12.3.11). O

p

E — 0. (12.3.15)

We state one further consequence of Theorem 12.3.1. Let the series scheme {£,x }
satisfy the conditions of Theorem 12.3.1, and let 1,,(t) = {ux fort € (ty—1). tnk)-
e = E, k = 1,...,k,, n(0) = 0. Let P, be the distribution of 7,.
The distribution ﬁ,, belongs to the space of probability measures defined on the
Skorokhod space D0, 1].°

Corollary 12.3.4. The convergence AC(/PS,,, W) — 0asn — oo is equivalent to
the fulfillment of (12.3.4) and (12.3.5).

8See Billingsley (1999).
°See Billingsley (1999, Chap. 3).
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Chapter 13
Stability of Queueing Systems

The goals of this chapter are to:

» Explore the question of stability of a sequence of stochastic models in the context
of general queueing systems by means of the Kantorovich functional A,

* Consider the case of queueing systems with independent interarrival and service
times,

* Consider the special case of approximating a stochastic queueing system by
means of a deterministic model.

Notation introduced in this chapter:

Notation Description

G|G|1|oo Single-server queue with general flows of interarrival times and service
times, and infinitely large “waiting room”

e = (ey,e1,...) “Input” flow of interarrival times

s = (S0, S1,---) Flow of service times

w = (wp,wy,...) Flow of waiting times

GI|GI|1|oo Special case of a G|G|1]|oo-system in which s, — e, are independent
identically distributed random variables

D|G|1|oo G|G|1|oo-system with a deterministic input flow

D|D|1|oo Deterministic single-server queueing model

IND(X) Deviation of Pry from product measure Pry, X --- X Pry, ,

X=(X1v~~-9Xn)

13.1 Introduction

The subject of this chapter is the fundamental problem of the stability of a sequence
of stochastic models that can be interpreted as approximations or perturbations

S.T. Rachev et al., The Methods of Distances in the Theory of Probability and Statistics, 297
DOI 10.1007/978-1-4614-4869-3_13, © Springer Science+Business Media, LLC 2013
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of a given initial model. We consider queueing systems and study their stability
properties with respect to the Kantorovich functional .4.. We begin with a general
one-server queueing system with no assumptions on the interarrival times and then
proceed to the special cases of independent interarrival times and independent ser-
vice times. Finally, we consider deterministic queueing systems as approximations
to a stochastic queuing model.

13.2 Stability of G |G |1|oco-Systems

As a model example of the applicability of Kantorovich’s theorem in the stability
problem for queueing systems, we consider the stability of the system G|G|1]oc.!
The notation G|G|1]|oo means that we consider a single-server queue with “input
flow” {e,}°2, and “service flow” {s,}°2, consisting of dependent nonidentically
distributed components. Here, {e,}°2, and {s,}°2, are treated as sequences of the
lengths of the time intervals between the nth and (n + 1)th arrivals and the service
times of the nth arrival, respectively.
Define the recursive sequence

wo = 0, Wp+1 = max(w, + s, — e,,0), n=12,.... (13.2.1)

The quantity w, may be viewed as the waiting time for the nth arrival to begin to be
served. We introduce the following notation: e = (e; ..., ex),Sjx = (Sj,..., k),
k > j,e = (ey,ey,...), and s = (so,5q,...). Along with the model defined
by relations (13.2.1), we consider a sequence of analogous models by indexing it
with the letter r (» > 1). That is, all quantities pertaining to the rth model will be
designated in the same way as model (13.2.1) but with superscript r: e,(f) s s,(,r) R w,(f),
and so on. It is convenient to regard the value r = oo (which can be omitted) as
corresponding to the original model. All of the random variables are assumed to be
defined on the same probability space. For brevity, functionals ® depending just on
the distributions of the RVs X and Y will be denoted by ®(X, Y).

For the system G|G|1|oco in question, define for k > 1 nonnegative functions ¢
on (R, ||xD, [|(x1s. ... xi)|| = |x1| + - + |xk], as follows:

Gk s B me) i= max(0, g — &, (nk — &k)
+ (k=1 = &x—1)s oo (e = &) + -+ (m = &)

It is not hard to see that ¢ (e,—k ,—1, Sp—k.n—1) 18 the waiting time for the nth arrival
under the condition that w,—; = 0.

!Kalashnikov and Rachev (1988) provide a detailed discussion of this problem.
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Letc € € = {c(x,y) = H((x,y)),H € H} [see (12.2.2)]. The system
G|G|1|o0 is uniformly stable with respect to the functional A, finite time intervals
if, for every positive T , the following limit relation holds: as r — oo,

S(r)(T Ac) = sup mkax Ac (P (€ ntk—1,Snntk—1),

n>01

o) sVnn +k —1)) =0, (13.2.2)
where A, is the Kantorovich functional on X (R¥)
AX.Y)=inf{EcX.Y): X 2 XY LV} (13.2.3)

[see (12.2.1)].

Similarly, we define S(r)(T; £,), where £, = £, (0 < p < 00) is the minimal
metric w.r.t. the £, -distance.? Relation (13.2.2) means that the largest deviation
between the variables w4+ and wn o k =1,...,T, converges to zero as r — 00
if at time n both compared systems are free of customers,” and for any positive T
this convergence is uniform in 7.

Theorem 13.2.1. If for each r = 1,2,...,00 the sequences ") and s are
independent, then

Sgr)(T;-Ac) < Ky sup Ac(€yn+7-1, ef,’:g,_w_l)

n>0
+K gy sup Ac(Sn 71484 71, (13.2.4)
n>0

where Ky is given by (12.2.2). In particular,

8N (T:4y) < supLy(€nniT—1.€ 0 )

n>0

+5up £y (St 71,80 ) r1)- (13.2.5)

n>0

Proof. We will prove (13.2.4) only. The proof of (13.2.3) is carried out in a similar
way. For any 1 < k < T we have the triangle inequality

L (¢k(enn+k 1> Snn4k— 1) ¢k(en n+k—1° nn+k 1))
=< ﬁp(¢k(en,n+k—l7 sn,n+k—l)a ¢k(enr,n+k_17 sn,n+k—l))

+ Ep((pk (en,n+k—l s Sn,n+k—l)s Ok (en,n+k—l s S,(lr,,)1+k_1))

2See (3.3.11), (3.3.12), (3.4.18), (5.4.16), and Theorem 6.2.1.
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= ACp(q&k(en,n+T—lv Sn,n+T—l)v ¢k(e£,r,21+7"_1s Sn,n+T—l))
+ Ly (P (€nnt+1—1,Snn+1-1), P (€n 471, Sf,’:g,+r_1)).

Changing over to minimal metric £, and using the assumption that e and s are
independent (r = 1, ..., 00) we have that

inf{ﬁp(¢k(en,n+k—ls Sn,n+k—l)v ¢k(e§,l:£,+k_ls Spon+k— 1))}
= Kp(en,n+T—l7 e,(lr,,)1+7"_1)7 ep(sn,n+T—la sf(1,1)1+T—1)' (13.2.6)

The infimum in the last inequality is taken over all joint distributions

F(x, Vs gv 77) = Pr(en,n+k—l <X, e,(lr,,)1+k_1 < y) Pr(sn,n+k—l<§s Sl(lr,})1+k_1<7’]),
x.y.£.n€RE,

with fixed marginal distributions
Fi(x,§) = Pr(enn+k—1 < X, Spntr—1 <§),
B(y,n) = Pf(eir,i+k_1 < x’sizr,31+k—l <9,

and thus the left-hand side of (13.2.5) is not greater than

Ep(¢k(en,n+k—l s sn,n-l—k—l)v ¢(e,(1r,31+k_1 <X, s,(lr,,)1+k_1 < S)),
which proves (13.2.4). O

From (13.2.3) and (13.2.4) it is possible to derive an estimate of the sta-
bility of the system G|G|l|oo in the sense of (13.2.2). It can be expressed in
terms of the deviations of the vectors e\, - and s\, ,_, from e,,4+7—; and
Sn n+T—1, respectively. Such deviations are easy to estimate if we impose additional
restrictions on e”) and s, r = 1,2,.... For example, when the terms of the

sequences are independent, the following estimates hold:

n+T—1
Acennir—r.en 7 ) <K Y Adej.el). q=[log, T+ 1. (13.2.7)
j=n
n+T—1
Cp@nntr—1,€0 ) 1)) < > Zp(ej,e;r)) for0 < p < oo. (13.2.8)
j=n

Let us check (13.2.8). One gets (13.2.7) by a similar argument. By the minimality
of £,, for any vectors X = (Xi,...,X7), Y = (Y1,....Yr) € X(R") with
independent components, we have that the Minkowski inequality

T
Lo(X.Y)=[E|X —Y |71 <Y £,(X:.Y;). p =max(l,p). (13.2.9)

i=1
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implies

T
6(X.Y) <)Y 4, (X, Y)), (13.2.10)

i=1

i.e., (13.2.8) holds.

Estimates (13.2.7) and (13.2.8) can be even further simplified when the terms of
these sequences are identically distributed. On the basis of (13.2.3) and (13.2.4), it
is possible to construct stability estimates for the system that are uniform over the
entire time axis.?

13.3 Stability of GI|GI|1|co-System

The system GI|GI|1|oco is a special case of G|G|1|oo. For this model the RVs
¢, = sy — ey, are i.i.d., and we assume that £{; < 0. Then the one-dimensional
stationary distribution of the waiting time coincides with the distribution of the
following maximum:

—1
w=supli, Y= > ¢, Yo=0.  (;=¢ (13.3.1)

The perturbed model [i.e., e, s,((") , Yk(") ] is assumed to be also of the type
GI|GI|1|oo.* Borovkov (1984, p. 239) noticed that one of the aims of the stability
theorems is to estimate the closeness of E ) (W ")) and E f(W) for various kinds

of functions f, £ ). Borovkov (1984, p. 239-240) proposed considering the case
SO = f() s Alx—yl. VxyeR. (133.2)
Borovkov (1984, p. 270) proved that

D = sup{|EfW") —EfW)| : | f(x) = f(D)] < Alx =yl x,y € R} < ce,
(13.3.3)
assuming that |¢ fr) — 1| < e a.s. Here and in what follows, ¢ stands for an absolute
constant that may be different in different places.
By (3.3.12), (3.4.18), (5.4.16), and Theorem 6.2.1, we have for the minimal
metric £; = 21

AL WD w) = sup{ Ef O (W) — Ef(w) : (f, f) satisfy (13.3.2)} = D,
(13.3.4)

3See Kalashnikov and Rachev (1988, Chap. 5).

4For a discussion of these problems, see Gnedenko (1970), Kennedy (1972), Iglehart (1973),
Borovkov (1984, Chap. IV), Whitt (2010), Baccelli and Bremaud (2010), and Kalashnikov (2010).
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provided that E|w"”)| + E|w| < oo. Thus, the estimate in (13.3.3) essentially says
that

LD, w) < cloo@. 1), (133.5)
where for any X, Y € X(R)

loo(X.Y) = Loo(X.Y) = sup |Fy' (1) — Fy ' (1)] (13.3.6)

0<r<I

[see (2.5.4), (3.3.14), (3.4.18), (7.5.15), and Corollary 7.4.2]. Actually,
using (7.4.18) with H(¢) = t? we have

1 1/p
(X, Y)=L,(X.Y) = (/ |Fyl(e) — F;l(z)v’dz) , (13.3.7)
0

where Fy !'is the generalized inverse of the DF Fy
Fy'(t) := sup{x : Fy(x) <t}. (13.3.8)

Letting p — oo we obtain (13.3.6).
The estimate in (13.3.5) needs strong assumptions on the disturbances in order
to conclude stability. We will refine the bound (13.3.5) considering bounds of

AL WD, w) = supl Ef O w") = Ef(w) : fO(x) = f(y) < Alx — y|”.
Vx,y e R, 0< p < oo, (13.3.9)

assuming that E|w|? + E|w|? < oco. The next lemma considers the closeness of
the prestationary distributions of w, = max(0, w,—; + {,—1), wo = 0, and of wﬁ,r)

[see (13.2.1)].

Lemma 13.3.1. Forany0 < p < coand E¢; = ECY), the following inequality
holds:

LW wy) < A, (13.3.10)
Ap 1= min (M%vc 1/p—1123132/p—1 nl/(1+8)8$(1+5)) , for p €(0,1],
where
A, =cn'Pe, forl<p<2,
A, :=cn'?e, forp>2,
and

ep = L,(01, ).
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Remark 13.3.1. The condition E¢; = E¢ Y) means that we know the mean of ¢ fr)
for the perturbed “real” model and we chose an “ideal” model with {; having the
same mean.

Proof. The distributions of the waiting times w, and w) can be determined as
follows:

d
Wy = max(O, é‘n—lv Cn—l + Cn—Zs ceey é‘n—l + e Cl) = max Y;,
0<j=n

) d
w,(f) = max(0, C(r) s C:I'225 cees @,51—)1 +oeet gir)) < max ¥},

n—1°5n—1 0<j<n

Further [see (19.4.41), Theorem 19.4.6], we will prove the following estimates of

the closeness between w'” and w),:

1 b
W w,) < @e,,(zl,zl ) ifo<p<l (13.3.11)
and
0w wy) < Lprnl/f’gp if1<p=<2, (13.3.12)
p p—

where B; = 1, B, = 18p3?/(p — 1)!/? for 1 < p < 2.From (13.3.12)and £, <
Lpays forany0 < p <land(1/p)—1 <6 <2/p—1wehavel < p(1+6) <2
and

Ly wy) < enUFDeD o (13.3.13)

For p > 2 we have

J4
(r)y —

LO(wn,w,”) = E

v\
k=1 k=1

< LlEm —YOP < en??L,(60.c0). (13.3.14)
p J—

This last inequality is a consequence of the Marcinkiewicz—Zygmund inequality.’

Passing to the minimal metrics £, = £, in (13.3.14) we get (13.3.10). O

Remark 13.3.2. (a) The estimates in (13.3.10) are of the right order, as can be seen
by examples. If, for example, p > 2, consider {; 4 N(0,1) and §i(r) = 0; then
Ep(wﬁ,r),wn) = cn'/?,

(b) If p = 0o, then £oo (W, wy) < Néoo.

3See Chow and Teicher (1997, p. 384).
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Define the stopping times

0 =inf{k :wy = max ¥; =w=supY,, ,
0<j<k j=0

00 = inf{k : w! = w3, (13.3.15)

From Lemma 13.3.1 we now obtain estimates for £ p(w(’), w) in terms of the
distributions of 6, 0. Define G(n) := Pr(max(0"),0) = n) < Pr(8") = n) +
Pr(60 = n).

Theorem 13.3.1. If1 < p <2, A, u > 1 with (1/A) + (1/u) = 1 and E¢, =
Eé’l") < 0, then

o0
W w) < cepp Y n'rGm)' (13.3.16)

n=1
Proof.
o
Lrw", w) = Elw" —w|? = Z Ew" —w|? I{max(0", 0) = n}

n=0

o

Elw, — w17 I{max(8", 0) = n}
0

n=

<) (Elwy —wPHY G (),

3¢

0

=
I

and thus, by (13.3.10),

N 00
Z;(w(r),w) < ZAZ/\G(H)I/M — chl/lgka(n)l/M_ q

n=0 n=0

Remark 13.3.3. (a) If
G(n) < cp~HI/AFIFE) (13.3.17)

for some ¢ > 0, then > o2, n'/AG(n)/# < ¢3°2, n~V/1+9 < oo, For
conditions on {1, ¢} ensuring (13.3.17), compare Borovkov (1984, pp. 229, 230,
240).

(b) For 0 < p < 1 and p > 2, in the same way we get from Lemma 13.3.1
corresponding estimates for £, (W), w).
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(c) Note that £;(w"), w) < £,(w"),w), i.e., £,-metric represents more functions
w.r.t. the deviation [see the side conditions in (13.3.9)] than £;. Moreover, &, =
Lo (f{r), 4) < 600@1"), ¢1). Therefore, Theorem 13.3.1 is a refinement of the
estimates given by Borovkov (1984, p. 270).

13.4 Approximation of a Random Queue by Means
of Deterministic Queueing Models

The conceptually simplest class of queueing models are those of the deterministic
type. Such models are usually explored under the assumption that the underlying
(real) queueing system is close (in some sense) to a deterministic system. It is
common practice to change the random variables governing the queueing model
with constants in the neighborhood of their mean values. In this section we evaluate
the possible error involved by approximating a random queueing model with
a deterministic one. To get precise estimates, we explore relationships between
distances in the space of random sequences, precise moment inequalities, and the
Kemperman (1968, 1987) geometric approach to a certain trigonometric moment
problem.

More precisely, as in Sect. 13.2, we consider a single-channel queueing system
G|G|1|oo with sequences e = (eg, ey, ...) ands = (8o, 1, . . . ) of interarrival times
and service times, respectively, assuming that {e;};>1 and {s,};>1 are dependent
and nonidentically distributed RVs. We denote by ¢ = (fo, {1, ...) the difference
s —eand let w = (wp,wy,...) be the sequence of waiting times, determined
by (13.2.1).

Along with the queueing model G|G|1|oo defined by the input random charac-
teristics e, s, { and the output characteristic w, we consider an approximating model
with corresponding inputs €*, s*, ¢* and output w*,

wy =0, Wepr =, + S —er)y, n=12,..., (13.4.1)

where (-)+ = max(0,-). The latter model has a simpler structure, namely, we
assume that e* or s* is deterministic. We also assume that estimates of the deviations
between certain moments of e; and e} (resp. s; and s or {; and {7) are given.

We will consider two types of approximating models:

(@) DIG|1]oo (i.e., €] are constants and in general, e # e fori # j) and
(b) D|D|1]oo (i.e., e} and s7 are constants).

The next theorem provides a bound for the deviation between the sequences w =
(wo,wi,...) and w* = (w,wj,...) in terms of the Prokhorov metric .5 We

6See Example 3.3.3 and (3.3.18).
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denote by U = R*° the space of all sequences with the metric
o0
d(fs?) = Zz_’|xi _yl| [f = ()C(),)Cl,...), 7 = (y()sylv"')]v
i=0

which may take infinite values. Let X*° = X(R"°) be the space of all random se-
quences defined on a “rich enough” probability space (€2, A, Pr); see Remark 2.7.2.
Then the Prokhorov metric in X*° is given by

a(X,Y):=inf{e > 0:Pr(X € A) < Pr(Y € A®) + ¢,
V Borel sets A C R}, (13.4.2)

where A°® is the open e-neighborhood of A. Recall the Strassen—Dudley theorem
(see Corollary 7.5.2 of Chap. 7):

T(X.Y)=K(X.,Y) = inf(K(X,7): X.Y e X, X 2 X,Y 2 Y}, (13.4.3)
where K is the Ky Fan metric
K(X,Y):=inf{le > 0:Pr(d(X,Y) >s) <&}, X, Y € X* (13.4.4)

(Example 3.4.2).

In stability problems for characterizations of e-independence the following
concept is frequently used.” Let &¢ > 0 and X = (Xo,X,...) € X*. The
components of X are said to be e-independent if

IND(X) = n(X,X) <&,

where the components X; of X are independent and X XG> 0). The
Strassen—Dudley theorem gives upper bounds for IND(X) in terms of the Ky Fan
metric K(X, X).

Lemma 13.4.1. Let the approximating model be of the type D|G|1|co. Assume that
the sequences e and s of the queueing model G|G|1|oco are independent. Then

(W, w*) < IND(s) + IND(s™) + Y (w(e;j.e}) + m(s;.5])). (13.4.5)
j=l1

Proof. By (13.2.1) and (13.4.1),

o0
d(w.w*) =" 27" |w, — wi|

n=1
o0

= ZZ_”| max(0, $,—1 — ep—1,...,(Sn—1 —epn—1) + -+ (S0 — €op))
n=1

7See Kalashnikov and Rachev (1988, Chap. 4).
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—max (0,5, — ey, (s — ey ) e+ (55— €g))]
oo
< D27 max(0, sy — €t (Sumt — 1) + o+ (50— €0)
n=1
—max(0, -1 —e;_y,....(Sm1 —ep_y) + -+ (so—e]))]

o
+ Z 27" max (0, sy—1 — 6‘;_1, ceey (Spm1 — e;_l) 4o (50— e(’)"))

n=1

—max(0,5,_ —ep_j.....(55_ —er_)+ -+ (55 —e))

o0

< ZZ_" max(le,—1 —ep_|.....len—1 —e,_ | + -+ |eo — e ])

n=1
o0

+ ZZ_” max(|Sy—1 = Sp_q |,y [Sm1 — Sp_y | + -+ |50 — 55 )
n=1

o0 n—1

< D27 (lej — et +Isj —s¥D)
n=1 j=0

< d(e,e*) + d(s,s").

Hence, by the definition of the Ky Fan metric (13.4.4), we obtain K(w,w*) <
K(e, e*) + K(s,s*). Next, using representation (13.4.3) let us choose independent
pairs (e, e}), (s¢,s;) (¢ > 0) such that m(e,e*) > K(e,, e}) — ¢, m(s,s*) >
K(s.,s¥) —¢,and e 4 e, e* 4 e, s 4 S,, $* 4 sr. Then by the independence of e
and s (resp. e* and s*), we have

. d d
x(w,w*) = inf{K(wo, W) : Wo = W, w; = W"}

IA

inf{K (eo. e}) + K(so.57) : (e0.50) = (e.5). (e 57) < (*,5"),
e is independent of sg, e is independent of s,
e; is independent of s;, €* is independent of s™}
< K(e., e)) + K(s.,s7) < m(e,e*) + m(s,s*) + 2¢,
which proves that
x(w,w*) < m(e,e*) + m(s,s"). (13.4.6)
Next let us estimate 7 (e, e*) in the preceding inequality. Observe that

K(X.Y) < Z K(X;,Y;) (13.4.7)
i=0



308 13 Stability of Queueing Systems
forany X,Y € X°°. Infact, if K(X;,Y;) <g and 1 > & = Z?io &;, then

o o0
e> Y Pr(|X; = Yi|>e) =) PrQ7|X; - Yi| > &)
i=0 i=0

o0
> Pr (Z2‘i|Xi - Y| > s) )
i=0
Letting &; — K(X;,Y;) we obtain (13.4.7). By (13.4.7) and n (e, e*) = K(e, e*),
we have
o0 o0
(e, e*) < ZK(e,-,e;‘) = Zn(ei,e;" . (13.4.8)
i=0 i=0

Next we will estimate 7 (s, s*) on the right-hand side of (13.4.6). By the triangle
inequality for the metric &, we have

m(s,s*) < IND(s) + IND(s*) + 7 (s, s*), (13.4.9)

where the sequence s (resp. s*) in the last inequality consists of independent

d d .
components such that s; = s; (resp. g’j = s;'f). We now need the “regularity”
property of the Prokhorov metric,

(X +Z.Y +2Z)<n(X.Y), (13.4.10)

for any Z independent of X and Y in X°°. In fact, (13.4.10) follows from the
Strassen—Dudley theorem (13.4.3) and the corresponding inequality for the Ky Fan
metric

K(X+ZY+Z7Z)<KX.,Y) (13.4.11)

forall X, Y, and Z in X*°. By the triangle inequality and (13.4.10), we have

n (Z Xi,ZY,-) <Y w(Xi.Y) (13.4.12)
i=0 i =0 i=0

for all X,Y € X, X = (Xo,X1,...) and ¥ = (Y, Y1,...) with
independent components. Thus m(s,s*) < Z?’;On(sj,s;‘), which together
with (13.4.6), (13.4.8), and (13.4.9) complete the proof of (13.4.5). O

In the next theorem we will omit the restriction that e and s are independent,
but we will assume that the approximation model is of a completely deterministic
type D|D|1]oo. (Note that for this approximation model e}k and s;‘ can be different
constants for different j.)

Lemma 13.4.2. Under the preceding assumptions, we have the following
estimates:
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o

m(w.w*) = K(w,w") <m(6.8%) <Y 7((;.00) =Y K05, (134.13)

Jj=0 Jj=0

o0 o0
x(w,w*) < Z(n(ej,e}k)—i-n(sj,s;‘)) = Z(K(ej,e;‘)—}-K(sj,s;‘)). (13.4.14)
Jj=0 Jj=0

The proof is similar to that of the previous theorem.

Lemmas 13.4.1 and 13.4.2 transfer our original problem of estimating the
deviation between w and w* to a problem of obtaining sharp or nearly sharp upper
bounds for K(e;, e7) = m(e;, e}) [resp. K(£;, {)], assuming that certain moment
characteristics of e; (resp. {;) are given. The problem of estimating (s j,s;)
in (13.4.5)® reduces to estimating the terms IND(s), IND(s*), and m(e j,e}f).
IND(s) and IND(s*) can be estimated using the Strassen—Dudley theorem and
the Chebyshev inequalities. The estimates for (e j,e;‘), (g, é}k) e}*, é}* being
constants, are given in the next Lemmas 13.4.3-13.4.8

Lemma 13.4.3. Leta > 0, § € [0,1], and ¢ be a nondecreasing continuous
function on [0, 00). Then the Ky Fan radius (with fixed moment¢)

R =R(a,8,¢) :=max{K(X,a) : E¢(|X —a|) <8} (13.4.15)

is equal to min(1, ¥ (8)), where V is the inverse function of t¢(t), t > 0.

Proof. By Chebyshev’s inequality, K(X, o) < ¥ (§) if E¢(|X — «|) < 6, and thus
R < min(1, ¥(8)). Moreover, 1 (§) < 1 (otherwise, we have trivially that R = 1),
then by letting X = Xy + «, where X, takes the values —¢, 0, ¢ := ¥ (§) with
probabilities £/2, 1 —¢, e/2, respectively, we obtain K(X, o) = ¥(8), as is required.

O

Using Lemma 13.4.3 we obtain a sharp estimate of K(¢;. {7) ({7 constant) if it
is known that E¢(|¢; — {7[) < 8. However, the problem becomes more difficult if
one assumes that

§j € Ser(erj.ea). f.85) (13.4.16)

where for fixed constants @ € R, g; > 0,and &, > 0

Sa(e1.62. £.8) == {X € X: |Ef(X) — f(@)] < e1.|Eg(X) — g(@)] < &2},
(13.4.17)

and X is the set of real-valued RVs for which E f(X) and Eg(X) exist.

8The problem was considered by Kalashnikov and Rachev (1988, Chap.4) under different
assumptions such as s;‘ being exponentially distributed and s; possessing certain “aging” or “lack
of memory” properties.
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Suppose that the only information we have on hand concerns estimates of the
deviations |Ef({;) — f(§7)] and |Eg(¢;) — g(£7)|. Here, the main problem is the
evaluation of the Ky Fan radius

D = Dy(e1,82, f,8) = sup K(X,a) = sup (X, o).
X€eSqy(e1.62./.8) XeSqy(e1.62.18)
(13.4.18)
The next theorem deals with an estimate of D, (g1, &2, f, g) for the “classic” case
f(x)=x, gx) =x> (13.4.19)

Lemma 13.4.4. If f(x) = x, g(x) = x? then
ey’ < Dy(e1, 62, f,g) < min(1,y), (13.4.20)

where y = (g5 + 2|ar|er) /3.

Proof. By Chebyshev’s inequality for any X € Sy(e1,62, f.g), we have
K3(X,a) < EX? —2aEX + o? := 1. We consider two cases:

Ifa > 0then ] < a?+ & — 2a(ax — &) + a® = p3.

Ifa <Othen/ <2a%+ & —2a(x + &) = y>.
Hence the upper bound of D (13.4.20) is established.

Consider the RV X, which takes the values o — ¢, o, @ + ¢ with probabilities
P.4q, p, 2p + g = 1), respectively. Then EX = «, so that |[EX —a| = 0 < ¢;.
Further, EX? = o® + 2¢%p = g, + o if we choose ¢ = e;ﬂ, p= e;/3/2. Then
Fy(a+e—-0)—Fx(a—e)=q =1 —8?3, and thus K(X, o) > Sé/S, which proves
the lower bound of D in (13.4.20). O

Using Lemma 13.4.4 we can easily obtain estimates for Dy (¢1, €2, f, g), where
fX)i=A4+ux+ex>2 xApleR

and
g(x)::a—i—bx—i—cx2 x,a,b,c eR

are polynomials of degree two. That is, assuming ¢ # 0, we may represent f as
follows: f(x) = A+ Bx + Cg(x), where A = A —la/c, B = pu —{b/c,
C ={/c.

Lemma 13.4.5. Let f and g be defined as previously. Assume ¢ # 0, and B # 0.
Then

Da(81782s f;g) E Da@17§27 ?5@7

where

_ 1 - 1 b
g = m(|C|82+81), &y 1= m['E‘(|C|82+81)+82:|,

f)=x, T =x%
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In particular, Do (g1, €2, f.8) < (&> + 2|a[61)'? = (c182 + c261)'/3, where
1
1= (6L + [ = £ + 2arl|Zc])
leflm —2b]

and

|+ 2

Cy) = .

w—25b

Proof. First we consider the special case f(x) = x and g(x) = a + bx + cx?,
x € R, where a, b, ¢ # 0 are real constants. We prove first that

Da(817827ﬁg) S Da(glvfgév ﬁ’g)v (13421)
where 2, := (1/|c|)(|b|e1 + €2) and g(x) = x2. Thus, by (13.4.20), we get
Du(e1, 2, £, 8) < Br + 2]ale)) . (13.4.22)

Since |Ef(X)— f(a)| = |[EX —a| < e and [Eg(X) —g(a)| = [D(EX —a) +
c(EX? —a?)| < &, we have that |c||EX? —o?| < |b||EX —a| + &5 < |ble| + &».
That is, | EX? — a?| <&, which establishes the required estimate (13.4.21).

Now we consider the general case of f(x) = A + pux + {x2. From f(x) = A+
Bx+ Cg(x) and the assumptions that | E f(X)— f(a)| < ejand |[Eg(X)—g(a)| <
&z, wehave |B||EX —a| < [Ef(X)— f()|+|C[|Eg(X)—g(a)| = &1+]|C|ez, that
is, [EX —a| <'€). Therefore, Dy (1. €2, [, g) < Du(€1. €2, f, g), where f(x) = x.
Using (13.4.22) we have that D, (g1, &2, f, g) < Dy (€1, 62, f,€), where

- 1
& = H(|b|'51 + &),

which by means of Lemma 13.4.4 completes the proof of Lemma 13.4.5. O

The main assumption in Lemmas 13.4.3—13.4.5 was the monotonicity of ¢,
f, and g, which allows us to use the Chebyshev inequality. More difficult is the
problem of finding Dy (g1, €2, f,g) when f and g are not polynomials of degree
two. The case of

f(x) =cosx and g(x)=sinx,

where x € [0, 27], is particularly difficult.

Remark 13.4.1. In fact, we will investigate the rate of the convergence of
K(X,,a) - 00 < X, < 2m)asn — oo, provided that E cos X;, — cos«
and E sin X,, — sinca. In the next lemma, we show Berry—Essen-type bounds for
the implication

Eexp(iX,) — exp(ie) = K(X,,a) = 7 (X,, ) = 0.
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In what follows, we consider probability measures w on [0, 277] and let

587

M(e) = {,u: ‘/costdu—cosa

/ sintdp — sin«

< g} . (13.423)

We would like to evaluate the trigonometric Ky Fan (or Prokhorov) radius for
M ((e) defined by

D = sup{m(u,d8y): L € M(e)}, (13.4.24)

where §, is the point mass at & and 7 (i, §y) is the Ky Fan (or Prokhorov) metric
x(,8,) =inf{r >0: pu(la —r,a +r]) > 1 —r}. (13.4.25)

Our main result is as follows.

Lemma 13.4.6. Let fixed o € [1,2n — 1] and ¢ € (0, (1/+/2)(1 — cos 1)). We get
D as the unique solution of

D — Dcos D = g(|cosa| + | sina]). (13.4.26)

Here we have that D € (0, 1).
Remark 13.4.2. By (13.4.24), one obtains

D < [2&(| cosa| + | sina])]'/3. (13.4.27)

From (13.4.26), (13.4.27) [and see also (13.4.28)] we have that D — 0 as ¢ — 0.

The latter implies that & (i, §,) — 0, which in turn gives that u BN 84, Where G
is the point mass at «. In fact, D converges to zero quantitatively through (13.4.24)
and (13.4.27), that is, the knowledge of D gives the rate of weak convergence of u
to 8, (see also Lemma 13.4.7).

The proofs of Lemmas 13.4.6 and 13.4.7, while based on the solution of certain
moment problems (see Chap.9), need more facts on the Kemperman geometric
approach for the solution of the general moment problem’ and therefore will be
omitted. For the necessary proofs see Anastassiou and Rachev (1992).

Lemma 13.4.7. Let f(x) = cosx, g(x) =sinx; ¢ € [0,1) ora € 2n —1,27).
Define

D = Dq(e, 1. 8)
sup{K(X,®) : |[Ecos X —cosa| <e¢,|Esin X —sina| < &}.

LetB=a+ 1ifael0,1),andlet B =a—1ifa € 2n —1,27). Then

9See Kemperman (1968, 1987).
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Dq(e, f.8) < Dg(e(cos1 +sinl), f, g).
In particular, by (13.4.27),
Dy(e, f.g) < [2e(cos 1 + sin 1)(| cosa| + | sina)!/3 (13.4.28)
forany 0 <o < 2w and ¢ € (0, (1/+/2)(1 — cos 1)).

Further, we are going to use (13.4.28) to obtain estimates for Dy (e, f, g), where
f(x) =A+ pcosx 4+ ¢sinx, x € [0,27],A, u, ¢ € R,and g(x) =a + bcosx +
csinx, x € [0,27], a, b, c € R. Assuming ¢ # 0 we have f(x) = A+ Bcosx +
Cg(x),where A =A—Cla/c,B=u—Ctb/c,C =¢/c.

Lemma 13.4.8. Let the trigonometric polynomials f and g be defined as previ-
ously. Assume ¢ # 0 and B # 0. Then Dy(¢, f,g8) < Dg(stn, f,2) for any
0 <o < 27w, where

T = max (1,L(|b| + 1|)

|c|
and

7 = max (1, ﬁ(wl + 1))

f(x) =cosx, g(x) =sinx. If

0<e< ! (1 —cosl)
J— J— ‘L—nﬁ b
then we obtain
Dy (e, f.g) < [2etn(cos 1 + sin 1)(| cosa| + | sina])]'/? (13.4.29)

forany 0 <o < 2.

The proof is similar to that of Lemma 13.4.5.
Now we can state the main result determining the deviation between the waiting
times of a deterministic and a random queueing model.

Theorem 13.4.1. (i) Let the approximating queueing model be of type D|G|1]oc.
Assume that the sequences e and s of the “real” queue of type G|G|1|oco
are independent. Then the Prokhorov metric between the sequences of waiting
times of D|G|1|oco queue and G|G|1|oo queue is estimated as follows:

7 (w,w*) < IND(s) + IND(s*) + Z(n(ej, e}) +m(s;,s7)). (13.4.30)
j=1
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(ii) Assume that the approximating model is of type D|D|1|oo and the “real”
queue is of type G|G|1|oo. Then

m(w.w*) <23 (8.8 (13.4.31)
j=1
and
m(w.w*) <2 (m(ej.e}) + m(s;.57)). (13.4.32)
j=1

(iii) The right-hand sides of (13.4.30)-(13.4.32) can be estimated as follows: let
n(X, X*) denote m(e;, e7) in (13.4.30) or m(§;, §5) in (13.431) or w(e;, e}
(7 (s;, s;‘)) in (13.4.32) (note that X * is a constant). Then:

(a) If the function ¢ is nondecreasing on [0, 00) and continuous on [0, 1] and
satisfies
E(IX —X*)=ds=1, (13.4.33)

then
(X, X*) < min(1, ¥ (8)), (13.4.34)

where  is the inverse function of tp (t).
(b) IfIEF(X) — f(X*)| < &1, |[Eg(X) — g(X™)| < &2, where
f(xX) =A4+ux +ex2, x, A pleR,
gx) =a+ bx +cx?, x,a,b,c €R,

¢ #0, u#Lb/c, then forany ey > 0 and g, > 0
n(X, X*) < @+ 20X ',

where €] and &, are linear combinations of €| and €, defined as in
Lemma 13.4.5.

(c) If X €[0,2n] ace. and Ef(X) — f(X™)| < & |Eg(X) —g(X™)| < ¢,
where f(x) = A+ pcosx + {sinx, and g(x) = a + bcosx + csinx
forx €10,2x],a,b,c, A, u, L €R, ¢ #0, u # ¢b/c, then

K(X, X*) < [2etn(cos 1 + sin 1)(] cos X *| + | sin X *|)]'/?,

where the constants T and n are defined as in Lemma 13.4.8.

Open Problem 13.4.1. First, one can easily combine the results of this section with
those of Kalashnikov and Rachev (1988, Chap. 5), to obtain estimates between the
outputs of general multichannel and multistage models and approximating queueing
models of types G|D|1]|oo and D|G|1|oo. However, it is much more interesting and



References 315

difficult to obtain sharp estimates for x (e, e*), assuming that e and e* are random
sequences satisfying

|E(e; —ep)| < e, IEfj(le;]) — Efj(lef]) < &2

Here, even the case f;(x) = x? is open (Chap. 9).

Open Problem 13.4.2. Itis interesting to obtain estimates for £, (w, w*), (0 < p <
00), where £, = L, (Sects. 13.2 and 13.3).
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Chapter 14
Optimal Quality Usage

The goals of this chapter are to:

* Discuss the problem of optimal quality usage in terms of a multidimensional
Monge—Kantorovich problem,

* Provide conditions for optimality and weak optimality in the multidimensional
case,

* Derive an upper bound for the minimal total losses when they can be represented
in terms of the £; metric.

Notation introduced in this chapter:

Notation Description

Ou,v) Collection of admissible plans

74(0) Total loss of consumption quality
O, v) Collection of weakly admissible plans
af (x) Subdifferential of f at x

v(Py, P;)  First absolute pseudomoment
ks(P1, P,) sthdifference pseudomoment

14.1 Introduction

In this chapter, we discuss the problem of optimal quality usage as a multidi-
mensional Monge—Kantorovich problem. We begin by stating and interpreting the
one-dimensional and the multidimensional problems. We provide conditions for
optimality and weak optimality in the multivariate case for particular choices of
the cost function. Finally, we derive an upper bound for the minimal total losses for
a special choice of the cost function and compare it to the upper bound involving
the first difference pseudomoment.

S.T. Rachev et al., The Methods of Distances in the Theory of Probability and Statistics, 317
DOI 10.1007/978-1-4614-4869-3_14, © Springer Science+Business Media, LLC 2013
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14.2 Optimality of Quality Usage and the Monge—
Kantorovich Problem

The quality of a product is usually described by a collection of its characteristics
x = (x1,...,Xn), where m is a required number of quality characteristics and x; is
the real value of the ith characteristic. The quality of all produced items of a given
type is described by a probability measure ©(A), A € B”, where, as before, B”
is the Borel o-algebra sets in R”. The measure p(A) represents the proportion of
items with quality x satisfying x € A. On the other hand, the usage (consumption)
of all produced items can be represented by another probability measure v(B), B €
5™, where v (B) describes the necessary consumption product for which the quality
characteristics satisfy x € B. We call u(A) the production quality measure and
v(B) the consumption quality measure A, B € 8™, and assume that u(R") =
v(R™) = 1. Clearly, it happens often that j£(A) # v(A) at least for some A € B™.

Following the formulation of the Monge—Kantorovich problem discussed in
Sect.5.2 in Chap. 5, we introduce the loss function ¢ (x, y) defined for all x € R™
and y € R™ and taking positive values whenever an item with quality x is used
in place of an item with required quality y. Finally, we propose the notion of a
distribution plan for production quality [with given measure (A)] to satisfy the
demand for consumption [with given measure v(B)]. We define for any distribution
plan (or plan for short) a nonnegative Borel measure 6(A, B) on the direct product
R™ x R™ = R?". The measure (A, B) indicates that part of produced items with
quality x € A that is intended to satisfy a required level of consumption of items
with quality y € B. The plan 6(A4, B) is called admissible if it satisfies the balance
equation

0(A,R™) = u(4), OR™ B)=v(B), VA, BeDB" (14.2.1)

In reality the balance equations express the fact that any produced item will be
consumed and any demand for an item will be satisfied.

Denote by ®(u, v) the collection of all admissible plans. For a given plan 6 €
®(u, v) the total loss of consumption quality is defined by the following integral:

7(0) 1= 14(0) = /Rzm ¢(x,y)0(dx,dy). (14.2.2)

0* is said to be the optimal plan for consumption quality if it satisfies the
relationship

(07 =Tp(u,v) = inf 2(0). (14.2.3)

;
€O(u,

Relations (14.2.1) express the balances between the production quality measure
u(A), the consumption quality measure v(B), and the distribution plan 6(A4, B).
It assumes that complete information on the marginals u and v is available when the
plan is constructed. In most practical cases, the information about production and
consumption quality concerns only the set of distributions of x;s (i = 1,...,m).
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In this case, it is assumed that the balance equations can be expressed in terms of the
corresponding one-dimensional marginal measures. This leads to the formulation of
the multidimensional Kantorovich problem.! If we denote the i th marginal measure
of production quality by u;(A;) and the jth marginal measure of the consumption
quality by v; (B} ), then the following relations hold:

i (Ai) = p(R™ x A x R™, A € B,
vj(Bj):v(Rj_leijm_j), Bje%l.

We say a distribution plan 6(A, B) is weakly admissible when it satisfies the
conditions

ORI x A; x R™™ R™) = i (4;), i=1,....m, (14.2.4)

OR", R/ x B; xR" /)y =v;(B;), j=1,....m. (14.2.5)

Denote by @(p,l, evs M3 V1, ..., V) the collection of all weakly admissible
plans. Obviously,

O(u,v) C @(,ul, e M Vs e s V). (14.2.6)
A distribution plan ®° is called weakly optimal if it satisfies the relation

7(6°) = inf 7(6), (14.2.7)
0e®

where 7(0) is defined by (14.2.2) for a given loss function ¢ (x, ¥). The inclusion
in (14.2.6) means that t(6?) < t(6*), where 6° and 6* are determined by (14.2.3)
and (14.2.7). Therefore, t(0°) is an essential lower bound on the minimal total
losses.

First we will evaluate t(6*) and determine 68*. We consider two types of loss
functions, ¢ (x, y), when the item with quality x is used instead of an item with
required quality y.

The first type has the following form:

d(x,y) =a(x) + b(x,y), (14.2.8)

where a(x) is the production cost of an item with quality x and b(x,y) =
bo(x,y) + by(y, x), in which b,(x, y) is the consumer’s expenses resulting from
replacing the required item with quality y by a product with quality x. We can
assume that b(x, y) = O0forall x = y and b(x, y) > 0,a(x) >0, Vx € R™,

I'See version (VI) of the Monge—Kantorovich problem in Sect. 5.2 and, in particular, (5.2.36).
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From (14.2.3) and (14.2.8)

0e®(u,v)

74(0%) ;== inf {/Rzm[a(x) + b(x,y)]@(dx,dy)}

= / a(x)p(dx) + inf / b(x,y)0(dx,dy) =: I} + I5.
RM 0e®(u,v) R2m
(14.2.9)

Here

I, :=/ a(x)p(dx) (14.2.10)

represents the expected (complete) production price of items with quality measure
M, whereas

I, == inf b(x,y)0(dx,dy) (14.2.11)

0€O(,v) Jr2m
represents the minimal (expected) means of a consumer’s expenses from exchanging
the required product for consumption with quality v by a produced item with quality
W, under its optimal distribution among consumers, according to plan 6*. Since I,
in (14.2.10) is completely determined by the measure p, the only problem is the
evaluation of 1,.
The second type of loss function that is of interest has the form

¢(x,y) = H(d(x,y)), (14.2.12)

where H (t) is a nondecreasing function and d is a metric in R™, characterizing the
deviation between the production quality x and the required consumption quality y.
The function H(t) is defined for all # > 0 and represents the user’s expenses as a
function of the deviation d(x, y). Notice that the function b(x, y) in (14.2.11) may
also be written in the form (14.2.12), so without loss of generality we may assume
that ¢ has the form (14.2.12).

The dual representation for 7, (14.2.3) is given by Corollary 5.3.1, i.e., if
the loss function ¢ (x, y) is given by (14.2.12) where H is convex and Ky :=
SUp, _oo[H(2t)/H(t)] < oo [see (2.4.3)], then T4 is a minimal distance with dual
representation

%(u,v):sm){ fdu+/ gdv: f.g e LipR",
R”l m

f(xX)+g(y) < H@(x,y)):x,y eR"y,  (14.2.13)

where
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LipR" ;= f:R" > R': || flloo = sup | f(x)| < o0

x€ERM

sup | f(x) — f()l/d(x.y) < o0
x,yERM
By the Cambanis—Simons—Stout formula [see (8.2.26) in Chap. 8 in the case of
m = 1and d(x, y) = |x — y|], the minimal total losses can be expressed by

1
’f¢(,u,v):t¢(9*):/0 H(F ' (x) — G "(x)|)dx, (14.2.14)

where F(x) = wu((—o0,x]) and G(x) = v((—oo,x]) are the distribution
functions of the production quality and the required quality characteristics for
usage, respectively. The functions F ! (x) and G~ (x) are their generalized inverses
defined by F~'(x) := sup{t : F(¢t) < x}. Furthermore, the optimal distribution
plan is given by

0*((—o0, x] x (=00, y]) = min(F (x), G(y)). (14.2.15)

Equality (14.2.15) essentially means that if F(x) is a continuous DF, then the
optimal correspondence between the item of quality x and the item with required
quality y is given by

y = G Y(F(x)). (14.2.16)

The last formula follows immediately from (14.2.14), (14.2.15) since the mini-
mal distance

75(0*) = inf{EH(|X —Y|): Fx = F. Fy = G} (14.2.17)

is equal to EH(]X* — Y *|), where Y* = G~!(F(X*)) and the joint distribution of
X*,Y*is givenby 6*. Thus, the case of m = 1 is solved for any ¢ given by (14.2.2).
However, (14.2.16) holds in a more general situation when ¢ is a quasiantitone
function (see Definition 7.4.1, Theorem 7.4.2, and Remark 7.4.1 in Chap. 7).

The next theorem deals with the special case where ¢ (x, y) is || x — y||> and || - |
is the Euclidean distance in R™. Let i and v be two probability measures on 8"
such that

[R Il v () < oo

Recall that the pair of m-dimensional vectors (X*, Y*) with joint distribution 6*
and marginal distributions p and v is optimal if

15(0%) = E|X* = Y*|* = inf{E||X — Y||*: Pry = 1, Pry = v}. (14.2.18)
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In the next theorem, we describe the necessary and sufficient condition for a pair
(X*,Y™) to be optimal. To this end, we recall the definition of a subdifferential 2
For a lower semicontinuous convex (LSC) function f on R™, let f* denote the
conjugate function

fr) = suﬂgn{(x,y) - f()}, (14.2.19)

where (x,y) := Y/ xiyi, x = (X1,..., Xm), ¥ = (V1,---, Ym), and denote the
subdifferential of f in x by

af(x)={y eR": f(z) — f(x) > (z—x,y),z€ R"}. (14.2.20)

The elements of df(x) are called subgradients of f at x. Then it holds that for all
X,y

F)+ f5(y) = (x,») (14.2.21)
with equality if and only if y € df(x).
Theorem 14.2.1. (X*,Y ™) is optimal if for some LSC function f

Y* € df(X*) (Pras.). (14.2.22)

Remark 14.2.1. Note that we can consider only the case where the means m,, :=
{me xip(dx),i = 1,...,m} and m, are zero vectors with no loss of generality.
Simply note that if X and Y are R™-valued RVs with distributions Pry = pu,
Pry =v,§ =X —my,andn =Y —m,, then

E|X =Y = E|&—nl* + lm, —m,|>. (14.2.23)

Proof. We begin with
E|X -Y|?=E|X|*+ E|Y|?>-2E(X.Y). (14.2.24)
Therefore, problem (14.2.18) is equivalent to finding (X *, Y *) such that
E(X*,Y*) =sup{E(X,Y) : Prxy = u,Pry = v}. (14.2.25)
By the duality theorem,’ it follows that

sup{E(X,Y) : Pry = u,Pry = v}

- [ 122 + v)(dx) — inf{E| X — Y| : Pry = . Pry = v}

2See, for example, Rockafellar (1970) and Borwein and Lewis (2010).
3See (14.2.13), (14.2.24), and Theorem 8.2.1 in Chap. 8.
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= / ||x||2(u+v)(dx)—sup{/gdu+/hdv :g,h e LipR™,

andVx,y e R", g(x) + h(y) < |x — J’||2}

> inf{/?du + /ﬁdv : / [gldu < oo,/ [h|dv < oo,

T(x) +h(y) = <x,y>}

>sup{E(X,Y) : Pry = u,Pry = v}. (14.2.26)

Here, the last inequality follows from the “trivial” part of the duality theorem, and
therefore the last two inequalities are valid with equality signs.

Now, let Pry+ = u, Pry= = v, and assume that Y* € df(X™) (Pr-a.s.) for an
LSC function f. Then for any other RVs X and Y with distributions p and v we
have

E(X.Y) < E(f(X) + [*(Y)) = E(f(X*) + [*(X*)) = E(X*,Y").
Therefore, (14.2.25) holds. O
Remark 14.2.2. Condition (14.2.18) is also necessary.

Sketch of the proof. Let, conversely, (X*,Y™*) be a solution of (14.2.25). Then,
by (14.2.26),

sup{ E(X,Y) : Prxy = u,Pry = v}

:inf%/gd,u+/hdvig(x) + h(y)

> (x,y),/ lgldp + [ |hldv < oo)} . (14.2.27)

Note that the supremum in (14.2.27) is attained [see Corollary 5.3.1 and (14.2.26)].
Moreover, one could see that the infimum in (14.2.26) is also attained (see proof
of Theorem 5.3.1).* Suppose f(x) and g(y) are optimal, i.e., E(X*,Y*) =
Jgdu + [hdv and g(x) + i(y) > (x, y). Then g*(y) = sup,{(x,y) — g(x)} <
h(y), and thus (g, g*) is also optimal. In the same way, defining f = g** we
see that (x,y) < f(x) + f*(y) and also f is an LSC function. This implies
that (X*,Y*) = f(X*) + f*(Y*) (Pr-a.s.) and therefore, by (14.2.21), that
Y* e 9f (X*) (Pr-as.).

4See also Kellerer (1984, Theorem 2.21) and Knott and Smith (1984, Theorem 3.2).
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Remark 14.2.3. If m = 1 and F, G are DFs of  and v, then, as we saw by (14.2.14)
[with H(t) = t?], the optimal pair X*, Y* is given by X* = F~I(V), Y* =
G~!(V), where V is uniform on (0, 1). Defining 8(x) := G~! o F(x) and f(x) =
Jo 0()dy, f is convex and Y = G~'(V) € d(F~'(V)). Thus, (14.2.14) is a
consequence of Theorem 14.2.1.

Remark 14.2.4. For a symmetric positive semidefinite (m x m) matrix 7', define
f(x) = 3(x,Tx) and g(y) = (39.T'y). Then f(x) + g(Tx) = (x,Tx).
Therefore, if v = o T, where T~! denotes the More—Penrose inverse, then the
pair (X*, TX™) is optimal. This leads to the explicit expression for 74(6*) (14.2.14)
when p and v are Gaussian measures on R” with means m, and m, and nonsingular
covariance matrices X, and ¥,.

Corollary 14.2.1 (Olkin and Pukelheim 1982). In the Gaussian case, where |
and v are normal laws with means m,, and m, and covariance matrices £, and %,

7(0%) = [my —my|* + w(Z,) + () —2u()/2L,8)/)V2 (14.2.28)

Proof. We can assume thatm, = m, = 0 [see (14.2.22)]. Applying Remark 14.2.4,
we have that the pair (X*, TX™*), with

T =32(xl2g, sl 5l (14.2.29)

is optimal. Hence, by (14.2.29), E(X*,TX) = t(3)/*S,%,/%)"/? is the maximal
possible value for E(X,Y) with Pry = p and Pry = v. O

Thus, if both production quality measure p and the consumption quality measure
v are Gaussian, then the optimal plan for consumption quality 8* is determined by
the joint distribution of (X*, TX™*), where T is given by (14.2.29).

To determine 0*, we need to have complete information on the measures p and v.
It is much more likely that we can have only the one-dimensional distributions u;
and v; [see (14.2.4), (14.2.5)], i.e., we are dealing with the set of weakly admissible
plans 5(#1, ey Mmi Vi, ..., Vy) and would like to determine the weakly optimal
plan 6° and evaluate 7(6°) [see (14.2.7)].

We make use of the multidimensional Kantorovich theorem (Sect. 5.3) to obtain
a dual representation for 7(6?). As in (14.2.13), suppose the cost function ¢ is given
by (14.2.12), where H is convex and Ky < oo. Then, by Theorem 5.3.1, there exists
a weakly optimal plan 8° for which the minimal value of the total loss function is

fi.8j€Cy \ i=1

6°%) = i i (d ; i(d , 4.2.30
(6°) = sup ZAf(x)M(x)+;Ag,(y)v,(y) (14.230)

where Cy denotes the collection of all functions f;(x;), g;(»;) on R satisfying the
constraints
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Lip(fi) :=sup|fi(x) — fi(»)|/|x —y| < oo, Lip(g;) <oo,  (14.2.31)

and

D)+ &) < p(x.y). Yx.yeR™ (14.2.32)
i,j=1

Moreover, by Theorem 7.4.2, we can obtain explicit representations for 8¢ and
74(0°) for any cost function ¢ that is quasiantitone (Definition 7.4. 1) Let F; denote

the DFs of u; and G; the DFs of v;. Define the random vanables X i = F~ l(V)
Yj = G; G7'(V),i,j = 1,....m, and the random vectors X (Xl,... m)

Y = (Yy,...,Y,), where Fi_l(x), G7'(x) are the inverses of the distribution
functions F; (x), G;(x), respectively, and V' is uniform on [0, 1].
Theorem 14.2.2. For any cost function ¢ : R* — R that is quasiantitone, the
weak distribution plan 6° with DF F, given by
Fo(xiy ooy X3 Y1y e ooy Ym) = min(Fi(x1), ..., Fu(xn), G1(V1)s - - -, Gy (Ym))
(14.2.33)

is optimal. Moreover, in this case the minimal total cost is given by

o o 1
w0 = E§X.T) = [ G070 F 0,67 0. G )
’ (14.2.34)
For example, let ¢ be the following metric in R” for x = (x1,...,xy), ¥y =
D1seves Ym):

1 m
G(x,y) =2max(Xy, ..., Xm} Vise-es Vm) — EZ(xi + ¥i)
i=1

[see also (7.4.19)]. Then, by Theorem 14.2.2 and (14.2.30), 6° with DF F, is an
optimal plan and

75(6%) = / LSSy + 6. )

1—1
—2min[Fi(u), ..., F,(w),Gi(u), ..., G,(u)]du.

14.3 Estimates of Minimal Total Losses 74(¢*)

Consider the multidimensional case where the quality vector x = (xi,...,X;)
has m > 1 one-dimensional characteristics. We derive an upper bound for 74(6*)
[see (14.2.3)] in the special case where the loss function has the form
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m
p(x.y) =KD |xi—yil.x.y €R™ x = (X1 %), ¥ = (V1se- s Ym)-
i=1

(14.3.1)
Remark 14.3.1. In this particular case,

[ wdte-v)

where £ is the minimal metric with respect to the £;-distance

75(0%) = K& (n,v) := Ksup{

‘ue Lip’;.l(R'")} . (14.3.2)

LIX.Y)=E|X-Y[,. X.Y€X@®R"), (14.3.3)

in which ||x — y|l; := Y/L, |xi — yi|, x,y € R™. See (3.3.2), (3.4.3), and (5.3.18)
for additional details.

Remark 14.3.2. Dobrushin (1970) called £, the Vasershtein (Wasserstein) distance.
In our terminology, £; is the Kantorovich metric (Example 3.3.2). The problem
of bounding £, from above also arises in connection with the sufficient conditions
implying the uniqueness of the Gibbs random fields; see Dobrushin (1970, Sects. 4
and 5).

By (14.3.2), we need to find precise estimates for £; in the space P(R") of all
laws on (R™, || - ||1)- The next two theorems provide such estimates and in certain
cases even explicit representations of £;.

We suppose that Py, P, € P(R™) have densities p; and p», respectively.

Theorem 14.3.1. (i) The following inequality holds:

L(P1, Py) < o (P, Pa), (14.3.4)
with
1
(i p2yi= [l | [ = poe/
R 0
(it) If
/ lxll1d(Py + P2) < o0, (14.3.5)
R”'l
and if a continuous function g : R™ — R exists with derivatives dg/dx;,
i =1,...,m, defined almost everywhere (a.e.) and satisfying
dg

1
W(x) = sgn I:xi/ " (p —pz)(x/t)dt:| ae.i=1,....m, (143.6)
i 0

then (14.3.4) holds with the equality sign.

Proof. (i) Itis easy to see that the constraint set for
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{(Py, Pp) = sup{ cu:R™ — R, bounded

/ ud(Py— Py)

lu(x) —u(y)| < llx =yl x,y € R" (14.3.7)

coincides with the class of continuous bounded functions u [u € C,(U)] that
have partial derivatives u; defined a.e. and satisfying the inequalities |u; (x)| < 1
a.e.,i = 1,...,m. Now, using the identity

m 1
u(x) = u(0) + Y _xi / ul (1x)dt,
0

i=1

passing on from the coordinates ¢, x to the coordinates t' = ¢, x’ = tx, and
denoting these new coordinates again by ¢, x, one obtains

m 1
/ Z’é () x; (/ " N (py — pz)(x/t)dt) dx
m i=1 0

El(Pl, Pz) = sup{

ue Cpy(R™), ui| <1,...,|u,] <1 a.e.§ ) (14.3.8)

The estimate (14.3.4) follows obviously from here.
(i) If the moment condition (14.3.5) holds, then, by Corollary 6.2.1,

sup{

lu(x) —u(y)| < |lx =yl Vx,y € R"

sup{

ue CR™), || <lae.i = 1m} . (14.3.9)

(P, P>) cue C(R™),

/ ud(Py — Py)

/ ud(Py — Py)

where C(R™) is the space of all continuous functions on R™.

Then, in (14.3.8), C,(R™) may also be replaced by C(R™). It follows
from (14.3.6) and (14.3.8) that the supremum in (14.3.8) is attained by u = g,
and hence

€,(Py, P) = a(Py, Py). (14.3.10)

The proof is complete. O
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Next we give simple sufficient conditions assuring equality (14.3.10). Denote
1
I P = [y ot
0

Corollary 14.3.1. If the moment condition (14.3.5) holds and J( Py, P>; x) > O a.e.
or J(P1, Py; x) <0 a.e., then equality (14.3.10) takes place.

Proof. Indeed, one can take g(x) := |x|; in Theorem 3.3.1 (ii) if
J(P1, Py;x) > 0ae.and g(x) = —||x||; if J(Py, P2;x) <Oaee. O

Remark 14.3.3. The inequality J(Py, P>;x) > 0 a.e. holds, for example, in the

following cases:

@ 0 <A <X pi(x) = Weiby(x) := [ &id(x;)" " exp(~(Ax;)*), i > 0,
i=1
and p>(x) = Weiby(x) are constructed assuming the vector components are
independent and follow a Weibull distribution.

b)) 0<A <A p1(x) = Gam,y (x) := [] A""’xf"'_l(F(a,-))_l exp(—Ax;), o; > 0,
i=1

and py(x) = Gamgy(x) are constructed assuming the vector components are
independent and follow a gamma distribution.

(© A > A > 0: pi(x) = Normg(x) := ﬁ(l/Im)exp[—(xf/zxz)] and
i=1

p2(x) = Normy(x) are constructed assuming the vector components are
independent and follow a normal distribution.

Theorem 14.3.2. (i) The inequality
Li(Py, Py) < ax(Py, Py) (14.3.11)

holds with
o0 t
w(p. P = | ‘ | aapen
—0o0 —0o0
m 0 t
+Z/ (/ V qi (x())dx;
i— YJRITI \J—o00 [J—00
o0 o0
—i—/o / qi (x(i))dx;
t

X@i) = (Xl,-n,xi),

dr

dr

dt)dxl ceedxi—g, (14.3.12)

where

qi (x@y) :=/ (pr—p2)(x1,. o xp)dxy, o dX, =100 m—
R”l—l

qm(Xem) == (p1— p2) (X1, ..., Xm).
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(ii) If (14.3.5) holds and if a continuous function h : R" — R! exists with
derivatives h;, i =1,...,m, defined a.e. and satisfying the conditions

Ry (2,0, ...,0) = sgn[Fy;(t) — Fx (1)),

t
Sgl‘l/ (]Z(X(z))de, ift € (—O0,0], X1 € Rl,
—00
Ry (x1.1,0,....0) =

00
—Sgl’l/ (]Z(X(z))de, ift e (0, +OO), X1 € Rl,
t

t
sgn/ m(X(m))dx,,, if t € (—00,0],
—00

Xlseons Xme1 € RL,
B (X1 X1 ) = o : el
—sgn/ qm (X@ny)dxp,, if t € (0, 400),
t
Xlyeoes Xme1 € R,

then (14.3.11) holds with the equality sign. Here F;; stands for the DF of the
projection (T; P;) of P; over the ith coordinate.

Proof. (i) Using the formulae

o0
qi (X)) =/ Git1(xn)dxip, i=1,....m—1,

(o]

/ qi(xqy)dx; = /Rm(m — po)(x)dx =0,

and applying repeatedly the identity

/_Z a(t)b(t)dt = /: a(0)b(1)di— /_(;o a(t) (/_;o b(s)ds) di
+ /000 a'(t) (/toob(s)ds) dr

for a(t):u(xl, ey Xie1, 0, .. ,O), b(t):q,-(xl,... ,Xi_l,l), i=1,...,m, one
obtains

o0 t
—/ ui(t,O,...,O)/ ql(x(l))dxldt
oo —00

m 0 t
—I—Z/ (—/ ul/-(xl....,xi_l,t,...,O)/ qi(X(i))dXidl
i—p /R —oo —o0

L(Py, Py) = supg
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o0 o0
—I—/ ul/-(xl,...,x,-_l,t,...,O)/ qi(X(i))dXidl dxg...dx;—
0 t

TueCy(R™), |} |<1, ... Ju,|<1 a.e.} , (14.3.13)

which obviously implies (14.3.11).
(i) In view of (14.3.5), Cp(R™) in (14.3.13) may be replaced by C(R™). Then the
function u = h yields the supremum on the right-hand side of (14.3.13), and

hence
L(Py, ) = aa(Py, Py). (14.3.14)

O

Remark 14.3.4. The bounds (14.3.4) and (14.3.14) are of interest by themselves.
They give two improvements of the following bound>:

Li(Py1, Py) < v(Py, Py),

where
W(Pr, Py) = /R el 121 () — pa(x)ldx

is the first absolute pseudomoment. Indeed, one can easily check that
(Xi(Pl,Pz)fv(Pl,Pz), i=1,2.

Remark 14.3.5. Consider the sth-difference pseudomoment®

cu:R" > R

/ ud(Py ~ Py)

ks(Py, Pp) = sup{

|u(x) —u(y)| = ds(x,y)} . 8>0, (14.3.15)

where
ds(x,y) = |19s(x) — Qs (M), Qs:R"™ —>R", (14.3.16)
Qu(r) := 1t~

Since

3See Zolotarev (1986, Sect. 1.5).
6See Case D in Sect. 4.4.
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k(P Py) ={(P1oQ;' Po Q) (14.3.17)
then by (14.3.4) and (14.3.11) we obtain the bounds
k(P Py) <a;(ProQ;', Po Q) i=12, (14.3.18)
which are better than the following one’

Kks(P1, Py) <v(P1oQ', PoQ ). (14.3.19)
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Part IV
Ideal Metrics



Chapter 15
Ideal Metrics with Respect to Summation
Scheme for i.i.d. Random Variables

The goals of this chapter are to:

+ Discuss the question of stability in the y? test of exponentially under different
contamination mechanisms,

* Describe the notion of ideal probability metrics for summation of independent
and identically distributed random variables,

* Provide examples of ideal probability metrics and discuss weak convergence
criteria,

¢ Derive the rate of convergence in the general central limit theorem in terms of
metrics with uniform structure.

Notation introduced in this chapter:

Notation Description

¢, Zolotarev ideal metric of order r

Var Total variation metric, Var = 20

14 Uniform metric between densities

X Uniform metric between characteristic functions

Xr Weighted version of y-metric

S p L?-version of ¢,

Mo, Smoothing version of £

Vo, Smoothing version of Var

. Special version of u, , with 6 having a-stable distribution

v, Special version of vg . with 8 having «-stable distribution
S.T. Rachev et al., The Methods of Distances in the Theory of Probability and Statistics, 335
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15.1 Introduction

The subject of this chapter is the application of the theory of probability metrics
to limit theorems arising from summing independent and identically distributed
(i.i.d.) random variables (RVs). We describe the notion of an ideal metric — a
metric endowed with certain properties that make it suitable for studying a particular
problem, in this case, the rate of convergence in the corresponding limit theorems.

We begin this chapter with a section on the robustness of the y? test of
exponentiality, which serves as an introduction to the general topic. The question
of stability is discussed in the context of different contamination mechanisms.

The section on ideal metrics for sums of independent RVs defines axiomatically
ideal properties and then introduces various metrics satisfying them. The section
also describes relationships between those metrics, conditions under which the
metrics are finite, and proves convergence criteria under weak convergence of
probability measures.

Finally, we discuss rates of convergence in the central limit theorem (CLT) in
terms of metrics with uniform structure. Ideal convolution metrics play a central
role in the proofs. Rates of convergence are provided in terms of Var, y, £, and p.

15.2 Robustness of y? Test of Exponentiality

Suppose that Y is exponentially distributed with density (PDF) fy(x) =
(1/a)exp(x/a), (x = 0; a > 0). To perform hypothesis tests on a, one makes
use of the fact that, if Y1,Y,,...,Y, are n i.i.d. RVs, each with PDF fy, then
230 Yi/a ~ )(%n. In practice, the assumption of exponentiality is only an
approximation; it is therefore of interest to enquire how well the )(%n distribution
approximates that of 2 Z?:l X;/a, where X1, X»,...,X, are i.i.d. nonnegative
RVs with common mean a, representing the “perturbation,” in some sense, of an
exponential RV with the same mean. The usual approach requires one either to make
an assumption concerning the class of RVs representing the possible perturbations
of the exponential distribution or to identify the nature of the mechanism causing
the perturbation.

(A) The case where the X belong to an aging distribution class. A nonnegative
RV X with DF F is said to be harmonic new better than used in expectation
(HNBUE) if f:o F(u)du < aexp(—x/a) for all x > 0, where ¢ = E(X) and
F =1-F.lItis easily seen that if X is HNBUE, then moments of all orders
exist. Similarly, X is said to be harmonic new worse than used in expectation
(HNWUE) if ffo F(u)du > aexp(—x/a) for all x > 0, assuming that a is
finite. The class of HNBUE (HNWUE) distributions include all the standard
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“aging” (“antiaging”) classes — IFR, IFRA, NBU, and NBUE (DFR, DFRA,
NWU, and NWUE).!

It is well known that if X is HNBUE with a = EX and 02 = var X, then X
is exponentially distributed if and only if a = o. To investigate the stability of this
characterization, we must select a metric u(X,Y) = w(Fy, Fy) in the DF space
F(R) such that

(a) w guarantees the convergence in distribution plus convergence of the first two
moments;
(b) w satisfies the inequalities

$1(la — o) = u(X, E(@)) < ¢s(la — o).

where X € HNBUE, EX = qa, 0?2 = varX, ¢1, and ¢, are some continuous,
increasing functions with ¢;(0) = 0,7 = 1,2, and E(a) denotes an exponential
variable with a mean of a.

Clearly, the most appropriate metric 4 should satisfy (a) and (b) with ¢; = ¢».
Such a metric is the so-called Zolotarev {,-metric

2(X.7) = §a(Fr Fr) = sup |[ECF(0) = (D) (15.2.1)

where EX? < 0o, EY? < o0, and F; is the class of all functions f having almost
everywhere (a.e.) the second derivative f” and |f”| < 1 a.e. To check (a) and
(b) for u = &,, first notice that the finiteness of ¢, implies co > &§,(X,Y) >
sup,-o |E(@X)—E(aY)|,ie., EX = EY.Secondly,if EX = EY,then{,(X,Y)
admits a second representation:

dx. (15.2.2)

o0
o

Cz(X,Y)=/_ V_ (Fx(t) — Fy(t))dt

In fact, by Taylor’s theorem or integrating by parts,

§,(X,Y) = sup / f(l)d(Fx(t)—Fy(l))‘
feF; |J/—o00
= sup /_oo S (x) /_;(Fx(t)—Fy(t))dt dux.

Now use the isometric isomorphism between L}- and L.-spaces to obtain equal-
ity (15.2.2).2

ISee Barlow and Proschan (1975, Chap. 4) and Kalashnikov and Rachev (1988, Chap. 4) for the
necessary definitions.

2See, for example, Dunford and Schwartz (1988, Theorem 1V.8.3.5).
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Using both representations for ¢,, in the next lemma we show that u = &,
satisfies (a).

Lemma 15.2.1. (i) In the space X*(R) of all square integrable RVs,
HNEX?—EY?| <&,(X.Y) (15.2.3)

and

L(X.Y) < [4¢,(X. V)], (15.2.4)
where L is the Lévy metric (2.2.3) in Chap. 2. In particular, if X,, X € X*(R),
then

X, — X indistribution

G2 (X, X) ~ 0= EX? — EX2.

(15.2.5)

(ii) Given Xy € X2(R), let X*(R, Xo) be the space of all X € X*>(R) with EX =
EXy. Then for any X,Y € X*(R, Xo)

28,(X,Y) <k2(X,Y), (15.2.6)

where k is the second pseudomoment

Kk (X,Y) = 2/00 |x|| Fx (x) — Fy(x)|dx. (15.2.7)

—00

In particular, for X,,, X € %Z(R, X))

% X, — X indistribution = £,(Xy, X) = 0. (15.2.8)

EX? > EX?

Proof. (1) Clearly, representation (15.2.1) implies (15.2.3). To prove (15.2.4), let
L(X,Y) > e > 0; then there exists z € R such that either

Fx(2)— Fy(z+¢)>¢ (15.2.9)
or Fy(z) — Fx(z + &) > &. Suppose (15.2.9) holds; then set

& B 210\ 17
]’o(z+§+h) = {[(1—T)J —1§ sen i, (15.2.10)

where (-)+ = max(0, ). Then fy(x) = 1forx <z, fo(x) = —1forx >z+¢
and | fo| < 1. Since || £}’ |loo := esssup | f”(x)| = 8c7%, we have

5X.Y) 2 1/l

/ (o) + DA(Fx (x) — Fy <x)>‘

> (2/8) ( [ trnarc- [ :o(fo)X)Jrl)dFy(x)) _

Letting ¢ — L(X, Y) implies (15.2.4).
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(i) Using representation (15.2.2) and EX = E'Y one obtains (15.2.6). Clearly,
k(X Y) = L(X|X], YY), (15.2.11)

where £; is the Kantorovich metric £;(X,Y) = ffzo |Fx(x) — Fy(x)|dx [see
also (4.4.39) and (14.3.17)]. For any X,, and X with E|X,| + E|X| < co we have,
by Theorem 6.3.1, that

X, — X in distribution,

0(X,, X 0
X X) =0 = x| > Ex).

(15.2.12)

which, together with (15.2.11), completes the proof of (ii). O

Thus §,-convergence preserves the convergence in distribution plus convergence
of the second moments, and so requirement (a) holds. Concerning property (b), we
use the second representation of §,, (15.2.2), to get

¢,(X,Y) :/0 / fx(t)dt—aexp(—x/a)

/00 (a exp(—x/a) — /oofx(t)dt) dx
0 X

1
5(az—az) for X being HNBUE, Y := E(a). (15.2.13)

dx

Now if one studies the stability of the preceding characterization in terms of a
“traditional” metric as the uniform one

p(X,Y):= sug | Fx(x) — Fy (x)], (15.2.14)

then one simply compares {, with p. That is, by the well-known inequality between
the Lévy distance L and the Kolmogorov distance p, we have

p(X.Y) < [1 + sup fX(x)} L(X,Y) (15.2.15)

if fx = Fy exists. Thus, by (15.2.4) and (15.2.15),

p(X.Y) < [1 + sup ch(t)} [4¢,(c X, cY)]"?
=+ MXC_1/3)[41;2(X, Y)'? forany ¢ > 0,

where My = sup, fx(¢). Minimizing the right-hand side of the last inequality with
respect to ¢ we obtain

p(X.Y) <3MIP(&,(X. Y. (15.2.16)
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Thus, for any X € HNBUE with EX =a,varY = o?
p(X,E(a)) <3(/2)'3?, «=1-02/d> (15.2.17)

Remark 15.2.1. Note that the order 1/3 of « is precise [see Daley (1988) for an
appropriate example].

Next, using the “natural” metric ¢,, we derive a bound on the uniform distance
between the x3, distribution and the distribution of 2Y""_, X; /a, assuming that X
is HNBUE. Define X; = (X; —a)/a and Y; = (Y; —a)/a (i = N,
and write W, = 230, X;/a, W, = YI_ X, /s Zy = 2Z_IY/a and
Z, =30 Y:/Jn. Let fz, denote the PDF of Z,,and let M, = sup, Sz, (x).
Then by (15.2.16),

P(Wn, 771) = 3Mn2/3[§2(Wn77n)]l/3'

Now we use the fact that &, is the ideal metric of order 2 (see further Sect. 15.3), i.e.,
for any vectors {X;}7_, and {Y;}/_, with independent components and constants
Cly...,Cpy

) (icix,,icin) < Xn:|ci|2;2(x,,n). (15.2.18)

i=1 i=1 i=1

Remark 15.2.2. Since &, is a simple metric, without loss of generality, we may
assume that {X;} and {Y;} are independent. Then (15.2.18) follows from single
induction arguments, the triangle inequality, and the following two properties: for
any independent X, Y, and Z and any ¢ € R

WX +Z,Y+2Z)<puX,Y) (regularity) (15.2.19)
and
u(cX,cY) =c*u(X,Y) (homogeneity of order 2). (15.2.20)
(See Definition 15.3.1 subsequently.)

Thus, by (15.2.18), &,(W,.Z,) < &(X.Y)/a?, and finally the required
estimate is

pWi. Zy) < %M”[ 1—(o/a)?'? (15.2.21)

and it is a straightforward matter to show that

" ﬁ(n _ 1))1—1 _ exp[—(l’l - 1)] ) (15.2.22)

(n—1)
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Expression (15.2.22) may be simplified by using the Robbins—Stirling inequality?
n"e " (2wn)"? exp[l/(12n + 1)] < n! < n"e™"(2nn)"? exp(1/12n)

to give the following simple bound:

1/2
M < —" ) expl=1/(12n —11)]. (15.2.23)
2x(n —1)
Further, if X is HNWUE, a similar calculation shows that §,(X.Y) = 1(0? — a?),
assuming that o is finite. In summary, we have shown that if X is HNBUE or
HNWUE, then
3
pWo, Z,) = S MIPIL = (o /a7, (15.2.24)
where M, can be estimated by (15.2.23).
It follows from (15.2.22) that if X is HNBUE or HNWUE, and if the coefficient

of variation of X is close to unity, then the distribution of 2>/, X; /a is uniformly
close to the x3, distribution.

(B) The case where X is arbitrary: contamination by mixture. In practice, a
“perturbation” of an exponential RV does not necessarily yield an HNBUE
or HNWUE variable, in which case the bound (15.2.24) will not hold. If we
make no assumptions concerning X, then it is necessary to make an assumption
concerning the “mechanism” by which the exponential distribution is “per-
turbed.” Further, we will deduce bounds for the three most common possible
“mechanisms”: contamination by mixture, contamination by an additive error,
and right-censoring.

Suppose that an exponential RV is contaminated by an arbitrary nonnegative
RV with distribution function H, i.e., Fx(t) = (1 — &) exp(—t/A) + eH(¢).
Thena = (1 — e)A + eh, where h = fooo tdH(t). It is assumed that & > 0 is
small. Now, since Y = E(a),

.1 = | N

<(-¢) /0 t] exp(—t/4) — exp(—t fa)|dr

/ " (Fx (1) exp(—t fa))di

dx< /oot|fx(t) —&(—t/a)|dt
0

+s/oot|ﬁ(t) —exp(—t/a)|dt
0

<1 —=g)ry—a®| +e(b/2+a?), (wherebzfooﬂdﬂ(z))

0
=¢[lh— Al(A + a) + b/2 + d?).

3See, for example, Erdds and Spencer (1974, p. 17).
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Thus, §,(X,Y) = O(e), and so from (15.2.16) it follows that p(W,, Z,) =
0(s'/?).

The case where X is arbitrary: contamination by additive error. Suppose now

that an exponential RV is contaminated by an arbitrary additive error, i.e., X 4
Yy + V, V is an arbitrary RV, and Y, is an exponential RV independent of V'
with mean A = a — E (V). Consider the metric k£, (15.2.7). Forany N > 0 we
simply estimate k, by the Kantorovich metric ¢,

b ¥) = [ Wl1Fx @ = Frolar
= NGXLY) + NTIE(XPH) + E(Y ).
and hence the least upper bound of k,(X, Y) obtained by varying N is
ka(X,Y) <2(1 4+ 1/8)[1(X, Y)Y 1D (5p)/1+9), (15.2.25)
where B = E(|X|**%) 4+ E(|Y|**?). By the triangle inequality,
LX,Y) =0+ V., Y,) <Y, Y)
<60+ [ enpt—x/) —exp(—x/a)ds
= E|V|+ |EV| < 2E|V]|. (15.2.26)
It follows from (15.2.25) and (15.2.26) that

K2 (X, V) <2(1 + 1/8RE( V)Y HD (8p)/ 1+, (15.2.27)

Clearly, from (15.2.27) we see that if E|V| is close to zero, then k,(X,Y)
is small. But k2(X,Y) > 2¢,(X,Y) [see (15.2.6)], and so from (15.2.16) it
follows that if £|V| is small, then the uniform distance between the distribution
of 2Y"'_, X;/a and the x3, distribution is small.

The case where X is arbitrary: right-censoring. Finally, suppose that X =

Y, A N, where N is a nonnegative RV independent of Y) 4 E(1), so that
a=EX),AN).Now,forn>0

C2(X’ Y)

IA

52(X,Y) = Si2(Ya AN, Y,)

/n tlexp(—t/a) —exp(—t/A)F y(t)|dt
0

+/oot|exp(—t/a) —exp(—t/A)F y(t)|dt.
n
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It can easily be shown that
n _
[ tlexp(-1/a) = exp(—t /Oy 0lar = 137 = a2l + 3% Fy (o
0
and also that
S p—
/ tlexp(—t/a) —exp(—t/A)F n(t)|dt
1

<a(n+a)exp(—n/a) + A(n + A) exp(=n/A).

Hence, for any n > 0

28,(X.Y) < A7 —a®| + A*Fy(n) + 2y(n + y) exp(—n/y), ¥y = max(a. A).
(15.2.28)

For fixed n the value of Fy () is small if N is big enough. Thus (15.2.28),

together with (15.2.16), gives an estimate of {,(X,Y) as N 4 . Finally,
by &, (W, Z,) < §,(X,Y)/a? and

oW, Zy) = p(W,, Z,) < 3M3[L,(W,, Z)]'3,

it follows that the distribution of 2)""_, X;/a is uniformly close to the y3,
distribution.

The derivation of the estimates for p(W,, Z,) is just an illustrative example of
how one can use the theory of probability metrics. Clearly, in this simple case one
can obtain similar results by traditional methods. However, to study the stability
of the characterization of multivariate distributions, the rate of convergence in the
multivariate CLT, and other stochastic problems of approximation type, one should
use the general relationships between probability distances, which will considerably
simplify the task.

15.3 Ideal Metrics for Sums of Independent Random
Variables

Let (U, || - ||) be a complete separable Banach space equipped with the usual algebra
of Borel sets B(U), and let X := X(U) be the vector space of all RVs defined
on a probability space (2, A, Pr) and taking values in U. We will choose to work
with simple probability metrics on the space X instead of the space P(U).* We
will show that certain convolution metrics on X may be used to provide exact rates
of convergence of normalized sums to a stable limit law. They will play the role
of ideal metrics for the approximation problems under consideration. Traditional
metrics for the rate of convergence in the CLT are uniform-type metrics. Having

“See Sect. 2.5 in Chap. 2 and Sect. 3.3 in Chap. 3.
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exact estimates in terms of the ideal metrics we will pass to the uniform estimates
using the Bergstrom convolution method. The rates of convergence, which hold
uniformly in n, will be expressed in terms of a variety of uniform metrics on X.

Definition 15.3.1 (Zolotarev). A p. semimetric i : X x X — [0, 0o] is called an
ideal (probability) metric of order r € R if for any RVs X, X,, Z € X, and any
nonzero constant ¢ the following two properties are satisfied:

(1) Regularity: W(X; + Z, X, + Z) < u(Xy, X3), and
(ii) Homogeneity of order r: u(cXi,cXz) = |c|" u(X1, X3).

When p is a simple metric (see Sect.3.3 in Chap.3), i.e., its values are
determined by the marginal distributions of the RVs being compared; then it is
assumed in addition that the RV Z is independent of X; and X, in condition (i).
All metrics p in this section are simple.’

Remark 15.3.1. Zolotarev (1976a,b)® showed the existence of an ideal metric of a
given order r > 0, and he defined the ideal metric

¢, (X1, X2) == sup{|E(f(X1) — f(X2))]:

£ @) = F O < lx =y I3 (15.3.1)
where m = 0,1,... and B € (0, 1] satisfy m + B = r, and £ denotes the mth
Fréchet derivative of f for m > 0 and f(© = f(x). He also obtained an upper

bound for §, (r integer) in terms of the difference pseudomoment k., where for
r>0

Kr(Xls X2)
i= sup{| E(f(X1) — f(X2)] : | f(x) = SO < Ixlx ™™ = yly ™11}
[see (4.4.40) and (4.4.42)]. If U = R, ||x|| = |x|, then [see (4.4.43)]

K (X1, X5) = r/ |x|""1 Fy,(x) — Fy,(x)|dx, r >0, (15.3.2)

where Fy denotes the DF for X.

In this section, we introduce and study two ideal metrics of a convolution type
on the space X. These ideal metrics will be used to provide exact convergence rates
for convergence to an «-stable RV in the Banach space setting. Moreover, the rates
will hold with respect to a variety of uniform metrics on X.

Remark 15.3.2. Further, in this and the next section, for each X, X, € X we write
X1+ X, to mean the sum of independent RVs with laws Pry, and Pry,, respectively.

SRecent publications on applications include Hein et al. (2004) and Sencimen and Pehlivan (2009).
6See Zolotarev (1986, Chap. 1).
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For any X € X, px denotes the density of X, if it exists. We reserve the letter Y,
(or Y) to denote a symmetric stable RV with parameter « € (0, 2], i.e., ¥, 4 —Y,,
and foranyn = 1,2,..., X{ 4+ --- X, 4 n'/*Y, where X[, X}, ..., X, are iid.
RVs with the same distribution as Y. If Y, € X(R), then we assume that Y, has the
characteristic function

oy (1) = exp{—|t]*}, t eR.

Forany f : U — R
£l == supw
x#y =Vl

denotes the Lipschitz norm of f, || f|lco the essential supremum of f, and when
U =R%, || f||, denotes the L? norm,

1f112 = /R folPdx, p= L.

Letting X, X1, X»,... denote i.i.d. RVs and Y, denote an «-stable RV we will
use ideal metrics to describe the rate of convergence,
X +---4+ X
! +_1/ T vy (15.3.3)
n o

. . . . w
with respect to the following uniform metrics on X (— stands for the weak
convergence).

Total variation metrics’

o (X1, X2) ;= sup |Pr{X; € A} —Pr{X; € A}|,
AeB(U)

= sup{|Ef(X1) — Ef(X2)|: f : U — R is measurable and
forany x,y € B, | f(x) — f(y)| < I(x,y) where I(x, y) = 1
if x # y and 0 otherwise}, X, X» € X(U), (15.3.4)

and
Var(X;, X,) := sup{|Ef(X1) — Ef(X2)| : f : U — R is measurable and

I/ lloo < 13
= 20'(X1, Xz), X1, X, € }:(U) (15.3.5)

7See Lemma 3.3.1, (3.4.18), and (3.3.13) in Chap. 3.
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In X(R"), we have Var(X,, X,) := [ |d(Fx, — Fx,)|.
Uniform metric between densities: [ px denotes the density for X € X(R¥)]

(X1, X,) :=esssup | px, (x) — px, (x)]. (15.3.6)

Uniform metric between characteristic functions:

x(X1, Xp) == sup lpx, (1) — px, ()| X1, X2 € X(R), (15.3.7)
te

where ¢y denotes the characteristic function of X. The metric x is topologically
weaker than Var, which is itself topologically weaker than £ by Schené’s theorem.?
We will use the following simple metrics on X(R).
Kolmogorov metric:

p(Xl,Xz) = sup|FX1(x)—FX2(x)|. (1538)
X€R
Weighted x-metric:

X (X1, X2) = sup 1|7, (1) = (0] (15.3.9)
te

L?-version of §,,:

8, p (X1, Xo) i= sup{ Ef (X)) — f(X)] : | V), < 13,
1p+1/g=1 m=0,1.2,... (15.3.10)

If¢,, (X1, X,) < oo, then’

& p (X1, X2) = H /_ ) %dwx] (1) — Fx, (1))

p

Kantorovich £ ,-metric:

(X1, Xo) := SUP{/dexl + /ngx2 N flloo + 11Nz = o0,

Iglleo +llglle < o0, f(x) + &) < lx—ylI”. Vx.y eRp. p=1 (153.11)

[see (3.3.11) and (3.4.18)].

8See Billingsley (1999).
9See Kalashnikov and Rachev (1988, Chap. 3), Sect. 8.3, and further Lemma 18.2.1.
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Now we define the ideal metrics of order r —1 and r, respectively. Let § € X(IR¥)

and § = —6, and define for every r > 0 the convolution (probability) metric

fo, (X1, X2) == sup [h| (X, + 10, X, + h6), X1, X2, € X(RF). (15.3.12)
heR

Thus, each RV 6 generates a metric pgy,, r > 0. When 0 € X(U), we will also
consider convolution metrics of the form

vo, (X1, X2) := sup |h|” Var(X, + h6. X» + h0), X1, X, € X(U). (15.3.13)
heR

Lemmas 15.3.1 and 15.3.2 below show that g4, and v, are ideal of order r — 1
and r, respectively. In general, w4, and vy, are actually only semimetrics, but this
distinction is not important in what follows and so we omit it (see Sects. 2.4 and 2.5
in Chap.2). When 0 is a symmetric a-stable RV, in place of 4, and vy, we will
write jt, . and vy ., or simply w, when it is understood.

The remainder of this section describes the special properties of the ideal
convolution (or smoothing) metrics gy, and vg . We first verify ideality.

Lemma 15.3.1. Forall 0 € X andr > 0, iy, is an ideal metric of order r — 1.

Proof. If Z does not depend upon X and X;, then £(X,+Z, Xo+ Z) < £(X1, X2),
and hence pgy (X1 + Z, X5 + Z) < py, (X1, X2). Additionally, for any ¢ # 0

g, (cX1,cXy) = sup|h|"l(c X + hO,cXs + ho)
heR

= sup|ch|"L(c X1 + chO,c X, + chb) = |c|’_lu9,,(X1,X2).
heR O

The proof of the next lemma is analogous to the previous one.
Lemma 15.3.2. Forall 0 € X andr > 0, vy, is an ideal metric of order r.

We now show that both g, and vy, are bounded from above by the difference
pseudomoment whenever 6 has a density that is smooth enough.

Lemma 15.3.3. Let k € N* := {0,1,2,...}, and suppose that X,Y € X(R)
satisfy EX/ = EYJ, j = 1,...,k — 2. Then for every 0 € X(R) with a density g
that is k — 1 times differentiable

lg* oo

Mg (X1, X2) < Wkk—l(leXZ)- (15.3.14)

Proof. In view of the inequality'®

10See Zolotarev (1986, Chap. 3) and Kalashnikov and Rachev (1988, Theorem 10.1.1).
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1
$ro1 (X1, Xp) < i )xk 1(X1. X>), (15.3.15)
it suffices to show that

o (X1, X2) < &1 (X1, X2). (15.3.16)

However, with H(t) = Fx, () — Fx,(t) we have

Lok (X1, X2) = sup|h|k sup — ] ‘/

heR x€R
/H(y)g“’( - )hdy‘

/g‘” (%) %dH‘_”(y)‘

= sup |hF~ 1sup
heR

= sup |h[¥72 sup
heR x€R

X — 1
— sup || sup /g(k_l) (Ty) EH(_"“)(y)dy), (15.3.17)
heR x€R
where
X —t k
Fr*(x) ;:/ (xk') dFy(1). (15.3.18)

Therefore, by (15.3.10)and §;,_; = §,_, ;, we have

o (X1, X2) < IIg““l’lloo/IH(H)(y)Idy = g% Voot (X1. X2). O

Similarly to Lemma 15.3.3, one can prove a slightly better estimate.

Lemma 15.3.4. For every 8 € X(R) with a density g that is m times differentiable
and for all X, X, € X(R)

o (X1, X2) < C(m, p,g)8,,— ,(X1, X2), (15.3.19)
wherer =m + 1/p, m € Nt, and
Cim.p.g):= g™y, 1/p+1/qg=1. (15.3.20)

Proof. For any r > 0 and X, X», H(t) = Fx,(t) — Fx,(t) we have, using
integration by parts [see (15.3.17)] and Holder’s inequality

Mo (X1, X2) = suph” sup | px,+46(X) — px,+re(X)]
h>0 x€R
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/g(rn) (ﬂ) H(l_m)(y)dy'

=suph" ™" sup

h>0 x€R h
1/q
— q
< suptsap [ g (22 ] e,
h>0 x€R h

Cm.p. )IH™™],.

By Kalashnikov and Rachev (1988, Theorem 10.2.1), Cm_l,p(Xl,Xz) < o0
implies &, ,(X1, X2) = | H=™]| ,, completing the proof of the lemma. O

Lemma 15.3.5. Under the hypotheses of Lemma 15.3.4, we have
vo, (X1, X2) < C(r, )¢, (X1, X), (15.3.21)
where C(r, g) is a finite constant, r € NT.
The proof is similar to the proof of Lemma 15.3.4 and left to the reader.
Lemma 15.3.6. '! Let m € NT, and suppose E(le — ij) =0,j=0,1,...,m
Then, for p € [1, 00),

)7 (X1, X2). ifm=0,
S p(X1,X2) <Y T +1/p)

NG k. (X1,Xp),ifm=1,2,....r=m+1/p.

(15.3.22)
Also, forr =m + 1/ p,

Cm,p(le XZ) = Cr(XL XZ)

Lemmas 15.3.4-15.3.6 describe the conditions under which §, . (resp. vg,) is
finite. Thus, by (15.3.19) and (15.3.22), we have that for r > 1

EX!-x{)=0j=01,....m—1,
re=m+1/p, = pg, (X1, Xp) <oo, (15.3.23)
kr—1(X1, X2) < o0,

for any 6 with density g such that ||g"™ V|, < oo, 1/p + 1/q = 1. In particular, if
0 is a-stable, then

/xjd(FXI —Fx,)(x) =0, j=0,1,....m—1,

r:=m+1/p,
k—1(X1, X3) < o0,

= ﬂa,r(le XZ) < 0.

(15.3.24)

1See Kalashnikov and Rachev (1988, Sect. 3, Theorem 10.1).
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Similarly,

/xjd(FXI —Fy,)(x) =0, j=0,1,...,r —1,

r e Nt,
K (X1, X2) < o0,

= Va’r(Xl,Xz) < 0.

(15.3.25)

We conclude our discussion of the ideal metrics p, , and v, by showing that
they satisfy the same weak convergence properties as do the Kantorovich distance
£, and the pseudomoments ..

Theorem 15.3.1. Letk e Nt, 0 <o <2, and X, U € ¥(R) with EX;] = EU/,
j=1,....k =2 and E|X,|*"' + E|U|F"" < oo. Ifk is odd, then the following
expressions are equivalent as n — oo:

(i) Mos(Xa.U) = O.

(ii) (a) X, —> U and (b) E|X,[*~! — E|U k!,
(iii) Ly—1(X,,U) — 0.
(iv) ki—1(X,,U) — 0.

(v) voi—1(X,,U) — 0.
Proof. We note that (ii) <= (iii) follows immediately from Theorem 8.3.1
with c(x,y) = |x — y|*~! or from (8.3.21) to (8.3.24) and £;_, = Zk—l- Also,
(ii) <= (iv) follows from the three relations'>

GOLY) = k(X Y) = /R|FX(x> — Fy(oldx

K (X, Y) =k (XM, Y™
forany r > 0 and X1 = | X|" sgn X, and"?

LX) Uty 50 = xS Ut and E|IX)| - ElUT.

Finally, (iv) = (i) by (15.3.24) and (iv) = (v) by (15.3.25).
Thus the only new results here are the implications (i) = (ii) and (v) = (ii).
Now (i) = (ii) (a) follows easily from Fourier transform arguments since the
Fourier transform of g never vanishes. Similarly, if (v) holds, then X, + Y, N
U + Y,, and thus (ii) (a) follows. To prove (i) = (ii) (b), we need the following
estimate for py 1 (X, U).

12See Corollary 5.5.1 and Theorem 6.2.1.
13See Theorem 6.4.1 or Theorem 8.3.1 with ¢ (x, y) = |x — y|.
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Claim 3. Let0 < o < 2, and consider the associated metric w, := p, . For all k
there is a constant 8 := B(«, k) < oo such that for all X,U € X(R)

p (X, U) = B ‘ / F8™2) = FF P (2)dz] . (15.3.26)
R

Here F270 is as in (15.3.18).

Proof of claim. Integration by parts yields

1 (X, U) = sup |h|* sup | pxay (x) — pusny (0], (¥ :=Yq)

heRrR x€R

= supliffsup | [ pir @A ~2)|. (H i= Fx - F)
heRrR x€R

= sup |h|¥ sup /H(z_k)(x —z)p;,/;_l)(z)dz . (15.3.27)
heR x€R

Now, 27 pyy (z) = [exp(—itz)exp(—|ht|*)ds, and differentiating pjy (z) k — 1
times gives (setting 7 = th)

2n|hkp,(1];_l)(z)| = |h* /(it)k_1 exp(—itz — |ht|%)dt

= hk/ (1%) exp(—itz/h — [f]*)d (%)|

= /(i?}k_l exp(—itz/h — m“)dT‘ .

Since

pi=pla k)= o / 11 exp(—]e[)dr < oo,

we obtain

= B.

— 1
lim Ihkp,(l]; l)(z)| = — '/ lim (ir)*~" exp(itz/ h — |t|*)dt
h—o00 27 h—00

Now we multiply both sides of (15.3.27) by B~!. Since 8 and ¢,_,(X, U) are both
finite,

B ni(X.U) = B~" sup

x€R

/ HC® P (x —2) hli>nolo hkp;l];_l)(z)dz
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/ H®@ P (x —7)dz

= |HOP ()] .

= sup
x€R

which proves the claim.
Now, using equality of the first k — 2 moments and applying (15.3.26) to X,
and U yields

OO(Z_ )k2

B i (X, U) > ‘/ k=T

- ‘/_oo(o)dt+/ooo(o)dt =

To estimate I, and I,, we first note that, since

H,(dt)dz|,

(Hn = FX” — FU)

|1 + ). (15.3.28)

/(z — 0O ?H,(d1) = EGz—X)*?—EGz-U)?=0
R
we obtain

z _ k2 00 _ k2
/_ —(ik_”z)! H,(df) = — / —(ik_”z)! H,(dr)

o) _ N\k—2
=(—1)k—1/z %Hn(dt). (15.3.29)

Thus by (15.3.29) and Fubini’s theorem, we obtain

00 k—2
L = (=) 1/ / (t(k 1)2)‘ H,(dt)dz

_ k-2 9] k—1
- (_1)k—1/0 i %dzm(dn:/o Ek 9 )H L(de).  (15.3.30)

Another application of Fubini’s theorem gives

k—2 0 k=1
I =/_ (ik )2)' dzH, (dr) Z/_ Ekl—)l)!H"(dt)' (15.3.31)

Combining (15.3.29)—(15.3.31) gives

)k 1
(k —1)!

13 ”’k(Xna U) - ‘/ n( )' |E(X’11‘_1 _ Uk_l)l,

1)'
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which gives the desired implication (i) = (ii) (b).
To prove (v) = (ii) (b), we integrate by parts to obtain

vi(X,.U) > / [Px,+v(xX) — py+y(x)|dx
R

=/V )(x_z)/oo(ik_t)k ' aH, (1)dd] d

=0
(k)(x —z)dx/oo D dH (t)dz

‘// (ik__t)f),ldHn(t)dz / POl

By (15.3.28) to (15.3.31), we obtain

/ p® (x)dx

showing (v) = (ii) (b) and completing Theorem 15.3.1. O

vi(X,,U) > |E(XF—UY)|,

15.4 Rates of Convergence in the CLT in Terms of Metrics
with Uniform Structure

First, we develop rates of convergence with respect to the Var-metric defined in
(15.3.5). We suppose that X, X}, X», ... denotes a sequence of i.i.d. RVs in X(U),
where U is a separable Banach space. Y € X(U) denotes a symmetric a-stable RV.
The ideal convolution metric v, := vy, [see (15.3.13) with & = Y] will play a
central role. Our main theorem is as follows.

Theorem 15.4.1. Let Y be an a-stable RV. Letr = s+ 1/ p > o for some integer s
and p € [1,00), a = 1/2"/%A, and A = 2(20/9~1 4 37/%) If X € X(U) satisfies
70 := 10(X,Y) := max(Var(X,Y),v,,(X,Y)) < a, (15.4.1)

then for anyn > 1

X +---4+ X
Var (%’ Y) < A((l)l'()}’ll_r/a < 2—"/01”1—1‘/01. (1542)
n o
Remark 15.4.1. A result of this type was proved by Senatov (1980) for the case
U =R s =3 and @ = 2 via the ¢, metric (15.3.1). We will follow Senatov’s
method with some refinements.
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Before proving Theorem 15.4.1, we need a few auxiliary results.

Lemma 15.4.1. Forany Xy, X, € X(U)ando > 0
Var(X; + oY, X; +aY) <o v, (X1, Xp). (15.4.3)
Proof. Since Y and (—Y) have the same distribution,

v, (X1, X2) = suph” Var(X, + hY, X, + hY),
h>0

and thus

Var(X, + hY, X, + hY) < h™"suph” Var(X, + hY, X, + hY)
h>0

= h_’v,(Xl, X5). O
Lemma 154.2. Forany X1, X,,U,V € X(U) the following inequality holds:
Var(X; 4+ U, X, + U) < Var(Xy, Xp) Var(U, V) + Var(X; + V, Xo + V).
Proof. By the definition in (15.3.5) and the triangle inequality,
Var(X, + U, Xo + U) = sup{|Ef (X1 + U) —Ef (X2 + U)] : [ flloo = 1}

= sup{‘/f(u)(Prxlw —Pry,+u)(du)| : || flloo < 1}

/ £ (x)(Pry, — Pry,)(dx)

+Var(X, + V., X, 4+ V),

< sup{ S oo < 1}

where

T = / ) (Pry —Pry)(du— x) = / 4+ x)(Pry — Pry)(du),

in which Pry denotes the law of the U-valued RV X. Since || f]joo < 1,

I/ lloo = sup

xeU

Var(U, V), by (15.3.5)

/ £+ x)(Pry —Pry)(du)

IA

and thus

/U F(6)(Pry, — Pry,)(dx)

sup{ S o < 1}
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is bounded by

IA

sup” /U g(x)(Pry, —Pry,(dx)| : glloo < Var(U, V)
= Var(Xy, X,) Var(U, V). .

We now proceed to the proof of Theorem 15.4.1. Throughout the proof,
Y1, Y5, ... denote i.i.d. copies of Y.

Proof. We proceed by induction; for n = 1 the assertion of the theorem is trivial.
For n = 2 the assertion follows from the inequality

X+ X5 Xi+Xo N+1
Var(W,Y):Var( Sa ol ):Var(X1+X2,Y1+Y2)

< 2Var(Xy,Y,) < A(a)rp2'™"/®

since A(a) > 27/% A similar calculation holds for n = 3. Suppose now that the
estimate
X 4+t X
Var (% Y) < Aa)zo )" (15.4.4)
] o
holds for all j < n. To complete the induction, we only need to show that (15.4.4)

holds for j = n.
Thus assuming (15.4.4), we have by (15.4.1)

X4+ X
Var (% Y) < A(a)a = 27" (15.4.5)
] o

For any integer n > 4 and m = [n/2], where [-] denotes integer part, the triangle
inequality gives

X4+ X, Xi+- 4 X, Vi +---47Y,
V;:Var(¥,y):v3r( 1t Xy Bt )
nl/w nl/a nlje

IA

(X1+---+Xm X1 + -+ + X,
Var T ;
nl/e nl/a

Vit Yo Xopitoo+ X,
nl/e nl/e

(Yl+"'+Ym X1+ + X,
Var ;
nl/a nl/a

Yi+ o+ Y  Yur+o+Y,
nl/a nl/e :
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Hence, by Lemma 15.4.2,
V<L+5L+I, (15.4.6)

where

Xi+-4+ Xy i+ 47,
I :=Var( ! ! )

nl/e ’ nl/e

(Xm+l+"'+Xn Ym+1+"'+Yn)
Var I ) )
nl/e nl/e

Xi4+4+Xn Yo +---47Y,
I, = Var( 1 o m + m+1 o n ’
n n

Vidod Vo Yari+--+Y,
nl/a nl/e ’

and

Vit d Yo  Xori 4+ X,
nl/e nl/a

’

I; := Var (

VidodVu  Yauri+--+Y,
nl/a nl/e :

We first estimate /. By (15.4.5),
I < 277" A(@)to(n —m)' ™™ < LA(a)zon' /. (15.4.7)
To estimate I, and I3, we will use Lemma 15.4.1 and the relation

Yi+--+7Y, q
T = Y1. (1548)

Thus, by (15.4.8), Lemma 15.4.1, and the fact that v, is ideal of order r, we deduce

Xi 44 Xy m—m\Ve Yyt Y n—myle
Iz_Var( (=) e (o )Y)

_(om\Te Xi+-+Xn Yi+--+7Y,
= (=) v

n n

n

X1 N

e —1/a) < 0/l (X, ), (15.4.9)
n n

< 2%y, (
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Analogously, we estimate /3 by

I3 = Var (M 4 (’”)”“ y it (m)l/a Y)

nl/e nl/a ;

<<ﬂ)—r/a X1+...+Xn_m Yl+"'+Yn—m
n Vr nl/e ’ nl/a

< 3r/anl—r/01vr(X1, Yl)- (15.4.10)
Taking (15.4.6), (15.4.7), (15.4.9), and (15.4.10) into account, we obtain
V < (3AG@) + 277471 4 3779) on =T < A(a)zon' e

since A(a)/2 = 20/0=1 4 37/, O

Further, we develop rates of convergence in (15.3.3) with respect to the yx
metric (15.3.7). Our purpose here is to show that the methods of proof for
Theorem 15.4.1 can be easily extended to deduce analogous results with respect
to x. The metric x, (15.3.9) will play a role analogous to that played by v, in
Theorem 15.4.1.

Theorem 15.4.2. Let Y be an a-stable RV in X(R). Let r > a, b := 1/2"/*B,
and B := max(3"/%,2C,(2"/*~" + 37/)), where C, := (r/ae)/®. If X € X(R)
satisfies

7 = 1.(X,Y) :=max{y(X,Y), x,(X,Y)} < b, (15.4.11)
then foralln > 1

(X1+"'+Xn

Y ,Y) < Brn'7e < p7r/apl=rie (15.4.12)
n o

Remark 15.4.2. When comparing conditions (15.4.1) and (15.4.11), it is useful to
note that the metric y is topologically weaker than Var, i.e., Var(X,,Y) — 0
implies x(X,,Y) — 0 but the converse is not true. Also, if r = m + 8, m =
0,1,..., B8 €(0,1], then [see (15.3.1) and (15.3.9)],

X, < Cpt,. (15.4.13)

where Cg = sup, |¢[7#|1 — €.
Proof of inequality (15.4.13). By the definitions of x, and §,, we have

x(X.Y) = Sg}glE(ft(X) — i),
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where f;(x) := t7" exp(izx) and

§,(X.Y) == sup{|E(f(X) = f(¥)]: f :R—>C,
and| /" (x) = f" ()] < 1x =y},

wherer =m + f,m=0,1,...,and 8 € (0,1]. Forany t € R
f,(m)(x) =1 Pi" exp(irx),
and thus

£ (x) — £™ ()] _ |t|7P| exp(itx) — exp(ity)| _ || 7P |1 — explits)|
|sP |s? |s1? 7

where s := x — y. We observe that for any D, > 0

D¢ (X.Y) =sup{|E(f(X) — fX)] : | f™(x) = f™ ()| < Drlx — y|P}

and

(m) _ (m)
sup e ) = i Z W) < sup|st|7P|1 —exp(its)| := Cg.
x,yER IX - ylﬁ SER

A simple calculation shows that Cg < oo, and this completes the proof of

inequality (15.4.13). O
Finally, we note that since £, (X, Y) := sup{|E(f(X) — f(Y))| : | f™TD(x)]
< 1ae.}andsince | £ (x)| = |i" ! exp(itx)| = 1, we obtain x,, < ¢,,.

Remark 15.4.3. One may show that for » € N7 the metric x, has a convolution-
type structure. In fact, with a slight abuse of notation,

X, (Fx,, Fx,) = x(Fx, * pr, Fx, * p;),

where p,(t) = (¢t"/r!) >0 is the density of an unbounded positive measure on the
half-line [0, 00).

The proof of Theorem 15.4.2 is very similar to that of Theorem 15.4.1 and uses
the following auxiliary results, which are completely analogous to Lemmas 15.4.1
and 15.4.2. We leave the details to the reader to complete the proof of Theo-
rem 15.4.2.

Lemma 15.4.3. Forany X|,X; € X(R),0 >0, andr > «
X(X1+0Y, Xo +0Y) <Co™" x, (X1, X2),

where C, := (r/ae)’/.
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Proof. We have
x(Xy +0Y, X5+ 0¥) 1= sup ¢y, (1) — ¢x, (1) |¢oy ()
teR

= flelﬂg [¢x, (1) — px,(1)| expi{—|ot]|*}

= sup lot|™" [¢x, (1) — ¢x, (1) sup exp(—u”)
=Co "y, (X,Y)
since C, = sup,.,u” exp(—u*) by a simple computation. O
Lemma 15.4.4. Forany X1, X2, Z, W € X(R) the following inequality holds:
XX+ 2. X+ 7Z) < (X0, X)) (Z, W) + x (X0 + W, X, + W).

Proof. From the inequality

|px,+2() — Pxy+2 ()] < |Px, (1) — Px, (D] Pz (1) — Ppw (1)|
+ |¢X1(t) _¢X2(t)| |¢W(t)|

we obtain the desired result. O

Finally, we develop convergence rates with respect to the f-metric defined
in (15.3.6), and thus we naturally restrict our attention to the subset X* of X(R¥)
of RVs with densities. Let X, X1, X3, ... denote a sequence of i.i.d. RVs in X* and
Y =Y, denote a symmetric a-stable RV. The ideal convolution metrics i, 1= o,
and v, := vy, (i.e., 8 = Y) will play a central role.

Theorem 15.4.3. Let Y be a symmetric a-stable RV in X(R¥). Letr =m+1/p >

o for some integer m and p € [1,00), a := 1/27/%A, A := 2(27/*71 4 30 +D/e)
and D = 3927/ If X € X* satisfies

(i)

(X, Y) ;= max({(X,Y), u,,(X,Y)) <a, (15.4.14)
(ii)

70(X,Y) ;= max(Var(X,Y),v,,(X,Y)) < ﬁ,
then

X+ + X,
E( 1+ +

v ,Y) < A(a)t(X,Y)n'7"/e. (15.4.15)
n o

Remark 15.4.4. (a) Conditions (i) and (ii) guarantee £-closeness (of order n'~"/%)
between Y and the normalized sums n~"/%(X; + --- + X,,).

(b) From Lemmas 15.3.3, 15.3.5, and 15.3.6 we know that [La’,.+1(X, Y) and
Vo, (X,Y),r=m—1+1/p,m =1,2,... can be approximated from above
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by the rth difference pseudomoment k. whenever X and Y share the same first
(m — 1) moments [see (15.3.23)—(15.3.25)]. Thus conditions (i) and (ii) could
be expressed in terms of difference pseudomoments, which of course amounts
to conditions on the tails of X.

To prove Theorem 15.4.3, we need a few auxiliary results similar in spirit to
Lemmas 15.4.1 and 15.4.2.

Lemma 15.4.5. Let X1, X, € X(R¥). Then
E(Xl +0Y, X, 4+0Y) < O_r[l,r(Xl, Xz).

Proof. £(X1 +0Y,Xo+0Y) <o7"0"l(X)+0Y,Xs+0Y) <o pn, (X1, X2).
O
Lemma 15.4.6. For any (independent) X,Y, U,V € X*(R¥) the following in-
equality holds:
LX+UY+U)<LX,Y)Var(U,V)+L(X + V.Y + V).

Proof. Using the triangle inequality we obtain

(X +UY +0U)

= sup /(px(x—y)—py(x—y))Pr{U € dy}‘

XERK

IA

sup
x€ERK

[oxtx =3 = prix = eriv e an -y e dy})‘

+ sup /(mx )= pr(r— )PV € dy}‘
xERK

<UX.Y)Var(U,V) + UX + V.Y + V). O

To prove Theorem 15.4.3, one only needs to use the method of proof for
Theorem 15.4.1 combined with the preceding two auxiliary results. The complete
details are left to the reader. A more general theorem will be proved in the next
section (Theorem 16.3.2).

The foregoing results show that the “ideal” structure of the convolution metrics
I, and v, may be used to determine the optimal rates of convergence in the general
CLT. The rates are expressed in terms of the uniform metrics Var, y, and £ and hold
uniformly in n under the sufficient conditions (15.4.1), (15.4.11), and (15.4.14),
respectively. We have not explored the possible weakening of these conditions or
even their possible necessity.

The ideal convolution metrics g, and v, are not limited to the context of
Theorems 15.4.1-15.4.3; they can also be successfully employed to study other
questions of interest. For example, we only mention here that v, can be used to prove
a Berry—Esseen type of estimate for the Kolmogorov metric p given in (15.3.8).
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More precisely, if X, X1, X»,... denotes a sequence of i.i.d. RVs in X(R) and
Y € X(R) a symmetric a-stable RV, then forall r > o and n > 1

X 4+ X,
()
< Cvq, (X, Y)n'7"* 4 C max{p(X,Y),vs1(X,Y), v;{r(’_“)(X, Y)}n_l/“,
(15.4.16)

where C is an absolute constant. Whenever v, (X, Y) < oo and v, ,(X,Y) < oo,
we obtain the right order estimate in the Berry—Esseen theorem in terms of the
metric vy .

Thus, metrics of the convolution type, especially those with the ideal structure,
are appropriate when investigating sums of independent RVs converging to a stable
limit law. We can only conjecture that there are other ideal convolution metrics,
other than those explored in this section, that might furnish additional results in
related limit theorem problems. '
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Chapter 16
Ideal Metrics and Rate of Convergence
in the CLT for Random Motions

The goals of this chapter are to:

* Define ideal probability metrics in the space of random motions,

* Provide examples of ideal probability metrics and describe their basic properties,

* Derive the rate of convergence in the general central limit theorem in terms of
the corresponding metrics with uniform structure.

Notation introduced in this chapter:

Notation Description

M(d) Group of rigid motions on R?
SO(d) Special orthogonal group in R¢
g=(,u Element of M(d)

g1°g Convolution of two motions
H, = (Y,,U,) o-stable random motion

16.1 Introduction

The ideas developed in Chap. 15 are discussed in this chapter in the context of
random motions defined on R?. We begin by defining the corresponding ideal
probability metrics and discuss their basic properties, which are similar to their
counterparts in Chap. 15. Finally, we provide results for the rate of convergence
in the general central limit theorem (CLT) for random motions in terms of the
following metrics with uniform structure: p, Var, and £.

S.T. Rachev et al., The Methods of Distances in the Theory of Probability and Statistics, 363
DOI 10.1007/978-1-4614-4869-3_16, © Springer Science+Business Media, LLC 2013
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16.2 Ideal Metrics in the Space of Random Motions

Let M(d) be the group of rigid motions on R?, i.e., the group of one-to-one
transformations of R to R that preserves the orientation of the space and the
inner product. M(d) is known as the Euclidean group of motions of d-dimensional
Euclidean space. Letting SO(d) denote the special orthogonal group in R?, any
element g € M(d) can be written in the form g = (y, u), where y € R represents
the translation parameter and u € SO(d) is a rotation about the origin. Note that
forall x € RY, g(x) = y +ux.If g = (y;,u;), | < i < n, then the product
g(n) = giogro---0g, hasthe form g(n) = (y(n), u(n)), where u(n) = uy, ..., u,
andy(n) = y1+ujy,+--++uy---uy—1y,. Forany c € Rand g = (y,u) € M(d),
define cg = (cy, u).

Next, let (2, F,Pr) be a probability space on which is defined a sequence of
i.i.d. random variables (RVs) G;, i > 1, with values in M(d). A. natural problem
involves finding the limiting distribution (i.e., CLT) of the product G| o --- o Gy,
which leads to the notion of a-stable random motion. The definition of an a-stable
random motion resembles that for a spherically symmetric a-stable random vector,
that is, H,, is an a-stable random motion if for any sequence of i.i.d. random motions

G:, with G, = H,,

H, < n=*(Gyo---0G,) foranyn > 1, and

H, = uH,, forany u € SO(d). (16.2.1)

Baldi (1979) proved that H, = (Y4, U,) is an «-stable random motion if and only
if Y, has a spherically symmetric a-stable distribution on R¢ and U, is uniformly
distributed on SO(d). Henceforth, we write H, = (Y, U,) to denote an a-stable
random motion. In this section, we will be interested in the rate of convergence of
i.i.d. random motions to a stable random motion.! First we shall define and examine
the properties of ideal metrics related to this particular approximation problem.

Let X(M(d)) be the space of all random motions G = (Y, U) on (2, F, Pr),
Y € X(R?) the space of all d-dimensional random vectors, and U € X(SO(d)) the
space of all random “rotations” in R?. X*(R?) denotes the subspace of X(R?) of
all RVs with densities: X*(M(d)) is defined by X*(R?) x X(SO(d)).

Define the total variation distance between elements G and G* of X(M(d)) by

Var(G, G*) := sup Var(G(x), G*(x)), (16.2.2)

x€R4

where for X and Y in X(R%)
Var(X,Y) := 2sup{|Pr{X € A} —Pr{Y € 4}|, A e BRY)},
in which B(R?) denotes the Borel sets in R? [see (15.3.5)].

See Rachev and Yukich (1991).
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Let 6 € X(R?) have a spherically symmetric a-stable distribution on R¢. As in
Sect. 15.3, define smoothing metrics associated with the Var and £ distances

v, (X.Y) :=sup |h|" Var(X + h6,Y + h), X, Y e X(RY)  (16.2.3)
heR

and

(X, Y):=sup|h| €(X 4+ h6,Y + h6), XY € X*(RY), (16.2.4)
heR

where £(X,Y), X,Y € X* (Rd), is the ess sup norm distance between the densities
px and py of X and Y, respectively, that is,

E(X,Y) := esssup | px(y) — pr (¥)| (16.2.5)
yeRI

[see (15.3.6), (15.3.12), and (15.3.13)].
Next, extend the definitions of v, and p, to X(M(d)) and X*(M(d)), respec-
tively,

v(G1.G2) := sup v, (Gi(x), G2(x)),  G1, Gz € X(M(d)), (16.2.6)

x€R4

and

1 (G1, Ga) == sup p,(Gi(x), G2(x)), G1.G. € X*(M(d)).  (162.7)

x€ERd

As in Chap.15, v, and u, will play important roles in establishing rates of
convergence in the integral and local CLT theorems. Zolotarev’s ¢, metric defined
by (15.3.1) on X(R9) is similarly extended in X(M(d))

£,(G1,Gr) := sup §,.(Gi(x), Ga(x)). (16.2.8)

x€R4

The following two theorems record some special properties of v, and ,, which
are proved by exploiting their ideality on X(R¢) (Lemmas 15.3.1 and 15.3.2).

Theorem 16.2.1. ., is an ideal metric on X*(M(d)) of order r—1, i.e., k., satisfies
the following two conditions:

(i) Regularity: p,(G10G,Gy0G) < u,(Gy,Gy) and
1. (GoG,GoGy) =, (Gy,Gy)

for any G| and G, that are independent of G;
(ii) Homogeneity: p,(c G1,cG,) < |c|""'u,(G1, G,) for any ¢ € R.

Proof. The proof rests upon two auxiliary lemmas. O

Lemma 16.2.1. For any independent G € ¥*(M(d)), Y1, Y, € X*(R?)

r(G(Y),G(Y2)) = p, (Y1, Y2). (16.2.9)
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Proof of Lemma 16.2.1. By definition of g, and the regularity of £, we have for
G:=(,U)

1, (G(Y1). G(Y2)) = sup |h|"E(G(Y1) + h6. G(Y2) + ho)

=sup [h|" LY + UY, + h6,Y + UY, + h0)

x€R

sup |h| LU Y, + h8,UY, + ho). (16.2.10)

x€R

Next, we show £(U Y, UY;) < £(Y1,Y3) for any independent U € X(SO(d)). To
see this, notice that

IA

LUY\,UY2) < sup  sup |puy, (X) — pur, (x)]
x€R4 uesO(d)

= sup  sup |(py, — Pv)(X1@@1s i 2a)s s Xa @, 20)]
u€S0(d) z=uoxeR?

0x1 -+ 0xy4
X —_—

0z1 -+ 0zg

Since the determinant of the Jacobian equals 1,

LUY,UYs) < £(Y1,Y5). (16.2.11)

Combining (16.2.10) and (16.2.11) and using U-'e < 0, where UU™! = I, we
have

1, (G(Y1), G(Y2)) < sup [h|"L(U(Y\ + hU~'0), U(Y, + hU™'6))
heR

<sup || €(Y; + hUT'6,Y, + hU'0) = u, (Y1, Y2).

heR u
Lemma 16.2.2. If G|, Gy, and Y are independent, then
1, (G1(Y). Ga(Y)) < sup , (Gi(x). Ga(x)). (162.12)

x€R4

Proof of Lemma 16.2.2. We have for G; = (Y;,U;)
1 (G1(Y), G2(Y)) = sup || £(Y1 + UrY + h6.Y> + UrY + ho)
heR

= sup |h|" sup | py,+v,v+10(X) — Py U,y 400 (X)]
heR x€eR4

= sup |h|" sup
heR xeRd

/ %/Pyl+h9(x —u1y)Pr(U; € duy)
R4
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_/pYz+l19(x —uyy) Pr(U; € duz)} Pr(Y € dJ’)‘

IA

sup |h|" sup sup
heRr y€ERY xeRd

/py1+h0(x — I/lly) PI‘(U] (S] dul)

- / Prario(x — 2y) Pr(Us € dus)

= sup sup |h|" sup |py,4+r6+uiy(X) — Pratno+ny (X)]
y€eRd heR x€R4

= sup ;L,(Gl(y), G2(»)).

yeR4

Now we can prove property (i) of the theorem. By (16.2.9),
/'l'r(G 0Gy,Go GZ) = sup I’l'r(G © G]()C), Go GZ(X))

x€R4

sup 1, (Gi(x), G2(x)) = u,(G1, Ga).

x€R4

IA

Similarly, by (16.2.12),

1,(G10G.Gy0G) = sup (G 0 G(x). Gy 0 G(x))

x€R4

sup ”’r(Gl(x)v GZ(X)) = ”’r(Gla GZ)a

x€R4

IA

which completes the proof of the regularity property. To prove the homogeneity,
observe that by the ideality of w, on X(R?),

1, (cGi,cGy) = sup p,(cY1 + Uix,cYr + Upx)

x€R4

1 1
= sup W, (c (Y1 + U, (—x)) ,C (Yz + U, (—x)))
xE]R“’ C C
= ||, (G1, Ga). O

Theorem 16.2.2. v, is an ideal metric on X(M(d)) of order r.

The proof is similar to that of the previous theorem.

The usefulness of ideality may be illustrated in the following way. If  is ideal of
order r on X*(M(d)), then for any sequence of i.i.d. random motions Gy, G, - - - it
easily follows that

w(n V(G o0 G,), Hy) < n'~"/® (G, Hy) (16.2.13)
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is a “right order” estimate for the rate of convergence in the CLT. Estimates such as
these will play a crucial role in all that follows.

The next result clarifies the relation between the ideal metrics u,, v,, and §,. It
shows that upper bounds for the rate of the convergence problem, when expressed
in terms of &, are necessarily weaker than bounds expressed in terms of either u,
or v, (as in Theorems 16.3.1 and 16.3.2 below).

Theorem 16.2.3. For any G| and G, € X(M(d))
1,(G1.Gy) < Ci(1E,_(G1.Go). 1 =1, (16.2.14)

and
v (G1, Gy) < Ca(r)¢,. (G, Gy), r >0,r — integer, (16.2.15)

where C;(r) is a constant depending only on r.

The proof follows from the similar inequalities between @, v, and ¢, in the
space X(RY) (Sect.15.3 and Lemmas 15.3.4-15.3.6). As far as the finiteness of
¢,.(G1, Gy) is concerned, we have that the condition

> /R yil o0y (Pr(Gy(x) € dy) — Pr(Ga(x) € dy))| =0

0<iy g <d
i1 tetig=j
(16.2.16)
forallx e R, j =0,1,...,m,m+ B =r, B € (0, 1], m-integer, implies
1
(G1,Gy) < —— Var, (G, (y), 16.2.17
¢, (G 2)_F(1+r) ar, (G, G2) ( )

where the metric Var, is the rth absolute pseudomoment in X(M(d)), that is,

Var, (G, G) := sup / 71" Prg, x) — Preo,x) [(dY). (16.2.18)

x€R4

16.3 Rates of Convergence in the Integral and Local
CLTs for Random Motions

Let Gy, G,, ... be a sequence of i.i.d random motions and H, an «-stable random
motion. We seek precise order estimates for the rate of convergence

n—l/vt(G1 0---0G,) = H, (16.3.1)
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in terms of Kolmogorov’s metric p, Var, and £ distances on X(M(d)). Here, the
uniform (Kolmogorov’s) metric between random motions G and G* is defined by

p(G,G*) := sup p(G(x), G*(x)), (16.3.2)
x€Rd

where p(X,Y) is the usual Kolmogorov distance between the d-dimensional
random vectors X and Y in %(Rd ), that is,

p(X,Y):=sup |Pr{X € A} — Pr{Y € A}|, (16.3.3)
AeC

in which C denotes the convex Borel sets in R?. Recall that the total variation metric
Var in X(M(d)) is defined by (16.2.2) and £ in X*(M(d)) is given by

UG, G*) := sup L(G(x), G*(x)) (16.3.4)

x€R4

[see (16.2.5)].

The first result obtains rates with respect to p. Here and henceforth C denotes an
absolute constant whose value may change from line to line.

The next theorem establishes the estimates of the uniform rate of convergence in
the integral CLT for random motions.
Theorem 16.3.1. Let r > «, and set p := p(Gy, Hy) and ©, .= 1,(G{, Hy) :=
max{ A

0, Vr, Vg }. Then,

p(n~ V(G0 0G,) < Cvn' """ + t,n= %), (16.3.5)

Proof. As in Sect. 15.4, it is helpful to first establish three smoothing inequalities

for p and Var. Throughout, recall that H, has components Y, (g 0) and U,, and
let H, denote the projection of H, on RY. The purpose of the next lemma is to
transfer the problem of estimating the p-distance between two random motions to
the same problem involving smoothed random motions. Here and in what follows,
G o G means that G o G i is a random motion whose distribution is a convolution of
the distributions of G and G. O

Lemma 16.3.1. Forany G and G* in X(M(d)) and § > 0
p(G,G*) < Cp(8Hy0G,8§Hy0G*) + C§, (16.3.6)
where C is an absolute constant.

Proof of Lemma 16.3.1. The required inequality is a slight extension of the
smoothing inequality in X(R¢):?

p(X,Y) < Cp(X +80,Y +80)+C8 X,Y € X(RY), (16.3.7)

2See Paulauskas (1974, 1976), Zolotarev (1986, Lemma 5.4.2), and Bhattacharya and Ranga Rao
(1976, Lemma 12.1).
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where 0 is a spherically symmetric a-stable random vector independent of X and Y
and C is a constant depending upon « and d only. By (16.3.7), we have

p(G,G*) = sup p(Y + Ux,Y* +U%x)

x€ERd

IA

Csup p80 +Y +Ux,60 +Y* +U*x) +C$

xeRd
=Cp(6Hyo0G,8H, 0G*)+ C8. O

The next estimate is the analog of Lemma 15.4.1 and will be used several times
in the proof.

Lemma 16.3.2. Let G.G € X(M(d)), A; > 0,i = 1,2; A% 1= A¢ + A%; Hy, =
H,. Foranyr >0

Var(A\Hy 0 G 0 A\sHo, A{Hy 0 G 0 AsHy) < A 7v,(G, G). (16.3.8)
Proof of Lemma 16.3.2. Let Hy := (Yo, Uq), G := (Y,U), and G := (Y, D).
Then, by the definition of the Var metric,

Var(AiHy 0 G o AsHy, A Hy 0G 0 Ay Hyg)
= supVar(A1Hy 0 G 0 (\Y ¢ + Uqx), A1Hy 0 G 0 (AY o + Uqyx))
= s{;pVar(lea(Y 4 UMY+ UUgx), AHy(Y + UAY 4 + UUyx))
= s{;pVar(AlYa + Uy(Y + UMY o) + UyUUgx, MY,
LU + DA ) + UTTux)
= supVar(A, Yy 4 UpyY + 4,7 o + UyUU ux, 1, Y,
LUT 4 0T 4 UaUT ),
Using A1 Y, + 12704 < AYy, the right-hand side equals
supVar(AYy + Uy (Y + UUyx), AYy + Uy (Y + UU,x))
' < A7 supsup |Ah| Var(hAY, + Uy(Y 4+ UU ox), hAYy + Uy (Y + UUyx))
=1 sﬁpﬁUa(Y + UUgx), Uy(Y + UUgyx))
=17 sﬁp V(Y + UUqx,Y + UUyx))
= 270,60,

by definition of v,, and since Var (and hence v,) is invariant with respect to
rotations. O

The third and final lemma may be considered as the analog of Lemma 15.4.2.
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Lemma 16.3.3. Forany G¥, G, G\, G, in X(M(d)) and A > 0
P(AH, 0GF oG, AHy 0 G} 0Gy) < p(GF,G¥) Var(AHy 0 G, AH, 0 Gy)
+p(AH, 0 G} 0 G, AH, 0 G} 0 G>).
(16.3.9)
Also,

PO Hy 0 G} oGy, AH, 0 G} 0 Gy) < p(Gf,G) Var(WHy © G1, A Hy © Ga)
+p(AHy 0 G} o Gy, AHy o G5 o G>)
and
Var(AHy 0G0 G, AHy0G} 0G) < Var(GF,G5) Var(A\H, 0 G1,AH 0 G,)
+Var(AH, 0 G/ o Gy, AH, 0 Gy o 52)

(16.3.10)

Proof. We will prove only (16.3.9). The proof of the other two inequalities is
similar. We have

p(AHy o GF oG, AHy oG} oG))
=p(Gf oAH,0Gy,Gf 0o AH, 0 Gy)

= sup sup
xeRd AeC

sup sup /Pr{Gf og(x) e A}
xeRd AeC

/ Pr{G}og(x) € AY(AH, 0G| —AH, 0 52)dg‘
M(d)

IA

—Pr{G} og(x) € A)(AH, 0G| — AHy 0 Go)dg

+ sup sup
xeRd AeC

< p(GF¥.G})Var(AWH, 0 G 1, AHy 0 Go)+p(GF 0 AH, 0 G1,G} 0 AHy 0 Go)
= p(GF.G)Var(AH 0 G, AHy 0 G2)+p(AH, 0 G} 0 G|, AHy 0 G} 0 Gy).

/Pr{G; 0g(x) € AY{AHy 0G1 — AHy 0 Gr)dg

|

On the basis of these three lemmas, Theorem 16.3.1 may now be proved.
The proof uses induction on n. First, note that for a fixed np and n < ny, the
estimate (16.3.5) is an obvious consequence of the hypotheses. Thus, let n > nyg
and assume that forany j <n

p(i V(G0 0G)), Hy) < By j' "/ 4 7,71/, (16.3.11)
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where B is an absolute constant.

Remark 16.3.1. We will use the main idea behind Senatov (1980, Theorem 2),
where the case « = 2 is considered and rates of convergence for CLT of random
vectors in terms of £, are investigated.

Setm = [n/2] and
8§ 1= Amax(v((Gy, Hy), v} "= (Gy, Hy))n™ ', (16.3.12)

where A is a constant to be determined later. Note that § < At,n~Y/*, which will be
used in the sequel.

Let G|, G5, --- be a sequence of i.i.d. random motions with G/ L H,. By the
definition of symmetric «-stable random motion and Lemma 16.3.1, it follows that

p(1(Gy 0+ 0 Gy), Hy)
= p(n_l/a(Gl O---0 Gn)’n_l/a(Gi 0:+.++0 Gr/l))’
< Cp(§Hy on™/2(Gy o+ 0Gy),6Hy 0n V/*(G| o -0 Gl)) + C8.

(16.3.13)
If the triangle inequality is applied m times, then the first term in (16.3.13) is
bounded by
p(8Hyon V*Gio--on V%G, §Hyon Gy o---on™*G,_; on~1*G")
m
+ le(Sﬁa on~V¥Gyo--con7VeG,_; o i1_1/‘)‘G,’1_j+1 o--won”VeG!,
j=
§Hyon V%Gyo-on™VG,_;_ o n_l/“G,’,_j o--on~1/eG’)
+p(8Hyon V*Gio--on™VG,_py_yon VG _ o--onVeG!,
§Hyon V%Gl o---on™1/2G))
= A1 + Ay + As.
(16.3.14)
Next, using Lemma 16.3.3, A; and A, may be bounded as follows:
A1 < p7V*Gyo-onG, 1 nTV"G o on” VG )
xVar(§Hy on V%G, 6Hy on*G!)
+p(8H, o n_l/“Gi 0--+0 n_l/"‘G,’l_1 on~'G,,
§Hyon '*Gjo---on™1*G))
=1, + L. (16.3.15)

Similarly,
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Ay <Y pm™V*(Gro0Gyjy).n (Gl o0 Gl )
j=1

x Var(§Hy on /"G, _jon™"*G,_;  o---on "Gy,

§Hyon %G,_,on™""G)_,  0---on”'*G))

m
+ Zp(Sﬁa onl/“Gi o---on_l/“G;_j_1 on_l/aGn_j o'uon_l/aG;,
i=1

§Hyon V(G| o---0G))
=L+ 1. (16.3.16)

Combining (16.3.13)-(16.3.16) and letting I3 = I} + I3/, I, := Aj yields
p(n V(G o--0G,), Hy) <C(I1 + I, + 5 + 1) + C§. (16.3.17)

Next, Lemma 16.3.2 will be used to successively estimate each of the quantities
11, 12, 13, and 14.

By the induction hypothesis, Lemma 16.3.2 (with Ay = A = §and A, = 0
there), and the ideality of v,, it follows that

I < B =D 4 1.0 = D)0 (0 GLn TG /8
< C(B/A)(v,n" "% 4+ 1,0 77/%) (16.3.18)
by definition of §.

To estimate /,, apply the induction hypothesis again, Lemma 16.3.2 [with A| =
8, A2 = (j/n)"*], the ideality of v,, and the definition of § to obtain

I = Zp(n—l/a(Gl 0---0 Gn_j_l),n_l/“(Gi 0---0 G;l—j—l))
j=1

Var(§Ho 0 n™"/*G,—j o (j/m)"/* Hy, SHo 0 0™ G)_ 0 (j/n)"/" Hy)
< B, (1 —m)' 7 1. (n —m) ™)
Z’”: 1
6* + j/ny /e

=1

v, (n"*G,n7*GY)

o0
< B(Vrnl—r/a + _L,rn—l/a) Z vr/(Aavﬁt/(r—a) + j)r/oz
j=1

< B(uan' T 4 1n TV C (A% ) 100y,
< CB(v,n'™"* + n= ) 407, (16.3.19)
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where C again denotes some absolute constant.
To estimate

L= p@EHyon *(Gjo-0G_;_0G,joG_;, 00G))

j=0
§Hyon V(G| o---0G)),

use 2p < Var, Lemma 16.3.2 [with A, = ((n — j — 1)/(n — 1)V*, Ay = (j/(n —
1))/« and A = 1], and the ideality of v, to obtain

m I’l—j—l 1/a . j 1/a
(55 et ()

l’l—j—l 1/a ] 1/a
_ Hyo(m—1)"G/_. o H,
n—1 d n—1

<Y v((n=1)7*Gr. (n = 1)7V*GY)

r (16.3.20)

where it is assumed that 7 is chosen such that (n/(n — 1))"/% < 2.
Similarly, using Lemma 16.3.2 with A; = 0 and A, = 1, we may bound /4
I < p(m_l/“(Gl 0+0Gy_m1) O m_l/“(G;_m 0-.-0 G;l)’
m VNG o--0G _ _om VG _, o--0G))
=p(Hgom (G 0---0Gy_pm_1) 0 Hy,
§Hyom™ %G| o---0G,_, |)o Hy)
< Var(m™*(Gy o0 Gyopm—i) © Hyym™ /(G 00 G._, ) 0 Hy)
<v,(m VG o-0Gy_py),m V(G0 0G_, )
<m™n —m— 1), (G.G}) <2"/%n'="/y,, (16.3.21)
since we may assume that ((n —m — 1)/n)(n/m)’/® is bounded by 2'/% for n > ny.
Finally, combining estimates (16.3.17)-(16.3.21) and the definition of § yields
p(n™V(Gio--0G,) ., H) <CU1 + L+ I+ I,) + C§
< C(A™" 4+ A YBn' Y 4+ 107V
+Cvn' % 4 CAr,n~Ve,
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Choosing the absolute constant A4 such that C(A~! 4+ A4%™") < % shows, for
sufficiently large B,

p(n_l/“(Gl o0---0Gy), Hy) < B(v,nl_’/“ + r,n_l/“),
completing the proof of Theorem 16.3.1. O

The main theorem in the second part of this section deals with uniform rates
of convergence in the local limit theorem on M(d) (see further Theorem 16.3.2).
Again, ideal smoothing metrics play a considerable role. More precisely, if {G;} =
{Yi,Ui}i>1 are i.i.d. random motions and G (x) has a density pg,(v) for any X €
R?, then ideal metrics are used to determine the rate of convergence in the limit
relationship

(=% (Gyo---0Gy), Hy) = 0, (16.3.22)

where £ is determined by (16.2.5) and (16.3.4).
The result considers rates in (16.3.22) under hypotheses on v, := v, (G, Hy),
£ :=4(Gy, Hy), and p, := p,(Gy, Hy), where

1, (G, Hy) := sup sup |h|"€(Gi(x) + h6, Hy + h0)
x€R4 heR

= sup |h|" €((WHy) 0 G1, (hHa) o Hy) (16.3.23)
x€R

and H, := (Y, I') denotes, as before, the projection of H, on R?.

The proof of the next theorem depends heavily upon the ideality of v, and u,.
As in the proof of Theorem 16.3.1, ideality is first used to establish some critical
smoothing inequalities. The first smoothing inequality provides a rate of conver-
gence in (16.3.1) with respect to the Var-metric and could actually be considered a
companion lemma to the main result. The proof of the next lemma is similar to that
of Theorem 15.4.1 and is thus omitted.

Lemma 16.3.4. Letr > o and
K, := K,(Gy, Hy) := max{Var(Gy, Hy),v.(G1, Hy)} < a,
where a=! 1= 21F1/@ QU /0= 4 3r/e) [f 4 = 2201071 4 37/9), then
Var(n="/%(Gy0-+-0Gy), Hy) < AK,n'~"/*.

The next estimate, the companion to Lemma 16.3.2, is the analog of

Lemma 15.4.5. The proof is similar to that of Lemma 16.3.2 and will be omitted.
Lemma 16.3.5. Let G1.Gy € X(M(d)), A; > 0,i = 1,2; A% = A% + A%, H, =
H,. Forallr >0

€A Hy 0 Gy oAHy A HyoGrodyHy) <A 7', (Gy,Gy) (16.3.24)
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and
(A Hyo0GiAHy M Hy0GyodyHy) < A 7', (Gy, Ga). (16.3.25)
The following smoothing inequality may be considered the analog of

Lemma 15.4.6. Only (16.3.27) is used in the sequel.
Lemma 16.3.6. Let G¥,G*, G, G, € X(M(d)) and A > 0. Then

((AHy oG oG, AH, 0 G} 0Gy) < U(G}.GF)Var(A\Hy 0 G, AH 0 Go)
+{(AHy0G} oG, AHy 0 G} 0G,)
(16.3.26)

and

(AHy0Gy oG 1. AHy oG} 0Gy) < U(GF,G})Var(AH, 0 G1.AH 0 G,)
+{(AHy 0 G} 0 Gy, AHy 0 GF 0 G)).
(16.3.27)
Proof. Since Hy 0 G = G o H,, we see that {(AH 4 o Gl o Gi,AHy o Gj o 52)
equals

UGFoAH,0G1,GF o AHy 0 Gy)

= Sup esssup IpGl*okﬁgoEI (x)(z) - pGl*o)Lﬁaofaz(x)(ZN
x€RY  zeR4

= supess sup ' / P6rogn@IPr(AHy 0 Gy € dg) — Pr(AH, 0 G, € d)]
M(d)

X z
= supess Sup Pag @)~ Paseccr(@] [ [P, 01 € dg)
X z M(d)

—Pr(AHy 0 G2 0dg)| + L(AHy 0 G5 0 G1, AHy 0 G5 0 G)
< U(G}.G3) Var(\Hy 0 G1, AHy © Go)
+l(AHy 0 G o Gi,AHy o G5 0 G,).

This proves (16.3.26); (16.3.27) is proved similarly. O
With these three smoothing inequalities, the main result may now be proved.

Theorem 16.3.2. Let the following two conditions hold:
Ar(G1, Hy) = max{{(G1, Hy), 1 1(G1, Hy)} < 00 (16.3.28)
and

K, := K,(Gi, H,) := max{Var(G, H,),v,(G,, H,)} < 1/DA, (16.3.29)
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wherer > a, A 1= 2Q0/971 £ 37/%) qpnd D := 237 TCTD/®) Then
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L% (Gyo-+-0Gy), Hy) < AXr(Gy, Ho)n' ™"/ (16.3.30)
Proof. Let G|, G}, ... be a sequence of i.i.d. random motions with G/ 4 H,. Now
(16.3.30) holds forn = 1,2 and 3. Let n > 3.
Suppose that for all j < n
L(j7V*(Gyo---0G), Hy) < AA, j1772. (16.3.31)

To complete the induction proof, it only remains to show that (16.3.31) holds for

j =n.By(16.3.27)with A = 0and m = [n/2],

LGy o0 Gy) n (G o0 G)))

is bounded by
< U7 (Gro--0Gu)on ™ (Gpyr0-+-0 Gy),
n_l/a(Gi 00 G;n) ° n_l/a(Gm+l 0---0Gy))
+£(n_l/a(Gi o---0Gl)o nVGpyr 00 Gy),
n_l/“(Gi 0---0G))o n_l/“(GjHl o---0G)))
< Ln*(Gro--0Gy).n (Gl o - 0G).

Var(n~"/*(Gyi10+--0Gy),n (G} 00 G))
+0((n7Y*(Gyo---0Gp) o n_l/a(Gr/n-i-l 0--0G)),
n7V%(Glo 0 Gl on (Gl yy 000 Gy))
+e(nV (G o0 G) on VG pyy 00 Gy),
n~*(Gjo---0G)on (G 00 G))

=L+ L+

As in the proof of Lemma 16.3.4, it may be shown via Lemma 16.3.5 that

LA+ 1< QU9 437 e n' T < S AAn T

It remains to estimate /. By the homogeneity property £(X,Y) = cf(cX,cY) and

the induction hypothesis, the first factor in /; is bounded by

(n/m)"lm=V*(Gy o0 Gyp), Hy) < (n/m)"* AA,m'~"/*

< 3(r+1)/a—1Akrnl—r/a'
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By Lemma 16.3.4, the second factor in /; is bounded by

Var(n/(Gpg1 00 G,),n (Gl 00 GL))
< AK,(n —m)'~"/
< AK, <D™

Hence, I} < %A)Lrnl_r/ ¢. Combining this with the displayed bound on I} + I,
shows that
LGy o0 Gy), Hy) < Adpn' "/

as desired. ]

Conditions (16.3.28) and (16.3.29) in Theorem 16.3.2 and the conditions v, =
v, (G, Hy) < o0 and 1, = t,(Gy, Hy) < oo in Theorem 16.3.1 can be examined
via Theorem 16.2.3 and estimate (16.2.16).
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Chapter 17

Applications of Ideal Metrics for Sums of i.i.d.
Random Variables to the Problems of Stability
and Approximation in Risk Theory

The goals of this chapter are to:

* Formulate and analyze the mathematical problem behind insurance risk theory,

* Consider the problem of continuity and provide a solution based on ideal
probability metrics,

* Consider the problem of stability and provide a solution based on ideal probabil-
ity metrics.

Notation introduced in this chapter:

Notation Description

N(t) Number of claims up to time ¢
X(t) Total amount of claims

17.1 Introduction

In this chapter, we present applications of ideal probability metrics to insurance risk
theory. First, we describe and analyze the mathematical framework. When building a
model, we must consider approximations that lead to two main issues: the problem
of continuity and the problem of stability. We solve the two problems using the
techniques of ideal probability metrics.

17.2 Problem of Stability in Risk Theory

When using a stochastic model in insurance risk theory, one must consider the
model as an approximation of real insurance activities. The stochastic elements
derived from these models represent an idealization of real insurance phenomena

S.T. Rachev et al., The Methods of Distances in the Theory of Probability and Statistics, 379
DOI 10.1007/978-1-4614-4869-3_17, © Springer Science+Business Media, LLC 2013
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under consideration. Hence the problem arises of establishing the limits in which
one can use our ideal model. The practitioner must know the accuracy of our
recommendations, which have resulted from our investigations based on the ideal
model.

Mostly one deals with real insurance phenomena including the following main
elements: input data (epochs of claims, size of claims, ...) and, resulting from these,
output data (number of claims up to time ¢, total claim amount ... ).

In this section we apply the method of metric distances to investigate the
“horizon” of widely used stochastic models in insurance mathematics. The main
stochastic elements of these models are as follows.

(a) Model input elements: the epochs of the claims, denoted by Top = 0, T}, T, .. .,
where {W; = T; — T;—;, i = 1,2,...} is a sequence of positive RVs, and the
sequences of claim sizes Xo = 0, X, X2, ..., where X, is the claim occurring
at time 7,.

(b) Model output elements: the number of claims up to time ¢

N(t) =sup{n : T, <t}, (17.2.1)

and the fotal claim amount at time ¢
N(t)

X@) =) X:. (17.2.2)
i=0

In particular, let us consider the problem of calculating the distribution of X (¢).
Teugels (1985) writes that it is generally extremely complicated to evaluate the
compound distribution G;(x) of X(¢)

G, (x) = ipr{zn: X; < x|N(t) = n} Pr{N(t) = n}

n=1 i=1

+Pr{N(1) =0}, x > 0. (17.2.3)

This forces one to rely on approximations, even in the case when the sequences { X; }
and {W;} are independent and consist of i.i.d. RVs.

Here, using approximations means that we investigate ideal models that are
rather simple but nevertheless close in some sense to the real (disturbed) model. For
example, as an ideal model we can consider W; = T; —T;,_|,i = 1,2,...,to be
independent with a common simple distribution (e.g., an exponential). Moreover,
one often supposes that the claim sizes X; in the ideal model are i.i.d. and
independent of W;. "

We consider W; and X; as input elements for our ideal model. Correspondingly,
we define

N(t) =supin: T, <t}, (17.2.4)

N
X(1)=>) X, (17.2.5)
i =0
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as the output elements of our ideal model, related to the output elements N(¢) and
X(¢) of the real model. More concretely, our approximation problem can be stated
in the following way: if the input elements of the ideal and real models are close to
each other, then can we estimate the deviation between the corresponding outputs?
Translating the concept of closeness in a mathematical way one uses some measures
of comparisons between the characteristics of the random elements involved.

In this section, we confine ourselves to investigating the sketched problems when
the sequences {X;} and {W;} have i.i.d. components and are mutually independent.
Then we can state our mathematical problem in the following way.

PRI Let u, v, T be simple probability metrics on X(R), i.e., metrics in the
distribution function space.! Find a function ¥ : [0, 00) x [0, 00) — [0, 00),
nondecreasing in both arguments, vanishing, and continuous at the origin
such that for every ¢, 5 > 0

‘v‘((;j "’3?? ;):58 = 2(X(1), X (1)) < V(. ). (17.2.6)
The choice of 7 is dictated by the user, who also wants to be able to check
the left-hand side of (17.2.6). For this reason, the next stability problem is
relevant.

PR I1. Find a qualitative description of the e-neighborhood (resp. §-neighborhood)
of the set of ideal model distributions FWI (resp. Fyl ).

17.3 Problem of Continuity

In this section we consider PR I as described in (17.2.6). Usually, in practice, the
metric 7 is chosen to be the Kolmogorov (uniform) metric,

p(X,Y) =sup|Fx(x) — Fy(x)|. (17.3.1)

x€R
Moreover, we will choose 4 = v = k,, where

Kk (X,Y) = r/ [x|"" Fy(x) — Fy(x)|dx, r >0, (17.3.2)
R

is the difference pseudomoment.> The usefulness of k, will follow from the
considerations in the next section, where PR I is treated. The metric k, metrizes the

'As before, we will write u(X,Y), v(X,Y), t(X,Y) instead of w(Fy, Fy), v(Fy, Fy),
t(Fx, Fy).
2See Case D in Sect. 4.4 of Chap. 4.
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weak convergence, plus the convergence of the rth absolute moments in the space
of RVs X with E|X|" < oo, i.e.,’

w
K (X, X) > 0 Xp — X  asn — oo.
E|X,|" — E|X]|
Also, note that
K, (X, Y) =1 (X|X|LY Y. (17.3.3)

First, let us simplify the right-hand side of (17.2.6). Using the triangle inequality
we get

N@)  N@)

pP(X@.X1) = p D XD X
i=0 i=0

NGO NG NO N

=p ZX,',Z}?,' +p ZY,-,Z?,‘
i=0 i=0 i=0 i=0
=1+ . (17.3.4)

Assuming H(t) = EN(t) to be finite, we have

N() N(t) N(t) N(@)

~ 1 1 ~
L =p Z;X;X =p mZX,-,m;Xi . (17.3.5)

i=0
From this expression we are going to estimate /; from above, by k, (X, X 1)- This
will be achieved in two steps:

1. Estimation of the closeness between the RVs

N() N()

1 ~ 1 -
Z(t) = 70 YoXi. Z@) = ) ;)X (17.3.6)

i=0

in terms of an appropriate (ideal for this purpose) metric.
2. Passing from the ideal metric to p and k,, respectively, via inequalities of the type

¢1(p) < ideal metric < ¢, (k) (17.3.7)

for some nonnegative, continuous functions ¢; : [0, c0) — [0, c0) with ¢; (0) =
0,¢;(t) >0ift >0,i =1,2.

3See Theorems 5.5.1 and 6.4.1 in Chaps. 5 and 6, respectively.
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Considering the first step, we choose Cm’p (m =20,1,...,p > 1) as our ideal
metric, where §,, ,(X,Y) is given by (15.3.10). The metric §,, , is ideal of order
r=m+ 1/p,ie., foreach X, Y, Z, with Z independent of X and Y and every
ceR?

SmpcX +Z,cY +2Z) <|c|'§,, ,(X,Y). (17.3.8)
These and other properties of ¢, , will be considered in the next chapter.’

Lemma 17.3.1. Let {X;} and {yi} be two sequences of iid. RVs, and let
N(t) be independent of the sequences {X;}, {X;} and have finite moment
H(t) = EN(t) < oo. Then,

;m,p(z(t)v 2/(l‘)) =< H(Z)l_r;m,p(le yl}s (1739)

wherer =m + 1/p.

Proof. The following chain of inequalities proves the required estimate.

& (Z(). Z(1))

(@
N() N(r) _
= H(Z)_rgm,p ZXisZXi
i=0 i=0
(b)
[ele) k k »
< H@O™ Y Pe(N() = k), , (Z Xy X,-)
k=1 i=1 i=l1
©

0o k
<SH@) ™Y P(N@) =k) ) &, ,(Xi. X))
k=1 i=1

= H6)" Y kPr(N(t) = b)E,, , (X1, X))
k=1

= H(@)"¢, (X1, X)).

4See Definition 15.3.1 in Chap. 15.
SMore specifically, see Lemma 18.2.2.
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Here (a) follows from (17.3.8) with Z = 0 and ¢ = !j O Inequality (b) results
from the independence of N (¢) with respectto {X;}, {X;}. Finally, (c) can be proved
by induction using the triangle inequality and (17.3.8) with ¢ = 1. O

The obtained estimate (17.3.9) is meaningful if §,,, (X1, }1) < oo. This implies,
however, that®

/ X d(Fy, (x) — Py, (x)) =0, forj =0,1,....m. (17.3.10)
R

Let us now find a lower bound for ¢, ,(Z(7), Z(Z)) in terms of p.”

Lemma 17.3.2. IfY has a bounded density py, then

p(X.Y) < (1 + sup py(x)) (CmpSm (X, Y NVEHD, (17.3.11)
xX€R

where
Q2m +2)!2m + 3)/?
Cm.p = .
P (m+ D)3 —2/p)?

Proof. To prove (17.3.11), we use similar estimates between the Lévy metric L =
L; [see (4.2.3)] and I;m’p. For any RVs X and Y3

LX. Y)Yt < cnpl, (X, Y). (17.3.12)

Next, since the density of Y exists and is bounded, we have

p(X,Y) < (1 —i—suppy(x)) L(X,Y), (17.3.13)

x€R
which implies (17.3.11). O
In addition, let us remark that §{,,, = p and §{;,; = k. So, combining

Lemmas 15.3.6, 17.3.1, and 17.3.2, we prove immediately the following lemma.

Lemma 17.3.3. Let {X;}, {F)‘(’,} be two sequences of i.i.d. RVs and let N(t) be
independent of {X;}, {X;} with H(t) = EN(t) < oco. Suppose that

Kr(Xl,yl) < o0

SIndeed, if (17.3.10) fails for some j=0,1,..., m, then §m_p(X1,Y1) > Sup.. |E(cX1j —
x?f{)| = +4o00.

7 An upper bound for S p (X1, Yl) in terms of k, (r = m + 1/ p) is given by Lemma 15.3.6.
8See Kalashnikov and Rachev (1988, Theorem 3.10.2).
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and

/xjd(FXI (x) — Py, (x)) =0, j=0,1,....m, (17.3.14)

forsomer =m+1/p>1(m=1,2,...; 1 < p < o0). Moreover, letZ(l) [see
(17.3.6)] have a bounded density P70y Then

N(t) N(t)

Li=p|Y X)) Xi| <Y1 (X1. X))
i=0 =0

1= (14 sup pz) (X)) (€mpalic, (X1, X 1)/ H (1) (=070,

(17.3.15)
where
IC}/]), m=0,1<p<oo,

) k,,m>0,1<p<oo.

Now, going back to (17.3.4), we need also to estimate

N() Nt

L=p thzfz‘
i=0 =0

from above by some function, ¥, say, of k (W}, Wl).

Lemma 17.3.4. Let {W;}, {W,} be two sequences of i.i.d. positive RVs, both
independent of { X ;}. Suppose that H(t) = EN(t) < oo, H(t) = EN(t) < o0,

Q(Wl) = SUpSsup pyip gk 5, (x) <00, K (W, VT/l) < 00, (17.3.17)
kK x =t
and

o0
/ X/ d(F, (x) = F (x)) =0, j =0,1,....m, (17.3.18)
0

forsomer =m+1/p(=2)(m=1,2,...; 1 < p < o). Finally, let F’;('l(a) <1
Va > 0, and EX, < oo. Then
N(1) N

L =p Z}’ZZYI = 1/fZ(’Cr(WIJ’TII))
i=0 i=0

= (14 (W )i, (Wy, W)/e+D
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+ inf{2(cp (1+ OV ))galic, Wi, WD x5, (a)
+a "EX max(H(r), H(1))}, (17.3.19)

where ¢, is given by (17.3.16) and

3]
X},m (a) = Z:k(l—r/Z)(l+r)I;;)\(k/1 ((l)
k=1

Remark 17.3.1. The normalization k~'/? of the sum Z - W1 in (17.3.17) comes
from the quite natural assumption that the W s — the claim’s interarrival times for
the ideal model — are in the domain of attraction of the normal law. Actually, this
case will be considered ~in the next §gction. However, for example, if we need to
approximate W;s with W;s, where W, are in the normal domain of attraction of
symmetric «-stable distribution with ¢ < 2, then we should use the normalization
k~/21in (17.3.17).

Remark 17.3.2. Note that if «.(W, VT/l) tends to zero, then the right-hand side
of (17.3.19) also tends to zero since, for each a > 0, x3, r(a) < 0.

Proof of Lemma 17.3.4. By the independence of N(7) and N (t) with respect to
{X;}, we find that, for every a > 0,

k
L = sup Z[Pr(N(t) =k)—Pr(N(1) = k)] Pr (Z X; < x)

0<x=<a i=1

N(t) " N(t)N
—|—)s:i€ Pr ;Xi >x|—Pr ZXi > X
+|Pr(N(1) = 0) = Pr(N (1) = 0)| =: J14 + Jou + J5.
Estimating J; , we get

(a)
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(b)

<Y (Cmphalic, (Wi, W)+
k=1

X{k(l—r/Z)(l-l-r) + (k 4 1)(1—1‘/2)(1+r)}(1 + Q(Wl))F’)‘];’l ((l)
< 2(1 + 0 D) (em p b2, (Wi, WDy (a).

Inequality (a) follows from

k k1
Pr(N(t) = k) =Pr<ZWi 5[) —Pr(ZW,- §t).
i=1 i=1

We derived (b) from Lemmas 17.3.2 and 15.3.6 [see also (17.3.16) and
(17.3.17)]. Furthermore, one finds with Chebyshev’s inequality that

N() N(r)
Jrq < max | Pr ZXi>a ,Pr ZX,->a
i=1 i=1

<a " (EX))max(H(), H(t)).

Inequality (15.3.22) can be extended in the case m = 1, p = 00 (s0 o, = p) tO
p(W1, Wl) < (1 + sup Py, (x)) k(W Wl)l/("+l). (17.3.20)

By virtue of (17.3.13), we see that to prove (17.3.20), it is enough to show the
following estimate.

Claim 3. For any nonnegative RVs X and YV
L(X.Y) <k, (X, V)00, (17.3.21)

Indeed, if the Lévy metric L(X, Y) is greater than ¢ € (0, 1), then there is xo > 0
such that | Fx (x) — Fy (x)| > ¢ Vx € [x0, X0 + €]. Thus

xo+e
Kk (X,Y) > r/ X7V Fy(x) — Fy (x)|dx > & 1.

X0

Letting ¢ — L(X,Y) proves the claim. Finally, since J;3 < p(W}, I/T/l), the lemma
follows. O

We can conclude with the following theorem, which follows immediately by
combining (17.3.4) and Lemmas 17.3.3 and 17.3.4.
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Theorem 17.3.1. Under the conditions of Lemmas 17.3.3 and 17.3.4,

p(X (1), X (1)) < W, (Wi, W1), ke, (X1, X))
=1 Y1 (e, (X1, X1)) + Vo, (Wi, W),

where Yy (resp. Yr2) is given by (17.3.15) (resp. (17.3.19)).

The preceding theorem gives us a solution to PR I [see (17.2.6)] with p = v =
Ky, and T = p under some moment conditions (see Lemmas 17.3.3 and 17.3.4).

17.4 Stability of Input Characteristics

To solve PR II (Sect.17.2), we will investigate the conditions on the real input
characteristics that imply w(W;, Wl) < ¢ and v(Xl,F)?l) < §forp =v =
Kk, [see (17.2.6)]. We consider only r = 2 and qualitative conditions on the
distribution of Wy, implying k, (W, Wl) < ¢&. One can follow the same idea to
check k., (W1, Wl) <e&r # 2, and K, (X4, fl) < §. We will characterize the input
ideal distribution Fy, supposing that the real Fy, belongs to one of the so-called
aging classes of distributions’

IFR C IFRA C NBU C NBUE C HNBUE. (17.4.1)

These kinds of quantitative conditions on Fy, are quite natural in an insurance risk
setting.!? For example, Fy, € IFR if and only if the residual lifelength distribution
Pr(W) < x + t|W; > t) is nondecreasing in ¢ for all positive x.

The preceding assumption leads in a natural way to the choice of an exponential
ideal distribution in view of the characterizations of the exponential law given in the
next lemma, Lemma 17.4.1. Moreover, we emphasize here the use of the NBUE and
HNBUE classes as we want to impose the weakest possible conditions on the real
(unknown) Fy,. Let us recall the definitions of these classes.

Definition 17.4.1. Let W be a positive RV with EW < oo, and denote F = 1—F.
Then Fy € NBUE if

/OO Fw)du < (EW)Fw(1), vt >0, (17.4.2)

and Fy € HNBUE if

/oofw(u)du < (EW)exp(—t/EW), vt > 0. (17.4.3)

9See Sect. 15.2 in Chap. 15.
10See Barlow and Proschan (1975) and Kalashnikov and Rachev (1988).
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Lemma 17.4.1. (i) If Fy € NBUEandm; = EW' < 00, i = 1,2,3, then

Fu(t) =exp(—t/my) iff a:=m?+22_ "2 _0 (1744
2 3m1

(ii) If Fw € HNBUE and m; = EW! <00, i = 1,2, then

Fw(t) = exp(—t/my) iff Bi=2— % — 0. (17.4.5)
1

The only if parts of Lemma 17.4.1 are obvious. The iff parts result from the
following estimates of the stability of exponential law characterizations (i) and (ii) in
Lemma 17.4.1. Further, denote E (1), an exponentially distributed RV, by parameter
A>0.

Lemma 17.4.2. (i) If Fw € NBUEandm; = EW! < o0,i = 1,2, 3, then
K2(W, E(L)) <20 + 2[A72 — m3|. (17.4.6)

(ii) If Fw € HNBUE and m; = EW' < o00,i = 1,2, then

k(W E(A)) < C(my,my)BY® + 2472 —m?|, (17.4.7)
where
C(my, my) = 8v6m(Jmy + m2). (17.4.8)

Proof. (i) The proof of the first part relies on the following claim concerning the
stability of the exponential law characterizations in the class NBU. Let us recall
that if Fyy has a density, then Fy € NBU if the hazard rate function hy (t) =
F,(t)/ Fw(t) satisfies

hw(t) > h = hw(0), vt > 0. (17.4.9)

Claim. Let Fiy e NBU and u; = u; (W) = EW' < 00,i = 1,2. Then
o
/ t|Fy (t) —hexp(ht)|dt <y —hus + ht (17.4.10)
0

Proof of the claim. By (17.4.9), it follows that H(t) = hFy(t) — Fy(t)isa
nonpositive function on [0, 0o). Clearly,

Fw(t) = exp(—ht) (1 + /t H (u) exp(hu)du) .
0

Hence
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hexp(—ht) /tH(u) exp(hu)du—H (t)| dt
0

/t|F{4,(t)—hexp(—hZ)|dt:/t
0 0

5/0 htexp(—hz‘)/0 |H(u)|exp(hu)dudt+/0 tlh(z)|de

= _/o (/0 ht exp(ht)dt) H(u) exp(hu)du_./o tH(t)dr.

Integrating by parts in the first integral and replacing H (1) by h F y (t) — F, w (1)
we obtain the required inequality (17.4.10).

Now, continuing the proof of Lemma 17.4.2 (i), note that Fy € NBUE implies
Fy~+ € NBU, where Fiy«(t) = m7" [ Fw(u)du,t > 0. Also

a(W. B ) = 2y [ 1Fy0) = b (0) expl=1/ - Ot
0

(17.4.11)
where
hw+(0) = m{", EW* =my/2m;, (17.4.12)
and
E(W*)? = m3/3m,. (17.4.13)
Using claim (17.4.11)—(17.4.13), we get
1 _ my ms
E:cz(W, E(m" < 2 +m?. (17.4.14)
On the other hand, for each A > 0 one easily shows that
K2(EQL), E(m7Y) = 2[m? — 172, (17.4.15)

From (17.4.14) and (17.4.15), using the triangle inequality, (17.4.6) follows.
(i) To derive (17.4.7), we use the representation of k, as a minimal metric: for any
two nonnegative RVs X and Y with finite second moment'!

X, Y) =inflE|X> -7 X 2 x.Y v (17.4.16)

Similarly,'?

"1 Apply Theorem 8.2.2 of Chap. 8 with ¢(x, y) = |x — y| and the representation (17.3.3). See also
Remark 7.2.3.

12 Apply Theorem 8.2.2 of Chap. 8 with ¢(x, y) = |x — y|?.
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1/2

Mxm=(furm—wmww
=inf(EX-Y))2: X L£x. Y2y} (174.17)
By Holder’s inequality, we obtain that
EIX*-YY < (EX -Y))'2(EXY'? + (EY?)/2,
Hence, by (17.4.16) and (17.4.17),
K (X, Y) < L(X,Y)(EXHY?2 + (EY?)'/?). (17.4.18)
In Kalashnikov and Rachev (1988, Lemma 4.2.1), it is shown that for W €

NBUE
(W, E(mTY) < 8v/6m 1 pY8, (17.4.19)

By (17.4.18) and (17.4.19), we now get that
(W, E(mi")) < C(my,my)B'/°. (17.4.20)

The result in (ii) is a consequence of (17.4.15) and (17.4.20). ]

Remark 17.4.1. Note that the term |12 — m%| in (17.4.6) and (17.4.7) is zero if
we choose the parameter A in our ideal exponential distribution Fy to be m] !, and
hence the if parts of Lemma 17.4.1 follow.

Reformulating Lemma 17.4.2 toward our original problem PR I, we can state
the following theorem.

Theorem 17.4.1. Let W < E(A). Then
(W W) <e, (17.4.21)
where ¢ = 2o + 2|A™* — m3| if Fy € NBUE, and
g = C(my,my)B"3 +2\172 —m?

if Fy € HNBUE.

Remark 17.4.2. Inthe case where Fy belongs to IFR, IFRA, or NBU, the preceding
estimate (17.4.21) can be improved using more refined estimates than (17.4.19).13

13See Kalashnikov and Rachev (1988, Lemma 4.2.1).
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The preceding results concerning PR I and PR II lead to the following recom-
mendations:

(i) One checks if Fy, belongs to some of the classes in (17.4.1). There are
statistical procedures for checking that Fy, € HNBUE.'*

(i1) If, for example, Fyy, € HNBUE, then one computes m; = EW;, my, = EW,,
and B = 2 —my/ m% If B is close to zero, then we can choose the ideal
distribution F77(x) = 1 — exp(x/m1). Then the possible deviation between
Fy, and Fj| in k>-metric is given by Theorem 17.4.1:

(Wi, W1) < C(my,m)B'/® = e. (17.4.22)

(iii) In a similar way, choose F71 and estimate the deviation

K2 (X1, X1) <8. (17.4.23)
(iv) Compute the approximating compound Poisson distribution F 7(”}, .15 Then
i=141
the possible deviation between the real compound distribution FZN(t) X the
i=l1
ideal FZ;;([) M in terms of the uniform metric is'®
i=141
N@) NG

p D XD X | v d). (17.4.24)

i=1 i=1

If Fy does not belong to any of the classes in (17.4.1), then one can
compute the empirical distribution function F %)(g ) based on N observations
Wi, Wa, ..., Wy. Choosing A > 0 [or F'u71 (x) = 1 — exp(—Ax)] such that
Elcz(l?%), Fﬁ;l) < g, we get that

(N

K2(Fu,. Fy)) < e + Exa(FY) . F)). (17.4.25)

Dudley’s theorem!” implies that the second term on the right-hand side of
(17.4.25) can be estimated by some function ¢ (N ), tending to zero as N — oo.

14See Basu and Ebrahimi (1985) and the references therein for testing whether Fy;, belongs to the
aging classes.

15See Teugels (1985).
16See Theorem 17.3.1.
17See Kalashnikov and Rachev (1988, Theorems 4.9.7 and 4.9.8).
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Chapter 18
How Close Are the Individual and Collective
Models in Risk Theory?

The goals of this chapter are to:

* Describe individual and collective models in insurance risk theory,

* Define stop-loss probability metrics and discuss their properties,

* Provide estimates of the distance between individual and collective models in
terms of stop-loss metrics.

Notation introduced in this chapter:

Notation Description

Fi x F, Convolution of distribution functions
ind Aggregate claim in individual model
Seoll Aggregate claim in collective model
d, Stop-loss metric of order d

d,.p L ,-version of d,,,

18.1 Introduction

The subject of this chapter is individual and collective models in insurance risk
theory and how ideal probability metrics can be employed to calculate the distance
between them. We begin by describing stop-loss distances and their properties.
We provide a Berry—Esseen-type theorem for the convergence rate in the central
limit theorem (CLT) in terms of stop-loss distances using the general method of ideal
probability metrics. Finally, we consider approximations in risk theory by means of
compound Poisson distributions and estimate the distance between the individual
and the collective models using stop-loss metrics of different orders.

S.T. Rachev et al., The Methods of Distances in the Theory of Probability and Statistics, 395
DOI 10.1007/978-1-4614-4869-3_18, © Springer Science+Business Media, LLC 2013
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18.2 Stop-Loss Distances as Measures of Closeness Between
Individual and Collective Models

In Chaps. 16 and 17, we defined and used an ideal metric of order r = m +
1/p >0,
&, (X.Y) =sup{|Ef(X) — Ef(V)| - | V), < 13, (18.2.1)

m = 0,1,2,..., p € [1,00], 1/p + 1/q = 1. The dual representation of
$100(X.Y) gives for any X and ¥ with equal means

§1.00(X,Y) = sup

x€R

o0
/ (x —t)d(Fx(t) — Fy(1))|, (18.2.2)
where Fy stands for the distribution functions (DF) of X.

The distance §; ,,(X,Y) in (18.2.2) is well known in risk theory as the stop-
loss metric' and is used to measure the distance between the so-called individual
and collective models. More precisely, let X, ..., X, be independent real-valued
variables with DFs F;, 1 <i < n, of the form

Fi=0-p)Eo+piVi, 0<p; <1 (18.2.3)

Here E| is the one-point mass DF concentrated at zero and V; is any DF on R. We
can, therefore, write X; = C; D;, where C; has a DF V;, D; is Bernoulli distributed
with success probability p;, and C; and D; are independent. Then

gind . — anxi = XH:C,-Di (18.2.4)

i=1 i=1

hasaDF F = F; % --- % F,, where * denotes the convolution of DFs.

The notation S comes from risk theory,” where S is the so-called aggregate
claim in the individual model. Each of n policies leads with (small) probability p;
to a claim amount C; with DF V;.

Consider approximations of S™™ by compound Poisson distributed random
variables (RVs)

N
geoll . — Z Zi, (18.2.5)

i=1

where {Z;} are i.i.d., Z; < V (i.e., Z; has DF V), N is Poisson distributed with
parameter i and {Z; }, and N are independent. The empty sum in (18.2.5) is defined

ISee Gerber (1981, p. 97).
2See Gerber (1981, Chap. 4).
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to be zero. In risk theory, S coll ig referred to as a collective model. The usual choice
of V and p in a collective model is®

n =Xn:pi, v =7 Zp’ ZP’FQ (18.2.6)

i=l1 i=l1 i=l1

This choice leads to the following representation of S °!':

n

geoll _ Z SiCOH. (18.2.7)

i=1

Here, S¢°! = Z j=1Zij, Ni = 73( pi) (i.e., Poisson distribution with parameter p;),

Zij 4 Vi, and N;, Z;; are independent (i.e., one approximates each summand X;
by a compound Poisson distributed RV S¢°!).
Our further objective is to replace the usual choice (18.2.6) in the compound

. . d
Poisson model by a scaled model, i.e., we choose Z;; = u;Ci, u = Z?=1 Wi,
with scale factors u; and with u; such that the first two moments of S ind apd Seoll
coincide.

Remark 18.2.1. In the usual collective model (18.2.6),

ES§ind — Zp, C; = ES®!, (18.2.8)

i=1

andif g; = 1 — p;, then*

Var(S™) = >~ pi Var(C)) + Y piqi (ECi)?
i=1 i=1

< Var(S") = > " pi(Var(C)) + Y pi(EC:)>. (18.2.9)

i=1 i=1

To compare the scaled and individual models, we will use several distances well
known in risk theory. Among them is the stop-loss metric of order m

d,(X,Y):=sup
t

/ T ) - Fy(x))‘
m
=sup(1/mY|[E(X —t)} —EXY —1)Y|.meN:={1,2,...},()+

:= max(-, 0). (18.2.10)

3See Gerber (1981, Sect. 1, Chap. 4).
4See Gerber (1981, p. 50).
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This choice is motivated by risk theory and allows us to estimate the difference
of two stop-loss premiums.’
We will also consider the L ,-version of dy, namely,

1/p
4, (X = ([ 1Da0Par) 1= p <,
Ao (X, Y) 1= dn(X,Y), (18.2.11)
where
Dpy(t) := Dy xy (1) :== (1/m)EX — 1)} — E(Y —1)7). (18.2.12)

The rest of this section is devoted to the study of the stop-loss metrics d,,
andd,, .

Lemma 18.2.1. IfE(X/ —Y/)=0,1< j <m, then

dy(X.Y) = ¢, (X, Y),

(18.2.13)
EQC= D) <di(x 1) = [ 17500 = Fr(lar,
and
d,,(X,Y) = I;m’p(X, Y). (18.2.14)
Proof. We will prove (18.2.13) only. The proof of (18.2.14) is similar.
Here and in what follows, we use the notation
Hy(t) := H(t) .= Fx(t) — Fy(t) (18.2.15)
and
o0 o0
H(t) = / H(u)du H (¢) := / Hj—(u)du fork > 2. (18.2.16)
t t
Claim 1. (a) If xH(x) — 0 for x — oo, thenfork =1,...,m
D(t) = 1)‘ / (x — )"V H(x)dx
— _ pym—k
ot [ s
=—H,(@). (18.2.17)

(b) [EX —EY| <di(X.Y) < [7 |H(x)|dx.

3See Gerber (1981, p. 97) for s = 1.
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The proof of (a) follows from repeated partial integration, and (b) follows
from (a).

Claim 2. If f is (m + 1)-times differentiable, E(X/ —Y /) exists, 1 < j < m, and
f(X) and f(Y) are integrable, then

(o]

m () 0
B0 10 = S OB vk it [ B0 0
2 :
+ /OO Dy (t) £V (1)dt (18.2.18)
0

and

E(f(X) - f(Y)) = [ D(0) £V (1)dt = (—1y"! / Don(6) £ "D (1)dr,
R R
(18.2.19)
where

Dyu(t):=Duxy®):=1/m)EC—X)T —E¢—-Y)?)s>1. (182.20)
The proof of (18.2.18) follows from the Taylor series expansion,
EGO0=1) = [ fato
= /R [f(0)+- . -+;—n:f(’”’(0)+ /Ox %ﬂ’”“)(r)dz} dH (x)

m i 0
=y %E(Xf —-Y/)+ / (=1)" "D (t) f "D (1)t
j=0 7 I

o0
+/ D, (1) f ™V (r)dr.
0
To prove (18.2.19), observe that if E(X/ — Y /) is finite, 1 < j < m, then
" (m , A .
D(t) = (l/m!)Z( ,)E(Xf — Y ()" + (=1D)"T'D,,(r). (18.2.21)
J

Jj=0

Now (18.2.19) follows from (18.2.18) and (18.2.21), and thus the proof of
Claim 2 is completed.
It is known that for a function /# on R with

[7]loo = esssup [2(x)]
x€R
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the following dual representation holds:®

o = sup{ / h(godr - gl <1!. (18.2.22)
Recall that

Emoo(X.Y) i=sup{| E(f(X) = f(Y))|: [ € Fun}, (18.2.23)

where F, := {f : R! = R!, £"+D exists and || f V||, < 1}.
Thus (18.2.19), (18.2.22), and (18.2.23) imply

Emoo(X,Y)

sup
f e}-m

1Dmlloo = 1Dmlloc = (X, Y).

/ Dult) £+ (1)1

O

The next lemma shows that the moment condition in Lemma 18.2.1 is necessary
for the finiteness of &, ...”

Lemma 18.2.2. (a) §, ., (X,Y) < oo implies that
EXX/-Y/))=0 1<j<m. (18.2.24)

(b) §,..00 is an ideal metric of order m, i.e., §, o is a simple probability metric
such that

CmooX +Z2,Y +7) <8, o(X.Y)
for Z independent of X, Y and®

Emoo(CX,cY) = [c|"¢, oo(X,Y), forc€eR. (18.2.25)

(c¢) For independent Xi,...,X, and Yi,...,Y, and for ¢; € R the following
inequality holds:

n n n
Eomoo (Z ciXi, Zcin) <Y 1" oo (X0, Y). (18.2.26)
i=1 i=1

i=1

%See, for example, Dunford and Schwartz (1988, Sect.IV.8) and Neveu (1965).
7See condition (17.3.10) for Cm,p in Chap. 17.
8See Definition 15.3.1 in Chap. 15.
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Proof. (a) Foranya > 0and 1 < j <m, f,(x) := ax/ € F,, and therefore

Emoo(X,Y) > supal E(X' — Y7,
a>0

ie, E(X/—Y/)=0.

(b) Since forz € Rand f € F,, f.(x) == f(x 4+ 2) € Fp, the first part follows
from conditioning on Z = z. For the second part note that forc € R!' : f € F,,
if and only if |c|™" f, € F,, with f.(x) = f(cx).

Finally, (c) follows from (b) and the triangle inequality for §,, ... O

The proof of the next lemma is similar.

Lemma 18.2.3. (a) d,, is an ideal metric of order m.
(b) For Xy, ..., X, independent, Y1, ...,Y, independent, and c; > 0

d, (iciX,-,Xn:ciYi) < Xn:clf"dm(Xi, Y). (18.2.27)
i=1 i=1

i=1

(¢) dp(X +a,Y +a) = dp(X,Y) foralla € R, B
(d) If EX = EY = p, 0* = Var(X) = Var(Y), then with X = (X — p)/o,
Y= —-pno

d,(X.Y)=0"d,(X,Y). (18.2.28)
Recall the definition of the difference pseudomoment of order m:

(o]

km(X,Y) ::m/ [x "~ H (x)|dx. (18.2.29)

In the next lemma, we prove that the finiteness of d,4; implies the moment
condition (18.2.24).

Lemma 18.2.4. (a) If X,Y > Oa.s., E(X/ —Y/) exists and is finite, 1 < j < m,
and d,(X,Y) < oo, then E(X/ —Y/)=0,1<j <m-—1.
(b) Ifd,,(X,Y) < coandk,,(X,Y) < oo, then E(X/ -Y/)=0,1<j <m—1.

Proof. (a) From (18.2.16) we obtain for ¢t > 0
(m —1)!Dy (1)

_ / (= 1"V H () dx

= / oo(x — )" H(x)dx
0
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m—1 00

_ _ym—l—j i H(x)d m—1
S ([ o) (77
B m—1 m—1 —— E(Yj+1 _ Xj+1)
‘Z< j )(") T

Since d,,(X,Y) = sup, D,(t) < oo, all coefficients of the foregoing
polynomial for j =0, ...,m — 2 must be zero.
(b) Byd,(X,Y) <o0

/oo (IL)'"_IH(,)CII

m!d,,(X,Y) = su < 00,
Xry=swll o
and thus
" (m—1 o0
lim sup Z =) / t/ H(t)dt| < oo. (18.2.30)
x—>—o00 |7 J X

Further, by k,,(X,Y) < oo [see (18.2.29)],

o0
lim sup / t"VH(Hdt| < (1/m)ie, (X, Y) < oo.

X—>—00

Thus,

m—2 . 00
limsup| " (m;J)(—x)m—z—f/ t H(t)dt| = 0. (18.2.31)

X—>—00 X

j=0
Since
% 1
limsup/ t"2H(t)dt| < lxm_l(x, Y) <24+ {A/mu,(X,Y) < oo,
X—>—00 X -

by (18.2.31), we have

m—3 00
lim sup Z (mj— 1)(—x)’”_3_j/ t/H(t)dt| = 0. (18.2.32)

X—>—00 ]=O

Similarly to (18.2.31) and (18.2.32), we obtain

m—k

lim sup Z (mj— 1) (—x)m_k_j/ t/H(t)dt| =0 (18.2.33)

X—>—00 j=0



18.2  Stop-Loss Distances as Measures of Closeness 403

forall k = 2,...,m. In the case where k = m, we have
o o0
0 = lim sup / H(t)dt| = limsup / tdH(1)|, (18.2.34)
X—>—00 X X—>—00 X
and thus E(X —Y) = 0. Setk = m — 1in (18.2.33); then
o0 o0
0 = lim sup (—x)/ H(t)dt + (m — 1)/ tH(t)dt|. (18.2.35)
X—>—00 X X
By (18.2.34) and k,,(X,Y) < oo,
o0 X
lim sup x/ H(t)dt| = limsup x/ H(t)dt
X—>—00 X X—>—00 —00
X
< lim sup/ [t||H(z)|dt = 0. (18.2.36)
X—>—00 —00
Combining (18.2.35) and (18.2.36) implies
o0
lim sup / tH(t)dt| =0,
X—>—00 X
and hence E(X? — Y?) = 0. In the same way we get E(X/ — Y/) = 0 for all
j=1...,m—1 O

We next establish some relations between the different metrics considered so far.
We use the notation ¢, := {1 for the Zolotarev metric.’

Lemma 18.2.5. (a) If X,Y > 0 as, E(X/ — Y/) is finite, 1 < j < m, and
d,(X,Y) < oo, then

d,(X.Y) < (1/m") max{|E(X" = Y"™)|, km(X.Y)}. (18.2.37)
(b) d(X.Y) < dyr i (X Y) if X HE) — 0,
Cmoo(X,Y) =8, (X.Y) if &) o(X,Y) < 00, (18.2.38)

dmvP(X’ Y) = Cm,p(Xs Y) =< Cm-l—l/p(X’ Y) lf 1 =< p <00,
and§,, ,(X,Y) < oo.

°See (15.3.1) in Chap. 15.



404 18 How Close Are the Individual and Collective Models in Risk Theory?
(c) IfE(X/ —Yj) =0,1<j <m, then
A (X,Y) = & oo(X,Y) < (1/mDic,(X, Y). (18.2.39)

(d) n(X,Y) < EIX|X|"' = Y[Y|""'| < EIX|" + E|Y|".
Proof. (a) Fort > 0 it follows from (18.2.16) that

(m — D! Dy (1)| =

/oo(x — )" ' H(x)dx

o0
< / (x — )" " H(x)|dx
t
o0
< [ @I = 1/ (LY
0
For ¢t < 0 it follows from Lemma 18.2.4 (a) that

(m—1'D,,(t) = /oo(x — )" "H(x)dx = /Ox(x — )"V H(x)dx
=/ mEXY"™-X").

(b) From (18.2.16) it follows that if x” H(x) — 0, then

dy(X.Y) = sup | Dy (1)| = sup [Hy (1)| = sup
t t t

[ ” Hyp (u)du

00
< sup/ |Dyp—1(w)|du = d—11(X, Y).
t t

If E(X) —=Y/) = 0,1 < j < m,then ¢, (X.Y) = dy(X.,Y) <
dy—11(X,Y) = ¢, (X, Y). The relation §,, ,(X,Y) < ¢&,,4,,,(X,Y) follows
from the inequality

L) = ) < 1 lglx = p1YP < x — |7

for any function f with || f™"*D|, <land1/p+1/q = 1.
(c) By (b) and Lemma 18.2.1,

dn(X.Y) =&, 0(X.Y) <&, (X.Y). (18.2.40)

Further, by (18.2.14) with p = 1,

[e.]

/OO =" 1) dx. (18.2.41)
Y m!

£a(X. ) = /

—00
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By the assumption E(X/ —Y/)=0,j =1,...,m

0o [ore} _ yym—1
coccn= [ |f %H(ndt
_ [e9) OO(Z‘ x)ml 0 X (x_t)m—l
- | e e ac [ | ST Howas

//m(x_ )1’;'1|H(t)|dtdx+// )T)!IIH(I)ldtdx

=1/ mk,(X,Y).

(d) Clearly, for any X and Y'°

lcl(X,Y)zf |Fx(x)— Fy(x)|dx < E|X =Y|.

(o9)
Now use the representation
en (X, Y) = i (XX "L YY)
to complete the proof of (d). O

The next relations concern the uniform metric

p(X,Y) :=sup|Fx(x) — Fy(x)|, (18.2.42)

x€R

the stop-loss distance d,, defined in (18.2.10), and the pseudomoment k,, (X, Y)
defined in (18.2.29).

Lemma 18.2.6. (a) If X has a bounded Lebesgue density fx, | fx(t)| < M, then

dn(X,Y) = K(m)(1 + M) p(X, YY"+, (18.2.43)
B (m+1)V/3
where Km) = a3

(b) Iffor some § > 0, ms := E(|X|" T8 4 |Y|"*9)) < oo, then

)m+8

18.2.44
3 (18.2.44)

Kn(X,Y) < 2(8; )( (X, Y))/mtd

Proof. (a) We first apply Lemma 18.2.1, d,, = &, o. Then Lemma 17.3.2
completes the proof of (18.2.43).

10See, for example, (6.5.11) in Chap. 6.
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(b) Fora > 0and p = p(X,Y)

Kn(X,Y) = m/OO lx |~ H (x)|dx

—00

IA

m/ x["THH)ldx + E[X["{X] > o} + E|Y|"{|Y] > o}

—o

IA

m o, s
2p0™ + P =: f(a).

Minimizing f (o) we obtain (18.2.44). O
Remark 18.2.2. Estimate (18.2.44), combined with (18.2.39), shows that

2m

if ¢, 00(X,Y) < 00. (18.2.45)

=\ m/(m=+35)
a1y < e/m (T2) 0D,
m

Under the assumption of a finite-moment-generating function, this can be improved
to p(X, Y){log(¢(X,Y))}* for some o > 0.

An important step in the proof of the precise rate of convergence in the CLT, the
so-called Berry—Esseen-type theorems, is the smoothing inequality.'! For the stop-
loss metrics there are some similar inequalities that also lead to Berry—Esseen-type
theorems.

Lemma 18.2.7 (Smoothing inequality).

(a) Let Z be independent of X and Y, §,, ,.(X,Y) < oo, then for any & > 0 the
following inequality holds:

m
d,(X.Y)<d(X +Z.Y +eZ)+2Z7E|Z|m. (18.2.46)

(b) If X, Y, Z, W are independent, x™ H(x) — 0, x — 00, then
d,(X+Z,Y+2Z2)<2d,(Z,W)o(X,Y)+d,( X + W, Y + W)
(18.2.47)
and
dy(X+Z,Y+2Z2)<2d,(X,Z)o(W,Z)+dp, (X + W, Z + W),
(18.2.48)

where o is the total variation metric [see (15.3.4)].

1See Lemmas 16.3.1 and 16.3.3 and (16.3.7).
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Proof. (a) From Lemmas 18.2.3 and 18.2.5

dp(X.Y) <dp(X. X +6Z) +dp(X +eZ.Y +6Z) +dpn(Y +2Z.Y)
<dn (X +eZ.Y +6Z) +2d,(0,£Z)

m

< du(X +eZ.Y +£Z) +24,(0.2)
m!
gm

=d,(X +eZ,Y +eZ) + 2—‘E|Z|’".
m!

®) du(X + Z.Y + Z)

1

T =P / (t —x)" "' (Fx12z(1) — Fy+z(t))dt

= —(m 1 o sup / [/_ (t —x)"VFz(t —u)d(Fx(u) — Fy (u))} dr

(o]

1 o0 o0
< ——sup / [/ (t —x)""YF;(t —u)— Fy(t —u)}dH(u)} dr
(m—=1! |/, —00
1 o0 o0
+———-—sup / [/ (t—x)"""Fy(t — u)dH(u)i| dr
(m - 1)' X X —00
o0
< / d,(Z, W)|dH(w)| +d,, (X + W, Y + W)
—0o0
=2d,(Z,W)o(X.Y)+d, (X + WY + W).
Inequality (18.2.48) is derived similarly. O

From the smoothing inequality we obtain the following relation between d;
andd,,.

Lemma 18.2.8. I[fE(X/ —Y/)=0,1<j <m, then

di(X,Y) < Ap(dn (X, V)™, (18.2.49)

1K (m—1)/m 1
Am = K,ln/’” (—2) m, K, := / |H,—1 ()| mexp(—xz/Z)dx,

in which H,, is the Hermite polynomial of order m, K, = 1, K, = (2/7)"2.
In particular,

di(X,Y) < (4/Vm)(da(X, V)% (18.2.50)
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Proof. Let Z be a N(0, 1)-distributed RV independent of X, Y. Then for ¢ > 0
from (18.2.46)

(X, Y)<d(X +eZ.Y +eZ)+2e(2/7m)"/> (18.2.51)
With W := ¢Z it follows from Lemma 18.2.1 that'?
di(X + WY + W) = sup{ | E(f(X + W) = f(¥ + W)|: I/ PIh < 13
= sup{|E(g/(X) —gs(V)I; I/ P < 13,

where
&= [ T ) = 0dx = £ # fwlD). S = Fy.

The derivatives of g s have the following representation:

0 = (-1 /_ T P E (x = dx = (<1)" /_ T fe 40 £ (o
= iy / FOG 410 £ (0dx
and

g = / FOC 404" wdx = )" V0.
For the L!-norm we therefore obtain
m— m+1 m—1
g " = / 1§ P @lde = [ £@ = £l

1

1 1

< IFOMA™ I < S 1Al = Ko
Therefore, from Lemma 18.2.1,

1
(X +eZ, Y +eZ)=8, (X +eZ Y +6Z) < FKmdm(X, Y).

(18.2.52)
From the smoothing inequality (18.2.46) we obtain
1
di(X.Y) = ——Kydn(X,Y) + 2Kse.
Minimizing the right-hand side with respect to ¢, we obtain (18.2.49). O

12See (18.2.13).
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Lemma 18.2.9. Let Z be independent of X and Y with Lebesgue density f7.
(a) If Cs.z := || £ |1 < oo, then

1
(b) If Coz = | /)11 < 00, and if &, oo (X, Y) < 00, then form > 1
du(X +Z,Y + Z) < C, 28,,1,(X, Y). (18.2.54)
Proof. (2) With H(t) = Fx(t) — Fy (1),
20X + Z.Y + Z)

- / e 2(0) = fraz(oldx = /R ' /R fox — DAH()

A /sz(x—t)d (/X H(u)du) dx
A ([COO H(u)du) 7 (x —1)dt|dx

OO(M

dx

dx =

A /RH(Z)fZ(x—Z)dt

H( )du

1A (x — t)drdx

1
= 1G5z / E(X =12 = E(Y =} |df = Ca.zda.1(X. V).
R
(b) I Csz = | £ < 00 and §,, (X, Y) < oo, then by (18.2.38), similarly to
(a), we get!?

4, (X +Z.Y +2) <8, (X + Z.Y +Z) < Coz8,,,(X.Y). D

Theorem 18.2.1. Let {X,} be iid., set EX; = 0, EXI2 = 1, and S, =
n~1/2 Z Xi, and let Y be a standard normal RV. Then, form = 1,2,

i=1

d,n(S,.Y) < C(m)max{d,, 1(X1,Y),ds1(X,Y)}n""2, (18.2.55)

13See Zolotarev (1986, Theorem 1.4.5) and Kalashnikov and Rachev (1988, Chap. 3, p. 10,
Theorem 10).
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where C(m) is an absolute constant, and
d;(S,.Y) < ds(X,,Y)n" /2, (18.2.56)

Proof. Inequality (18.2.56) is a direct consequence of Lemma 18.2.3(b). The proof
of (18.2.55) is based on Lemmas 18.2.3, 18.2.5, 18.2.7, and 18.2.9 and follows step
by step the proof of Theorem 16.3.1. O

Remark 18.2.3. In terms of & metrics, a similar inequality is given by Zolotarev
(1986, Theorem 5.4.7):

£,(8,.Y) < 11.5max(¢, (X1, V)& (X, Y)n™ /2, (18.2.57)

Open Problem 18.2.1. Regarding the right-hand side of (18.2.55), one
could expect that the better bound should be C(m) max{d,,(X;,Y), d31(X;,Y)}
n~'/2 Isit true that form = 1,2, p € (1, 00],

dy (S Y) < C(m, p)max{d, ,(X1,Y),ds (X1, Y)}n_l/z? (18.2.58)

What is a good bound for C(m, p) in (18.2.58)?

18.3 Approximation by Compound Poisson Distributions

We now consider the problem of approximation of the individual model S™ =
', Xi = X!, CiD; by a compound model, i.e., by a compound Poisson
distributed RV

n

N Ni

Scoll — Z Zi g Z Sicoll, Sl_coll — Z Zij-

i=1 i=1 j=1

Choose Z;; < u;C; and N; to be Poisson (u;)-distributed. Then N is Poisson
d n

(W(N =P(u)), b = Zi=1 Wi, and

Fz; =Y F’Fuic,.. (18.3.1)
i=1

We choose w;, u; in such a way that the first two moments of SiCOll coincide with the
corresponding moments of X;.

14See (18.2.3), (18.2.4), and (18.2.5).
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Lemma 18.3.1. Leta; := EC;, b; := ECiz, and define

pib; Di b; _piai2
L= . U= — = ——1 (18.3.2)
° b; —pia,-z Hi bi

Then

ES" = EX; = pia; and Var(Sf") = Var(X;) = p;ib; — (pia;)*. (18.3.3)

Proof. Since N; = P(M,) and ZJ = u;C;, we obtain EZ;; = u;a;, EZ u?b;,
Ni
ESCOH EZZU = pju;a; = pia; = EX;,
j=1
and

2b
Var(X;) = p;ib; — (pia ) = pi(b; — pia 2) = = Miu Zb = (EN; )EZ
= Var(S¢h). u]

So in contrast to the “usual” choice (18.2.6) of u = W and v = V, we use a
scaling factor u#; and u; such that the first two moments agree. We see that

ui > p; for p; >0 (18.3.4)

and u; < 1.

Theorem 18.3.1. Let w;, u; be as defined in (18.3.2); then
4 n 1/2
d Si“d, Scoll - b ,
l( ) — \/; ; pl 1

dz(Si“d, Scoll) < szbl (1835)

i=1

Proof. By (18.2.50), we have d; (S™, S<ll) < (4/./7) (da(S, S!1)1/2, Now

n n n
dy (™, 5 = dy (Z Xy S,'COH) <Y da(Xi, S5

i=1 i=1 i=1
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by Lemma 18.2.3. By Lemma 18.2.5 (b) and (d), it follows that

do(X;, M) < H(EX? + E(S")) = EX] = pib;. O

Remark 18.3.1. Note that in our model, d,(S™, §¢) = % sup, | E(Snd — t)ﬁ_ -
E(S! — t)i_| is finite. In view of Lemma 18.2.4, this is not necessarily true for the
usual model. By Lemma 18.2.2, the ¢, . -distance between S and S is infinite
in the usual model, while §, ., (S ind _geolly — g,(gind_geoll) jg finite in our scaled
model determined by (18.3.1)-(18.3.3). Moreover, the d;-metric for the usual model
is infinite, as follows from Lemma 18.2.4. This indicates more stability in our new
scaled approximation.

We will next consider the special case where {X;};>; are i.i.d. For this purpose
we will use a Berry—Esseen-type estimate for d;."> In the next theorem, we use the
following moment characteristic:

X —-EX

(X, Y) ;== max((E|X| + E|Y]). 3(E|X]> + E|[Y]’)), X := Var(X)

Theorem 18.3.2. If{X;} arei.id. witha = EC), 0> = Var(C}), p = Pr(D; = 1),
then

Ny
di(S™, 5°0) < 115[po? + p(1 — p)a’]/? (rs(xl, V) + (Z C, Y)) ,

i=1

(18.3.6)

where Y has a standard normal distribution and N, 4 P(u1).

Proof. By the ideality of d; (Lemma 18.2.3),

dl (Sind, Scoll) — dl (Z Xiv Z Sicoll)

i=1 i=1

i=1 i=1

1 n - 1 n
— 1/2 . .
= (n Var(X,)) dl(ﬁé X,,\/EE Y,),
where ¥; := (S¢"). By the triangle inequality, (18.2.57), and Lemma 18.2.5 (c),

1l -~ | ¢ 1 G~ 1 <
d1<ﬁzxi,%2x)5x1<ﬁZXi,Y)+xl(7ﬁZn,Y)

i=1 i=1 i=1 i=1

15See Theorem 18.2.1 and Remark 18.2.2.
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< 11.5{max(i1(X1,Y),d21(X1,Y))
+max(k;(Y1,Y),do (Y1, Y))In "2,

where k1 = §; = &, is the first difference pseudomoment [see (18.2.29)]. With
K1 (X1.Y) < EIX |+ EY], doa(X1.Y) < J(EIX P +|E|Y ),

and similarly for the second term, we get

Ny
max(k(Y1,Y),dy1(Y1,Y)) < 3(Y1,Y) <13 (ZC,-,Y) . 0

i=1
The next theorem gives a better estimate for d; (S™, S¢°") when p; are relatively

small.
Theorem 18.3.3. Let w;, u; be as in (18.3.2), and let C; > 0 a.s.; then for
any A; > 1
. n
d (5", $™) <Y pla, (18.3.7)
i=1

where T = a; + A,’V,’ + max(Aiaiv,-,Za,-Vi + (1 + Aiaivipi)ui), V; = al-z/bi <
1/ pi, pivi < 1= A7, andV; := a?/(b; — pia?).

Proof. Since d is an ideal metric, for the proof it is enough to establish'
d, (57", X;) < piu. (18.3.8)

We will omit the index i in what follows. Since the first moments of S and
Seoll are the same, | D; geon x (£)| determined by (18.2.12) admits the form

|D17scollﬁx(t)| = ‘/_ (t —X)(dFscoll(x) — dFX(X))‘ .

Further, we will consider only the case where ¢ > 0 since the case where ¢ < 0 can
be handled in the same manner using the preceding equality. For > 0

| Dy seon x (1)] = / (x = 1)(dFgeon(x) — dFX(x))‘
S k 00 00
= Y ewen [w-nardte-p [ -narew
k=1 """ t t
< L + I,

16See (18.2.4), (18.2.7), and (18.2.26).
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where

I = ‘u exp(—u)/ (x —t)dF,c(x) — p/ (x —t)dFc(x) (18.3.9)

and

122

0ok 00
> Bexptn [ (- 0dEE o,
n=2 " !

Since u = p/u, it follows that

o0
I < Z % exp(—p)kua = pexp(—pua(exp(p) — 1) < uap’ = papu.
k=2 "
(18.3.10)
Using u = pb/(b — pa®) = p/(1 — pa®/b) we obtain
a’p
p<u<p 1+AT ; (18.3.11)
therefore,
a’p , a’p?
I, < pap <pap|(1+ AT = p-a+ AT' (18.3.12)

For the estimate of I, we use F¢ := 1 — Fc to obtain

I = ‘u exp(—p) / Fuc(x)dx —p / Fe(x)dx

Since, by (18.3.11), u = p/u < 1 and, therefore, Fuc (x) < Fe (x), we obtain
o0 o o0 o
W exp(—p) / Fuc(x)dx —p / Fc(x)dx
t t

2 [e] ()
<»p (1 + A%) exp(—p) / Fe()dx — p / Fe(odx

a3p2

b

a

“A ( ;) PEC) = A

(18.3.13)
On the other hand, by (18.3.11), exp(—) > 1—pu > 1— p(1+ Aa?p/b), implying

Ai=p / Fe()dx — pexp(—p) / Foc(x)dx



18.3 Approximation by Compound Poisson Distributions 415

o azpz oo
sp/ Fc(x>dx—p(1—p—A / )/ F e (0)dx
t t

e’} e’} 2
<p (/ fc(x)dx —/ fuc(x)dx) + p2 (1 + A%) ua.

(18.3.14)

Now, since

then

o0 o] 2 o0
p ( / Fex)dx — /W Fc(y)dy) 4P (%) / Feods

2,3

tju 2.3
sp/ Fe(xdx + 21
t

a

b

< pFc(t)t (1 1) 42

u

1 p2a3 ) a3
< --1 <2 : 18.3.15
_pa(u )+ b = ( )

Thus, by (18.3.14) and (18.3.15),

2

3
Az2p’ _apaz + p? (1 + A%) au. (18.3.16)

Estimates (18.3.16) and (18.3.14) imply

3,2 3

: 2
a’p , a ) ap
I, §max(A b ,2p b—pa2+ap (1+A7)u)

2 2 2
_ 2 a a au

Thus the required bound (18.3.7) follows from (18.3.12) and (18.3.17). O

Remark 18.3.2. From the regularity of d; it follows that

dl(SCOH, Sind) < Zdl(sicoll’ Xt)

i=1

n n
<Y (ESPM+ EX;) =2 aipi. (18.3.18)

i=1 i=1

Clearly, for small p; estimate (18.3.7) is a refinement of the preceding bound.
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We next give a direct estimate for d, and use the relation between d, and d; to
obtain an improved estimate for d; for p; not too small.

Theorem 18.3.4. Let C; > 0 a.s., and let u; and u; be as in (18.3.2). Then

dy(S™, 501 < Zpl T, (18.3.19)
i=1

where
t* = b; + 3a? + Aja? + Db + biu? + Asa; pi, (18.3.20)

and A;,V; are defined as in Theorem 18.3.3. Moreover,

; 1/2
dl(Sind, Scoll) < (4/\/;) (Z pizri*) . (18.3.21)

i=1

Proof. Again, it is enough to consider d; (S, X;), and we will omit the index i.
Then, fort > 0,

/ (x — 1)d(Fgeon(x) — Fy (x))‘

i - / " = PAEE () — p [ " - 1 Fe(x)
< Il_+ b, (18.3.22)
where
I = |pexp(—p) / = 2 dFc(x) — p / " - dFe(x)
and

ok 00
= Z 'Z—l exp(—p,)/ (x — t)zdFu"g‘(x).
k=2 !

Since u = p/u, we obtain

2

ok k o
Z % eXp(—M)E (Z uC,) S Z % eXp(—pL)(kb + k(k — 1)02)
k=2 k=2

i=1

I

IA

= w’bpexp(—p)(exp(p) — 1) + w’a’ i exp(—p) exp(u) < u?(b + a*)’

= p*(b + d?). (18.3.23)
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Furthermore, from the fact that uC < C and (18.3.11),

1 00 o 00 o
= ‘ueXp(—u) / (x = ) Fuc(x)dx — p / (x = )F e (x)dx

=: |A| (18.3.24)
and
azp [oe] _ 0o _
A§p(1+AT)/ (x—t)FC(x)dx—p/ (x —t)Fc(x)dx
t t
Lo,
< EAa P (18.3.25)

On the other hand, by it > p, exp(—u) > 1 —pu > 1 — p(1 + A(a?/b)p), it follows

that
) / " (¢ = OF e (¥)d

<p ( i " (= )F e (x)dx - [ T —0Fuc (x)dx)

o0 . 112[72
—ASP/ (x—r)Fc(x)dx—p(l—p—A ]
t

+p? (1 + A“ZTP) u’b/2
and
[ oo(x —1)Fc(x)dx — [ oo(x — 1) Fuc(x)dx
_ /, * Fe()dx — /, " P (0dx + /t ¥ {(Fue () — Fe(x)dx

o0 o o0 o
< / Fe(x)dx / yFe(y)dy
t t

Ju

oo oo pa2 2
< ["xFewax— [T yFe) (1—7) dy
t t/u
tju 2 2 oo
=/ ch(x)dx+( 1;:1 )/ xFc(x)dx
t t

t t 2pa*\ b
f;FC“)(;")+( b )5
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Thus,

A< b2p2a2

= (b—pa’)y

Aazp) bu?

+p2a2+p2(1+ b -

So we obtain

202 p*a’ Aa’p
I < Ad’p?, ———— +2p*a* + p* [ | + — | bui?
1_max( ap’(b—pa2)2+ pa +p + b ul,

which, together with (18.3.23), implies (18.3.19).
Equation (18.3.21) is a consequence of (18.3.19) and (18.2.50). O

As a corollary, we obtain an estimate for

V,(§ind, geolly .= sup | Var((S™ — 1)) — Var((S*" — 1) 4)|.

Corollary 18.3.1.

n n n
V2(Sind’ Scoll) < ZZP?TI* + (Z pizfi) 22[’1‘01‘,
i=1 i=1

i=1

where t° is defined by (18.3.20) and t; is the same as in (18.3.7).
Proof.

Vz(Sind, Scoll)
<sup |[E(S®"—1) —E(S™ — 1) |+ sup [(E(S®" — 1) 4)*—(E(S™ — 1)+ )’
t t

< 2(12(Scoll7 Sind) 4 dl(Sind, Scoll) Sup(E(Scoll _ Z)+ 4 E(Sind _ I)+)
t

< 2d2(SCOH, Sind) + dl(Si“d, Scoll)(EScoll 4 ESind)
n n n
< ZZpizri* + (Z p,-zt,-) 2Zp,-a,-.
i=1 i=1 i=1

The last inequality follows from (18.3.19) and (18.3.7). O

Remark 18.3.3. One could try to find the RV {Z;;};> (not necessarily scaled
versions of X;) such that the first X moments of Si“’11 coincide with those of X;.
For this purpose (omitting the index i) let ¢x(s) = Es* denote the generating
function of X. Then, for Y = Z;\;l Z j, a compound Poisson distributed RV with
N, Poisson P(u), we have ¢y (s) = ¢n(¢z(s)), where ¢z := ¢z,.

Now, for the Poisson RV N we obtain the factorial moments ¢>1(5) (1)=EN(N -
1)---(N—k+1) = p*. Denote the factorial moments by by := EX(X —1)---(X —
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k4 1), ax == EZ(Z —1)---(Z —k + 1). This implies EY = ¢\"'(1) = pa,,
EY(Y-1) = ¢7 (1) = p2a}+par, EY(Y =1)(Y =2) = ¢} (1) = arar+pas.
Thus, we obtain the equations

;l)(l) = pa; = by,
o7 (1) = plal + pas = b,
oD (1) = 1a} + 3plaras + pas = b,
and so on; that is,
par=bi, pay=by=bi. pas=by—bj=3bi(by=b7) = bs—3biby +2b}.

and so on. In contrast to the scaled model, where we have two free parameters u
and u, here we have more nearly free parameters. These equations can easily be
solved, but one must find solutions & > 0 such that {a;} are factorial moments
of a distribution. In our case where X = CD, this is seen to be possible for p
small. With A = p/u we obtain for the first three moments 4; of Z : A} = Acy,
Ay = A(cy + 2¢1 — pcy), and A3 = A(c3 — O(p)), where ¢; are the corresponding
moments of C. For p small 4, A, A3 is a moment sequence. For an example
concerning the approximation of a binomial RV by compound Poisson distributed
RVs with three coinciding moments and further three moments close to each other,
see Arak and Zaitsev (1988, p. 80). They used the closeness in this case to derive
the optimal bounds for the variation distance.

By Lemmas 18.2.5(c) and (d) and 18.2.8, it follows that if one can match the
first s moments of X; and Sf°!, then

n 1/s
. . 1
d](Smd, Scoll) < As(ds(Smd, Scoll))l/s < As |:; Z(E|Xl|v + E|S;)OHIS)] .
A

(18.3.26)

This implies that in the case of E|X;|* + E|S!|* < C, we have the order n'/* as
n — oo and, in particular, the finiteness of the d; distance.
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Chapter 19
Ideal Metric with Respect to Maxima Scheme
of i.i.d. Random Elements

The goals of this chapter are to:

* Introduce max-ideal and max-smoothing metrics and derive rates of convergence
in the max-stable limit theory of random vectors in terms of the Kolmogorov
metric,

* Provide infinite-dimensional analogs to the convergence rate theorems for
random vectors,

* Discuss probability metrics that are ideal with respect to both summation and
maxima.

Notation introduced in this chapter:

Notation Description
V, A “Max” and “min” operators
P, Weighted Kolmogorov metric
M(x) Equals min; <; <., x| for x := (xM, ..., x™)
Py Kolmogorov metric with weight function M (x)
R~y Weighted metric between the logarithms of distribution functions
B Separable Banach space
L,[T] L, -space of measurable functions on 7’
X Sequence of random processes S,, s > 1
C Sequence of constants satisfying normalizing conditions
Y Sequence of i.i.d. max-stable processes
L,y L, on X(L,[T])
Ly Minimal metric with respect to £, ,
Xpr Weighted version of Ky Fan metric
Epr Minimal metric with respect to y, -
Ny, Weighted version of Prokhorov metric
A, Compound max-ideal metric
S.T. Rachev et al., The Methods of Distances in the Theory of Probability and Statistics, 421
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19.1 Introduction

In this chapter, we discuss the problem of estimating the rate of convergence in
limit theorems arising from the maxima scheme of independent and identically
distributed (i.i.d.) random elements. The chapter is divided into three parts.

We begin with an extreme-value theory of random vectors. We introduce max-
ideal and max-smoothing metrics, specifically designed for the maxima scheme,
which play a role in the theory similar to the role of the corresponding counterparts
in the scheme of summation discussed in Chap. 15. Using the universal methods
of the theory of probability metrics, we derive convergence rates in the max-stable
limit theorem in terms of the Kolmogorov metric.

Next, we consider the rate of convergence to max-stable processes. We provide
infinite-dimensional analogs of the convergence rate theorems for random vectors
(RV5s).

Finally, we consider probability metrics that are ideal with respect to both
summation and maxima, the so-called doubly ideal metrics. This question is
interesting for the theory of probability metrics itself. It turns out that such metrics
exist; the order of ideality, however, is bounded by 1.

19.2 Rate of Convergence of Maxima of Random Vectors
Via Ideal Metrics

Suppose X1, X»,..., X, are ii.d. RVs in R with a distribution function (DF)
F. Define the sample maxima as M, = (M\"...., M), where M\" =
maxi<;j<p XJ(»’). For many DFs F there exist normalizing constants ai,’) > 0,

b’ e R(n>1,1<i < m)such that

(Mn“)—b,(,l) M,,(’”)—b,(,’”)) .

s aflm)

(19.2.1)

2D

where Y is an RV with nondegenerate marginals. The DF H of Y is said to be a max-
extreme value DF. The marginals H; of H must be one of the three extreme value
types o (x) = exp(—x7%), (x = 0,& > 0), Yo (x) = o (—x7"), 0r A(x) = $1(e").
Moreover, necessary and sufficient conditions on F' for convergence in (19.2.1) are
known.!

Throughout we will assume that the limit DF H of Y in (19.2.1) is simple max-
stable, i.e., each marginal Y ) has DF H; (x) = ¢;(x) = exp(—x~") (x > 0). Note
that if Yy, Y5, ... arei.i.d. copies of Y, then

ISee, for example, Resnick (1987a) and references therein.
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1 i m d
—(max Y'(),..., max Yj( ))=>Y.

n \lsj=n l<j=n

In this section, we are interested in the rate of convergence in (19.2.1) with
respect to different “max-ideal” metrics.” In the next section, we will investigate
similar rate-of-convergence problems but with respect to compound metrics and
their corresponding minimal metrics.

Definition 19.2.1. A probability metric ; on the space X := X(R") of RVs is
called a max-ideal metric of order r > 0 if, for any RVs X, Y, Z € X and positive
constant c, the following two properties are satisfied:

() Max-regularity: W(X, v Z,X> v Z) < n(X1,X5), where x v y = (xV v
yD o x0 v y0My for x, y € R™, v := max.
(ii) Homogeneity of order r: u(cX1,cX3) = c¢"u(Xy, Y2).

If p is a simple p. metric, i.e., u(X1, X2) = u(Prx,, Pry,), it is assumed that Z is
independent of X and Y in (i).

The preceding definition is similar to Definition 15.3.1 in Chap. 15 of an ideal
metric of order r w.rt. the summation scheme. Taking into account the metric
structure of the convolution metrics g, and vg,,> we can construct in a similar
way a max-smoothing metric (V) of order r as follows: for any RVs X’ and X" in
X, and Y being a simple max-stable RV, define

V.(X',X") = suph"p(X' vV hY, X" v hY)

h>0
=suph” sup |Fx/(x) — Fxr(x)|Fy(x/h), (19.2.2)
h>0 x€R™

where p is the Kolmogorov metric in X,

p(X', X"y = sup |Fx/(x) — Fy»(x)|. (19.2.3)

x€Rm

Here and in what follows in this section, X’ vV X” means an RV with DF
Fy (x) Fyo (x).

Lemma 19.2.1. The max-smoothing metric v, is max-ideal of order r > 0.

The proof is similar to that of Lemma 15.3.1 and is thus omitted.
Another example of a max-ideal metric is given by the weighted Kolmogorov
metric

2See Maejima and Rachev (1997) for a discussion of the convergence rates in the multivariate
max-stable limit theorem.

3See (15.3.12) and (15.3.13).



424 19 Ideal Metric with Respect to Maxima Scheme of i.i.d. Random Elements

0, (X', X") := sup M"(x)|Fx/(x) — Fxr(x)|, (19.2.4)
x€ERM
where M (x) := minj<; < |x| for x := (x1, ..., x™),

Lemma 19.2.2. p, is a max-ideal metric of order r > 0.

Proof. The max-regularity property follows easily from | Fyrvz(x) — Fxrvz(x)| <
| Fx:(x)— Fyr(x)| for any Z independent of X’ and X”. The homogeneity property
is also obvious. O

Next we consider the rate of convergence in (19.2.1) with a,(,i) = 1/n and

Q,f,i) = 0 by means of a max-ideal metric x. In the sequel, for any X we write
X :=n'X.

Lemma 19.2.3. Suppose X1, X»,... are i.i.d. RVs, M,, := \/?:l Xi, Y is simple
max-stable, and |, is a max-ideal simple p. metric of order r > 1. Then

(M, Y) < n'™ (X1, Y), (19.2.5)
Proof. Take Y1,Y,,... tobei.id.copiesof Y, N, :=Y; Vv ---VY,. Then

W (ﬁn, Y)=pu, (ﬁn, N ) (by the max-stability of Y)
=n""u,(M,, N,) (by the homogeneity property)
<Y (X 1)

i=1

=n""pu(X,Y).

The inequality follows from the triangle inequality and max-regularity of w,. O

By virtue of Lemmas 19.2.1-19.2.3, we have that forr > 1 andn — oo
P (X1,Y) <00 =V (M,,Y) <n" 7%, (X1,Y) > 0 (19.2.6)

and

p,(X1.Y) <oc0o=p,(M,.Y)<n'"p,(X1,Y) = 0. (19.2.7)

The last two implications indicate that the right order of the rate of the uniform
convergence p(M,,Y) — 0 should be O(n!~") provided that v,(X;,Y) < oo or
p,.(X1,Y) < oo. The next theorem gives the proof of this statement for 1 < r < 2.

Theorem 19.2.1. Letr > 1.
(a) If
V. (X1,Y) < o0, (19.2.8)
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then
oM, Y) < Ar)[pn"™" +«kn"'1 >0 as n— oo. (19.2.9)

In (19.2.9), the absolute constant A(r) is given by
A(r) = 2[4 + 27)V c1624(3/2) v ea(derd /(r — 1)VCD], (19.2.10)

where ¢ = 14+4e72m, ¢ :=mc,, T := 1V (r=1), andv,, k are the following
measures of deviation of Fy' from Fy,

K= max(p,'ﬁl,iqr'/("_l)), p:=p(X1,Y),
V=X Y), T =X Y). (19.2.11)
(b) If p,(X1,Y) < o0, then
p(ﬁ,,, Y)<B)[p,n"" +tn" >0 as n— oo, (19.2.12)
where
B(r):=(VEK VK VEK/TNAG), K, :=(r/e), (19.2.13)
and

= max(p.p1.p,/"7V),  pi=p(X1.Y),
p1:=p(X1.Y), pr:=p,(X1,Y). (19.2.14)

Remark 19.2.1. Since the simple max-stable RV Y is concentrated on R}, then

o(M,.Y)=p ((\/ ?i) ,Y) =p <n—1 \/ (X0)+. Y) , (19.2.15)
i=1 + i=1

where (x)4 = (x4, ..., (x") 1), (xD)y := 0V xD_ Therefore, without loss
of generality we may consider X; as being nonnegative RVs. Thus, subsequently we
assume that all RVs X under consideration are nonnegative.

Similar to the proof of Theorem 16.3.1, the proof of the preceding theorem is
based on relationships between the max-ideal metrics v, and p, and the uniform
metric p. These relationships have the form of max-smoothing-type inequalities;
see further Lemmas 19.2.4-19.2.7. Recall that in our notations X’ v X” means
maximum of independent copies of X’ and X”. The first lemma is an analog of
Lemma 16.3.1 concerning the smoothing property of stable random motion.
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Lemma 19.2.4 (Max-smoothing inequality). For any§ > 0
p(X,Y) <cip(X VEY,Y VEY) + ci6, (19.2.16)

where

c1=1+4e2m, ¢, =mc. (19.2.17)
Proof. Let L(X’X") be the Lévy metric,
L(X', X") = inf{e > 0: Fy/(x—ce)—e < Fyr(x) < Fy/(x+¢e)+e}, (19.2.18)

in X" =X(RY),e=(1,1,....1) e R"* O
Claim 1. If ¢; is given by (19.2.17), then

p(X.Y) < (14 ¢)L(X.Y). (19.2.19)

Since Fya (1) = exp(—1/t),t > 0, it is easy to see that

p(X.Y)

IA

1+Zsup( FYm(t)) L(X.Y)

i=1 t>0

(14 4e’m)L(X.Y),

which proves (19.2.19).
Claim 2. For any X € X" and a simple max-stable RV Y

L(X,Y) < p(X VSY,Y V8Y)+68m, §>0. (19.2.20)

Proof of Claim 2. Let L(X,Y) > y. Then there exists xo € R? [i.e., xo > 0,ie.,
x> 0,i =1,...,m] such that

|Fx(x) — Fy(x)| >y, forany xp<x <xo+ ye. (19.2.21)
By (19.2.21) and the Hoeffding—Fréchet inequality
Fy (x) > max (o, S Fyor (x) —m + 1) ,

we have that

4See Example 4.2.3 in Chap. 4.
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| Fx(xo + ye) — Fy(xo + ve)| Fsy (xo + ye)

> yFsy (ve) = yFy (%e) >y [ D Fro/H)—m+1
j=l1

=y | D exp(=8/y) —m+1| = ym(1—8/y)—m+1)=y—ms.

J=1

Therefore, p(X V3Y,Y VYY) > y—38m. Letting y — L(X, Y') we obtain (19.2.20).
Now, the inequality in (19.2.16) is a consequence of Claims 1 and 2. O
The next lemma is an analog of Lemmas 16.3.2 and 15.4.1.

Lemma 19.2.5. Forany X', X" € X"

p(X' VY, X"VvEY) <5, (X, X" (19.2.22)
and
p(X' VY, X"V8Y) <K, 5 p, (X', X"), (19.2.23)
where
K, :=(r/e)". (19.2.24)

Proof of Lemma 19.2.5. Inequality (19.2.22) follows immediately from the defini-
tion of v, [see (19.2.2)]. Using the Hoeffding—Fréchet inequality

Fy(x) < min Fyo(x?) = min exp{—1/x?} (19.2.25)
1<i<m 1<i<m
we have

p(X' Vv 8Y, X"V 8Y) = sup Fsy(x)|Fx (x)— Fyr(x)]

x€R”

IA

sup min exp(—8/x(i))|FX/(x) — Fyn(x)|

XERM 1<i<m

NTEAY 5
cemnizizn | \x@ ) P50

X (%)_ | Fx/(x) — Fxn(x)]
X

IA

: §\"
K, suRp min (W) | Fyr(x) — Fxr(x)|
xERM =iI=m

= K67 p, (X', X"),

which proves (19.2.23). O
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Lemma 19.2.6. Forany X’ and X"
¥,(X. X") < K,p, (X' X"). (19.2.26)

Proof. Apply (19.2.23) and (19.2.2) to get the preceding inequality. O
Lemma 19.2.7. For any independent RVs X', X", Z, W € X™

p(X'VZ,X"VZ)<p(Z W)X, X")+pX' VW X"VW). (19.2.27)
Proof. For any x € R™
Fz(x)|Fxr(x) — Fx»(x)]
< |Fz(x) — Fw (x)|[Fx/(x) = Fx»(x)| + Fw (x)| Fx'(x) — Fx»(x)|.

which proves (19.2.27). O

The last lemma resembles Lemmas 15.4.2 and 15.4.4 dealing with smoothing for
sums of i.i.d. Now we are ready for the proof of the theorem.

Proof of Theorem 19.2.1.

N
(a) Let Yy, Y,,... be asequence of i.i.d. copies of Y, N, := \/ Y;. Hence

i=1
o(M,.Y)=p(M,,N,). (19.2.28)
By the smoothing inequality (19.2.16),
oM., N,) <cip(M, v 8Y,N,V8Y) + 8. (19.2.29)
Consider the right-hand side of (19.2.29), and obtain for n > 2

p(M, Vv 8Y N, V3§Y)

m+1 Jj—1
<> V7Y v\/X v5Y\/Yv \/Xv3Y
Jj=1 i=1 i=j+1
m—+1 m—+1
+p\/Y\/\/X\/8Y\/Y\/\/YV5Y,

j=m+2 j=m+2

(19.2.30)

where m is the integer part of n/2 and \/ i—; = 0. By Lemma 19.2.7, we can
estimate each term on the right-hand side of (19.2.30) as follows:
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\/Y v\/X v8Y\/Y v \/ X:Vv8y

i=1 i=1 i=j+1
n e n - j—l~ _ j _
<ol V Xi. V Vi p(\/YivXj\uSY,\/Y,-vSY)
i=j+1 i=j+1 i=1 i=1
j—1~ » nooo j~ nooo
+o | \/YivX;verv \/ Y. \/Y,vsrv \/ ¥,
i=1 i=j+1 i=1 i=j+1
(19.2.31)

Combining (19.2.28)—(19.2.31) and using Lemma 19.2.7, again we have

n
VXY | <eitli+ L+ I + L) + e, (19.2.32)
j=1
where
n — n ~ - —
Il :p( X,‘, Yi)p(X1V8Y,Y1V5Y),
i=2 i=2

m+1 Jj—1
L:=>Yp \/ Y; (\/Y vX; v5Y\/Y VSY)
j=2 i=j+1 i=j+1 i=1 i=1
m+1 _ n _ n
I3 = p<X,v \/ Y.Y;v \/ Y,),
j=1 i=m+2 i=m+2
and
m+1 m+1
=(V7v VRV VT
j=m+2 j=1 j=m+2

Take n > 3. We estimate /3 by making use of Lemmas 19.2.1 and 19.2.5,

m+1 o ne—m—1\" m+1 L
I; < Zfl\;r(Xj,Yj) (T) < ZT’;(X]‘, Yj)4r

J=1 J=1

<(m+ Dn (X, Y4 <4'n'"",. (19.2.33)
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In the same way, we estimate /4,

n n

145,17; \/ yj, \/ ?]‘ (m’j_l)_r

j=m+2 j=m+2

<2"(n—mn~"V, (X1, Y1) <2'n'"7"V,. (19.2.34)
Set
§ := Amax(v,, v/, (19.2.35)

where A > 0 will be chosen later. Suppose that for all k < n
k k
TN X\ Y | S A @K 4 kT, (19.2.36)

where v, =V, (X1,Y), k = «(X1,Y) = max(p, V] vi/(r ) [see (19.2.11)]. Here
A(r) is an absolute constant to be determined later. For k = 1 the inequality in
(19.2.36) holds with A(r) > 1.Fork =2

pl2 \/X,,z—1 \/ <2p(X1,Y2),

j=1

which means (19.2.36) is valid with A(r) > 4 v 2",
Let us estimate /; in (19.2.32). By (19.2.22), (19.2.35), and (19.2.36),

1
L < A)@(n =)' +k(n — 1)_1)71("—1)(1,’1_1)’1)AN—

vin~!
3 (r—=1)Vv1 A
< (E) % von' T 4 enh).

Similarly, we estimate I5:

m+1

Zp(n—j)l\/X,,(n—j)l\/Y) (( -1 )Yv?(’,»,

(J_l +8)Y\/7])
n

m+1

=S A 0= = )

= (5 +9)
n
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m+1

V,(X1,Y)
< AT, n—m ="+ —m—1)7" A
; (N )Tk i
Vr
<A@ Wn'""" + den~ 1)
< goe-vvi_L_ A0 Wn'"" +kenh.

r—1A4r-1

Now we can use the preceding estimates for /; and I, and combine them with
(19.2.33)(19.2.35) and (19.2.32) to get

L 3 1 1
\/X,»,Y < (cl( ) (1/4) + ¢ 14r — - )A(rmnl—’ﬂn—z)
j=1

+er(4" + 270" + ey Akn™, Fi=max(1,r —1).

_ _ 1/(r—1)
Now choose A = max <4c1(3/2)r, (4c14r—1) ) Then
r f—

n
~ 1
\/ X;, Y| =< EA(r) vn' " 4+ kn”h)

j=1
+(c1(4 +2) VAR +kn?).
Finally, letting 2A(r) = c1(4" +2") V ¢, A completes the proof. O

(b) By (a) and Lemma 19.2.6,

\/ yj, Y | < A()[K,prn'™" + max(p, Kip,, K,l/(r_”pr)n_l]
j=1

<(VK VK,V Krl/(’_l))A(r)[p,.nl_’ +wn7 . O

Further, we will prove that the order O(n'™") of the rate of convergence in
(19.2.9) and (19.2.12) is precise for any r > 1 under the conditions vV, < oo
or p, < o0o. Moreover, we will investigate more general fail conditions than
or = p,(X1,Y) < oo.

Let ¢ : [0,00) — [0, 00) denote a continuous and increasing function. Let us
consider the metrics p,, and g, defined by
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plﬁ(X/vX//) ‘= Sup W(M()C)lFX/()C) - FX”(X)L X/7X// € xmv

xeR'j’r
and’
By (X', X") == sup ¥(M(x))|log Fx/(x) — log Fx(x)|,
xe]R’_’;_
and recall that M (x) := min{x") : i =1,...,m}, x € R7.

~ d
We will investigate the rate of convergence in M, — Y, assuming that either
py(X1,Y) <ooorp,(Xy,Y) < oco. Obviously, p, (X;,Y) < oo implies that for

each i, p, (X;", Y ©) := sup{y ()| Fi (x) = 1 (x)] : x € Ry} < py (X1, Y) < o0,
where F; is the DF of X l(l) . We also define

Py = max{pw(Xl(i), YOy:ii=1,...,m},

and whenever ;L,/,(Xl(i), YD) = sup{y(x)|log Fi(x) — log¢(x)] : x €
R4} < oo, we also define

Hy = max{p, (X", YD) i = 1,... k.

In the proofs of the results below, we will often use the following inequalities. Since
H(x) :=Pr(Y <x) < Hi(xV) :=Pr(YD < x®) = ¢, (xD) for each i, we have

H(x) < ¢1(M(x)). (19.2.37)
For a,b > 0 we have
nla —b|min(a" "', b") < |a" —b"| < nla — b|max(@", """ (19.2.38)

and

min(a, b) ‘1og%} <l|a — b| < max(a,b) ‘log%‘ . (19.2.39)

Theorem 19.2.2. Assume that

g(a) := sup $1(xa)
x>0 Y (x)
is finite for alla > 0. For n > 2 define R(n) := ng(1/(n — 1)).

(i) If py := py(X1,Y) < oo and [iy < oo, then for alln > 2, o(M,.Y) <
R(n)t, where T := max(py exp iy, 1 + expiy).

3See the definition of p, provided in (19.2.4).



19.2 Rate of Convergence of Maxima of Random Vectors Via Ideal Metrics 433

(ii) If py < oo, then

1 o~
lim sup p(M,, Y)<T,

n—o00 R(l’l)

where T := max(py exppy, 1 + exppoy).
(iii) If py < oo and if there exists a sequence 8, of positive numbers such that

lim — lim g (- 0
im = lim — ) =0,
n—>o00 Y (8,) n—>o00 R(n) ! n—1

then in (ii) T may be replaced by py.

Remark 19.2.2. (a) In Theorem 19.2.2, we normalize the partial maxima M, by n.
In Theorem 19.2.4 below, we prove a result in which other normalizations are
allowed.

(b) If Y is not simple max-stable but has marginals H; = ¢, (x) (o; > 0), then,
by means of simple monotone transformations, Theorem 19.2.2 can be used to
estimate

n
p(MOp=Ver - pM®p=Vey vy where MY = \/ Xj(.’).
j=

Proof of Theorem 19.2.2. Using (19.2.38) and H(x) = H"(nx) we have
I = |F"(nx) — H(x)| < n|F(nx) — H(nx)| max(F" '(nx), H" ' (nx)),

where F is the DF of X;. Let us consider I := n|F(nx) — H(nx)|H""'(nx)).
Using (19.2.37) we have

Hn_l(”x) <¢ (nM(x)) .
n—1

Hence, I} <ng(1/(n —1))Y(nM(x))|F(nx) — H(nx)|, and we obtain

I, < Rn)py. (19.2.40)

Next, consider I, := n|F(nx) — H(nx)|F"~'(nx), and let §, denote a sequence of
positive numbers to be determined later. Observe that for each i and u > §, we have

o 1 Fwl_ 1 g
| log Fi(u) —log ¢1(u)| < w((gﬂ)gg ¥ (u) |log | w(rSn)M” ,
so that
Fi(w) < 1) exp ——puf).

¥ (8n)
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If nx; > §,, then for each i we obtain

-1
F" Ynx) < F' Y(nx;) < q&{’_l(nx,-)exp e )ufj). (19.2.41)
This implies that
-1
I, < R(n)¥ (nx;)|F(nx) — H(nx)| exp i,

¥ (8n)

Choosing i such that x; = M(x), it follows that

L, < R(n)py exp TG 1) 2 (19.2.42)

On the other hand, if nx; < §, for some index i, we have I < F/(8,) + ¢7(5,).
Using (19.2.41) with nx; = §,, it follows that

-1
I <¢17' () (1 +exp ufp) . (19.2.43)

¥ (8n)

Using ¢ () = 91 (=2 ) = 6(6.)5(1/(n — 1) we abtin

I <G/ —1) (1 +exp >) . (19.2.44)

W(5 )

Proof of (i). Choose 6, such that n — 1 < ¥(8,) < n; since ui,i) < Ty,
inequalities (19.2.40), (19.2.42), and (19.2.44) yield

= | R)py expfly  ifnM(x) > 6,,
R(n)(1 + exply) if nM(x) < §,.
This proves (i).

Proof of (ii). Again choose §, such that n — 1 < ¥(8,) < n. Using (19.2.39) we
obtain

limsup < py (X{", YD) <Py (19.2.45)
n—o0
Combining (19.2.40), (19.2.42), (19.2.44), and (19.2.45) we obtain the proof
of (ii).

Proof of (iii). Using the sequence §, satisfying the assumption of the theorem, it
follows from (19.2.40), (19.2.42), (19.2.43), and (19.2.45) that
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lim sup

M,.Y) < py,
msd Rn)p( n )_pw

which completes the proof. O

Suppose now that v is regularly varying with index r > 1,%i.e., ¢ (x) ~ x" L(x)
as x — oo and L(x) varying slowly, ¥ € RV,. We may assume that {’ is positive
and ' € RV,_y. In this case, g(a) = ¢1(Xa)/y¥(X), where X is a solution of
the equation x2v'(x)/¥(x) = 1/a. It follows that Xa — 1/r as a — 0 and,
hence, that g(a) ~ K(r)1/¥(1/a) (a — 0), where K(r) = (r/e)". In particular,
if y(t) = 1", then p, = p, [see (19.2.4)] and both Theorem 19.2.1 (for 1 <
r =< 2) and Theorem 19.2.2 (for any r > 1) state that p,(X;,Y) < oo implies
p(M,,Y) = O(n'™"). Moreover, in Theorem 19.2.1 we obtain an estimate for
p(M,,Y) [see (19.2.12)], which is uniform on n = 1,2,.... The next theorem
shows that the condition p, (X1, Y) < oo is necessary for having rate O(n =) in the
uniform convergence p(M,,,Y) — 0 asn — oo.

Theorem 19.2.3. Assume that € RV,, r > 1, and that lim ¥ (x)/x = oo. Let
X—>00
Y denote an RV with a simple max-stable DF H, and let X1, X5, ... be i.i.d. with
common DF F. Then
(i) py(X1,Y) < oo holds if and only if lim sup(l//(n)/n)p(ﬁn, Y)<o0
n—oo

and
(ii) If r > 1, then limsup ¥ (M(x))|F(x) — H(x)| = 0 if and only if
M(x)—o00

0!
1m

n—o0o n

p(M,.Y)=0.

Proof. (1) If p, < oo, then the result is a consequence of Theorem 19.2.2. To
prove the “if” part, use inequality (19.2.38) to obtain

n|F(x) — H(x)| min(F"~(x), H""'(x)) < p(M,, Y).

Now, if M(x) — oo, then choose n such that n < M(x) < n + 1; then
F"=Y(x) > F" '(ne) and H"~'(x) > H"~'(ne), and it follows that

Y+ 1) (Ym)/n)p(M,.Y)

VME@)IF() = Hl = = e ey

Since ¥ (n + 1) ~ ¥ (n) (n — 00), it follows that

limsup ¥ (M(x))|F(x) — H(x)| < o0

M(x)—00

and, consequently, that p,, (X1, Y) < oco.

6See Resnick (1987a).
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(i) If
)
1m

n—o0o n

p(,M/VIvY) = 07

then it follows as in the proof of (i) that lim sup ()0 ¥ (M(x))|F(x) —
H(x)| = 0. To prove the “only if” part, choose A such that ¥ (M (x))| F(x) —
H(x)| <&, M(x) > 4.

Now we proceed as in the proof of Theorem 19.2.2: if M(nx) > §, > A,
then we have

u.

Iy <epyR(n) I < sp]/,R(n)eXp W((S )

If M(nx) < 4, (19.2.43) remains valid. If we choose §,, such that ¥(§,) = n*
with 1 < s < r, then it follows that

. Kﬁ(ﬂ) 8n T n _
nlggo n 1 (n — 1) - nlggo W(Sn) o

and, hence, that

lim sup p(ﬁn, Y) <epy.
n—soo R(n)
Now let ¢ | 0 to obtain the proof of (ii). O

Remark 19.2.3. (a) In a similar way one can prove that p;, < oo holds if and only
if for each marginal

(@)

lim sup I'//(n)p(M L Y® ) < 00.

n—00 n n

(b) If ¥ (0) = O, if  is O-regularly varying (¢ € ORV, ie., for any x >
0, limsup, , o ¥(xt)/¥(t) < o0), and if limsup, , (¥ (x)/x) = oo.
Theorem 19.2.3 (i) remains valid. To prove this assertion, we only prove that
limsup,_, ., ¥(a)g(l/a) < oo. Indeed, since y is increasing, we have ¥ (a) <
¥(x) if a < x, and since v € ORV, we have Y¥(a) < A(a/x)*¥(x) if x >
a > x for some positive numbers xo, 4, and . Using sup .o p*¢1(1/p) < 00
we obtain

hm nsup V(a)g(1/a) = limsup sup V(@i (x/a) < oo
amoo x>0 Y(X)

Remark 19.2.4. Up to now, we have normalized all partial maxima by n~! and have
always assumed that the limit DF H of Y in (19.2.1) is simple max-stable. We can
remove these restrictions as follows. For simplicity we analyze the situation in R.
Assume that H(x) is a simple max-stable and that there exists an increasing and
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continuous function r : [0, 00) — [0, co) with an inverse s such that for the DF F
of X we have

F(r(x)) = H(x) (19.2.46)
or, equivalently,

F(x) = H(s(x)). (19.2.47)

For a sequence a, of positive numbers to be determined later, it follows from
(19.2.47) that

Pr(M, < ayx) = F"(ayx) = H"(s(a,x)) = H (S(aI:X)) :

For a > 0 we obtain

|[F™(anx) — H(x*)| = |1

s(apx)
(*

) — (x| . (19.2.48)

If s € RV, (or, equivalently,r € RV} ) and if we choose a,, = r(n), then it follows
that (19.2.1) holds, i.e.,

lim F"(a,x) = H(x). (19.2.49)
n—oo

If s is regularly varying, then we expect to obtain a rate of convergence that results
in (19.2.49). We quote the following result from the theory of regular variation
functions.

Lemma 19.2.8 (Omey and Rachev 1991). Suppose h € RV, (n > 0) and that h
is bounded on bounded intervals of [0, 00). Suppose 0 < p € ORV and such that

% < Ay(x/y)¢, foreach x >y > xo

for some constants A; > 0, xo € R, § <nand € R. If for each x > 0

i h(t) |h(tx)
el tp() | h(y

o () =

If s satisfies the hypothesis of Lemma 19.2.8 (with an auxiliary function p and
n = «a), then take h(t) = s(t) = n,t = ay, in (19.2.51) to obtain

‘¢> (S(“”x)) ()

Combining these results with (19.2.48), we obtain the following theorem.

A(x/y)t <

n

< 00, (19.2.50)

then

; h(t)
1m su su
ool (1) S

< 0. (19.2.51)

lim sup

< Q.
n—>00 ,,P( an) x>oo
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Theorem 19.2.4. Suppose H(x) = ¢1(x), and assume there exists an increasing
and continuous function r : [0, 00) — [0, 0o) with an inverse s such that F (r(x)) =
H(x).

(a) If s € RV, (a > 0), then lim,, oo Pr{M,, < a,x} = H(x*), where a, = r(n).
(b) If s € RV, with a remainder term as in (19.2.50), then

n

lim sup p(M,/a,,Y,) < oo,

n—oco a¥p(ay)

where Yy has DF H(x%).

19.3 Ideal Metrics for the Problem of Rate of Convergence
to Max-Stable Processes

In this section, we extend the results on the rate of convergence for maxima
of random vectors developed in Sect. 19.2 by investigating maxima of random
processes. In the new setup, we need another class of ideal metrics simply because
the weighted Kolmogorov metrics p, and p,,,7 cannot be extended to measure the
distance between processes (see Open problem 4.4.1 in Chap. 4).

Let B = (L,[T]. |l - ll-), 1 < r < oo, be the separable Banach space of all
measurable functions x : T — R (T is a Borel subset of R) with finite norm || x||,,
where

1/r
x|l = {/ Ix(t)lrdt} , 1<r< oo, (19.3.1)
T

and if r = 00, Loo(T] is assumed to be the space of all continuous functions on a
compact subset 7" with the norm

[xlloo = sup[x(r)]. (19.3.2)

teT

Suppose X = {X,,n > 1} is a sequence of (dependent) random variables taking
values in B. Let C be the class of all sequences C = {c;(n); j,n = 1,2,...}
satisfying the conditions

o0
ci(n) >0, ¢;(m) >0, j=12.... > ¢j(n)=1 (19.3.3)
j=1
For any X and C define the normalized maxima X, = \/?ozl cj(n)X;, where

\/ := max and Y;(I) =VilicimX;(),teT.

7See the definition in (19.2.4) and Theorems 19.2.1 and 19.2.2.
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In the previous section we considered a special case of the sequence c;(n),
namely, ¢;(n) = 1/nfor j < nandcj(n) = 0for j > n, and that X,, were i.i.d.
random vectors. Here we are interested in the limit behavior of X, in the general
setting determined previously. To this end, we explore an approximation (denoted
by 7,,) of X, with a known limit behavior. More precisely, let Y = {Y,,,n > 1} be
a sequence of i.i.d. RVs, and define Y,, = \/?o=1 cj(n)Y;. Assuming that

Y, <Y, forany CeC, (19.3.4)

we are interested in estimates of the deviation between X, and Y,. The RV Y;
satisfying (19.3.4) is called a simple max-stable process.

Example 19.3.1 (de Haan 1984). Consider a Poisson point process on R4 x [0, 1]
with intensity measure (dx/x?)dy. With probability 1 there are denumerably many
points in the point process. Let {&,nr}, K = 1,2,..., be an enumeration of the
points in the process. Consider a family of nonnegative functions { f;(-),t € T}
defined on [0, 1]. Suppose for fixed ¢t € T the function f;(-) is measurable and

fol Ji(v)dv < co. We claim that the family of RVs Y (¢) := sup;~ f; (k)& form a
simple max-stable process. Clearly, it is sufficient to show that for any C € C and
any 0 < t; < --- <ty € T the joint distribution of (Y (¢;), ..., Y(t;)) satisfies the
equality

o0
[TPrie,Y() < yiooooves Y(0) < i
j=1
=Pr{Y(t1) < yi,....Y (%) < yr}, where c; = c;j(n).
Now

o0
]_[Pr{ch(tl) SV Y (0) < i
j=1

o0
= [Prlfi m)en < yifej i=1.....kim=12..}
j=1
o0
= l_[ Pr{there are no points of the point process above the graph of
j=1

the function g(v) = (l/c/)mi,? yilf.(v),ve[0,1]}.

As a consequence, we can write

o0
[IPric;Y) < yi.....c;Y(w) <y}

j=1
) 1
= 1_[ exp (—/ |:/ x_zdxi| dv)
j=1 0 {x>gm)}
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) 1
=[exp (— /0 (Cj max f, (V)/y,-) dv)

J=1

) 1
= exp ZC; (—/0 Ilnsalz( Ju (v)/y,-dv)

J=1

1
= exp (— /0 (1}1;1;; Ju )/ yf) dv)

=Pr{Y(t;) < y1,....Y(tx) < yi}.

In this section, we seek the weakest conditions providing an estimate of the
deviation 1.(X ,, Y ,) with respect to a given compound or simple p. metric /. Such
a metric will be defined on the space X(B) of all RVs X : (2, A4, Pr) — (B, B(B),
where the probability space (€2, A, Pr) is assumed to be nonatomic.®

Our method is based on exploring compound max-ideal metrics of order r > 0,
i.e., compound p. metrics p, satisfying’

Mr(C(Xl Vv Y)»C(XZ Vv Y)) E Cr/*’Lr(Xls X2)s X], X27 Y € %(B)s c > 0
(19.3.5)

In particular, if the sequence X consists of i.i.d. RVs, then we will derive
estimates of the rate of convergence of X, to Y; in terms of the minimal metric
1L, defined by'®

(X, Y) := i, (Pry,Pry)
= inf{p, (X, Y): XY e XB). X' 2 X.Y' £ Y}. (19.3.6)

By virtue of u,-ideality, [i, is a simple max-ideal metric of order r > 0, i.e.,
(19.3.5) holds for Y independent of X;.

We start with estimates of the deviation between X, and Y, in terms of the £ »-
probability compound metric.'" For any r € [1, co] define

Lor(X,Y) = [EIX =Y, p=1, (19.3.7)
Loor(X,Y) :=esssup|| X —Y|,. (19.3.8)

Let
Cpr =1Ly, (19.3.9)

8See Sect. 2.7 and Remark 2.7.2 in Chap. 2.

9See Definition 19.2.1.

10See Definition 3.3.2 in Chap. 3.

1See Example 3.4.1 in Chap. 3 with d(x, y) = ||x — y||,.
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Let us recall some of the metric and topological properties of £,, and
(P(B), £,,). The duality theorem for the minimal metric w.r.t. £, implies'?

€0 ,(X,Y) = suplEf(X)+ Eg(Y): f:B—>R,g:B—R,
I flloo := sup{| f(x)] : x € B} < 00, [glloc < 00

Lip(f) = sup LD =IO _ 0 1ine) <00, £() + g(0) < v — 1l
x#y ||.X - y”l
for any x, y € B}, forany p € [1, 00). (19.3.10)

Moreover, by Corollary 6.2.1 in Chap. 6, representation (19.3.10) can be refined
in the special case of p = 1:

(X, V) =sup{|Ef(X) — Ef(Y)|: f : B =R, [ fllo = o00.Lip(f) =< 1}.
Corollary 7.5.2 and (7.5.15) in Chap. 7 give the dual form for £ ,,
Loor(X,Y) =inf{e > 0: I1.(X,Y) = 0}, (19.3.11)
where I1,(X,Y) := sup{Pr{X € A} —Pr{Y € A%} : A € B(B)} and A°® is the

e-neighborhood of A w.r.t. the norm || - ||,.
If B =R, then £, = {,, has the explicit representation

1 1/p
,(X,Y) = [/ |Fy'(x) — FY_l(x)lpdx:| , 1<p<oo, (19.3.12)
0

loo(X,Y) = sup{|Fy'(x) — F; ' (x)] : x € [0, 1]}, (19.3.13)

where Fy ! is the generalized inverse of the DF Fy of X.!3
As far as the £ ,-convergence in P (B) is concerned, if 7 is the Prokhorov metric

7(X,Y):=inf{le >0:I1.(X,Y) < ¢} (19.3.14)

and wy(N) = {E|X|?T{|X]|, > N}/, N > 0, X € X(B), then for any
N >0,X,Y € X(B)

(X, Y) <m(X,Y)+2Nx?P(X,Y) + wx (N) + oy (N), (19.3.15)

Cpr (X, Y) = m(X, V)PP g (X Y) = (X, Y), (19.3.16)

12See Corollary 5.3.2 in Chap. 5 and (3.3.12) in Chap. 3.
13See Corollary 7.4.2 and (7.5.15) in Chap. 7.
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and
wx(N) < 3L, (X.Y) + 0y (N)). (19.3.17)
In particular, if E||X,|? + E||X||” < oo,n =1,2,..., then'*

Lpr(Xp, X) >0 < n(X,,X)— 0and Nlim supwy,(N) =0. (19.3.18)
—00

Define the sample maxima with normalizing constants c; (1) by

oo

oo
X, =\ X, Y,=\/cmy;. (19.3.19)
j=1 J=l1

In the next theorem, we obtain estimates of the closeness between X, and Y, in
terms of the metric £, .. In particular, if X and Y have i.i.d. components and Y is a
simple max-stable process [see (19.3.4)], then we obtain the rate of convergence of
X, to Y; in terms of the minimal metric £ p.r- With this aim in mind, we need some
conditions on the sequences X, Y, and C [see (19.3.3)].

Condition 1. Let

P
o
a,(n) = Zcf(n) , for p € (0,00), p :=min(1,1/p),  (19.3.20)
j=1
and

Aoo(n) :=supc;(n). (19.3.21)
j=1

Assume that
aq(n) < oo for some fixeda € (0,1) and alln > 1,

ai(n) =1, Vn>1,a,(n) > 0asn — o0, Vp > 1.

The main examples of C satisfying Condition 1 are the Cesaro and Abel
summation schemes.
Cesaro sum:

1/n,j=1,2,...,n,
; = 19.3.22
¢j(m) {o, j=nd+lnt2...., ( )
n'=P  for p €(0,1],
a,(n) = { D o e [1 oo (19.3.23)

14See Lemma 8.3.1 and Corollary 8.3.1 in Chap. 8.
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Abel sum:

cj(n) = (exp(1/n) =) exp(—j/n), j =1,2,....,n=1,2,..., (19.3.24)

ap(n) = (1 —exp(=1/n))? /(1 — exp(=p/n)) ~ (1/p)n'~?
asn — oo forany p € (0, 1),

ap(n) = (1 —exp(=1/n)(1 = exp(=p/n)~""" ~ p~!/Pn=1*1P
asn — oo forany p € [1,00),

a,(n) =1—exp(—1/n) ~1/nasn — oo for p = 0. (19.3.25)

The following condition concerns the sequences X and Y.

Condition 2. Leta € (0, 1) be such that a, (n) < oo [see (19.3.22)], and assume
that

sup E|X;(t)|* < oo forany t €T, (19.3.26)
j=1
sup E|Y;(t)|* < oo forany t € T. (19.3.27)
j>1

Condition 2 is quite natural. For example, if Y;, j > 1, are independent copies
of a max-stable process,' then all one-dimensional marginal DFs are of the form
exp(—B(t)/x), x > 0 (for some B(t) > 0), and hence (19.3.27) holds. In the
simplest m-dimensional case, T = {f}]_, and X; = {X;(#%)}}—, j > 1 are
iid. RVsandasY; = {Y;(&)}]—,. j = 1, are ii.d. RVs with a simple max-stable
distribution (Sect. 19.2). One can check that condition (19.3.26) is necessary to have
arate O(n'™") (r > 1) of the uniform convergence of the DF of (1/n) \/’]1:1 X; to
the simple max-stable distribution Fy,, see Theorem 19.2.3.

Theorem 19.3.1. (a) Let X, Y, and C satisfy Conditions 1 and2. Let1 < p <r <
oo and

Ep’r(Xj, Y]) < ﬁp'r(Xl, Yl) < 00, Vj =1,2,... (19.3.28)
Then
Ep,,(Y,,,Y,,) <ap,(n)L,,(X1,Y1) = 0 asn — oo. (19.3.29)

(b) If X and Y have i.i.d. components, 1 < p <t < oo, and £,,(X1,Y1) < oo,
then

Zp,,(yn,Y,,) <a,(n),,(X1,Y1) =0 asn — oo, (19.3.30)
where £, , is determined by (19.3.10).

13See, for example, Resnick (1987a).
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In particular, if Y satisfies the max-stable property

Y, 21, (19.3.31)

then
Cpr(Xn, Y1) < a,(n)l,.(X1,Y1) - 0 as n — oo. (19.3.32)

Proof. (a) Letl < p < r < o0o. By Conditions 1 and 2 and Chebyshev’s inequality,
we have

Pr{X,(t) > A} < A™%a,(n) sup EX;(t)* - 0as A — oo,
j=1
and hence
Pr{X,(t) +Y,(t) <oo} =1, forany ¢t € T.
For any @ €  such that X ,(¢)(w) + Y, (t)(w) < oo we have

X,0)@) = \/ ¢;@)X;(0)@) +e,(m).  lim e,(m) =0,
j=1

V() x (@) = \/ ¢;(m)Y; (1)) + 8, (m), lim_8,(m) =0,
j=1

and hence

X (0)(@) = Yo (1) ()]

< \/ lej (M) X; (1) (@) — c;(m)Y; (1) ()] + |ew(m)] + 8, (m)].
ji=1

So, with probability 1,

o

X, () = Va0 < \/ ¢; X, (0) = Y;0)]. (19.333)
j=1

Using the Minkowski inequality and the fact that p/r < 1 we obtain

p/r) VP
Lpr(Xn,Yy) = E‘/len(t)—ﬂ(t)lrdt} }
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rooqp/r)Vr

o0
< E/T \/ ¢;mlx; 0 - ¥, | ar
j=1
- p/r 1/p
o0
<!k /T|Zc;(n>|xj(z)—Yj(z>|'dz
j=1 i
o Ao/ 1/p
<AES ) [ [0 -vors
j=1 -
< ap(”)ﬁp,r(Xls Yl)-
If p <r = oo, then
oo py l/r
Lpoo(Xy.Yy) < VE [ sup \/ c; ()| X, (1) = Y; ()|
teT .
j=1
1/p
<

EY cl(n) sup X, (1) — ¥, ()|

i=1

< Z ¢j(n)Lpoo(X1, Y1).

i=1
The statement for p = r = oo can be proved in an analogous way.
(b) By the definition of the minimal metric,'® we have

¥4 74

L,pr(X,Y,) = inf{£,,(X.Y): X =X,,Y =7,}

IA

inf

1/p
o
|:Z c_f(n)ﬁz,r(}j,Y_/):| (X, j = 1yareiid,

J=1

(V. j=areiid,X,;.Y,) = X.Y).X, £Xx.Y, 21,

1/p
o0
< inf |:Zcf(n)ﬁﬁ_,(fl,71)i| X, 2 x.Y, %y,
j=1

= ap(n)zp,r(xl, Y).

16See (19.3.6) and Sect. 7.2 in Chap. 7.
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By (19.3.9) and (19.3.10), we obtain (19.3.30).
Finally, (19.3.32) follows immediately from (19.3.30) and (19.3.31). O

Corollary 19.3.1. Let {X;,j > 1} and {Y;,j > 1} be random sequences with
i.i.d. real-valued components and Fy, (x) = exp{—1/x}, x > 0. Then

o0
6|\ cimX;. Y| <a,mt,(X1. Y1), pellod), (19.3.34)
j=1

where the metric £, is given by (19.3.12) and (19.3.13). In particular, if, for some
1 < p <00 £,(X1, Y1) < oo, then £,(\/FZ, ¢;(m)X;, Y1) = 0asn — oo.

Note that £,(X1,Y1) < oo for 1 < p < oo may be viewed as a tail condition
similar to the condition p,(X1,Y1) < oo (r > 1) in Theorem 19.2.1 (b).

Open Problem 19.3.1. It is not difficult to check that if E|X,|? + E|X|? < oo,
then, as n — oo,

1 1/p
C(Xn, X) = {/ |Fy'(t) — Fx''(1)|7de — 0, (19.3.35)
0
provided that for some r > p
p,(Xy, X) 1= sup |x|"|Fx, (x) — Fx(x)| = 0. (19.3.36)
x€R

Since on the right-hand side of (19.3.34) the conditions £,(X;,Y1) < oo and
E\Y\|? = oo imply E|X|? = oo, it is a matter of interest to find necessary
and sufficient conditions for p,.(X,, X) — 0 (r > p), resp. £,(X,,X) — 0, in
the case of X, and X having infinite pth absolute moments, for example, under the
assumption £ ,(X,,Y)+{,(X,Y) < oco, p > 1, where Y is a simple max-stable RV.

Let & be the Prokhorov metric (19.3.14) in the space X(B, || - ||;). Using the
relationship between w and £,, [see (19.3.16)], we get the following rate of
convergence of X (n) to Y, under the assumptions of Theorem 19.3.1 (b).

Corollary 19.3.2. Suppose the assumptions of Theorem 19.3.1(b) are valid and
that (19.3.31) holds. Then,

2(X(n), Y1) < a,(m)?/ 0L, (X0, Y)POED, (19.3.37)

The next theorem is devoted to a similar estimate of the closeness between X,
and Y,,, but now in terms of the compound Q -difference pseudomoment

7, (X.Y) = E|Q,X — Q,Y[. p>0. (19.3.38)
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where the homeomorphism Q , on B is defined by’
(0,0)(1) = |x(1)]” sgnx (7). (19.3.39)

Recall that the minimal metric k,, = T,, admits the following form of Q -
difference pseudomoment:'8

Kpr(X.Y) =sup{|Ef(X) = Ef(Y)[: f : B =R, [ flleo <00,
If) = fODI = 11Qpx = Qpyllr.  Vx.y € B}, (19.3.40)

andif B =R, then k , , =: «, is the pth difference pseudomoment
o0
e 00Y) = p [ Fe) - Ryl
—00
o0
= / |Fo,y(x) — Fo,y(x)|dx. (19.3.41)
—0o0

Recall also that!”
k(X Y) = 0,(0,X.0,Y) =%,,(X.Y), VX.Y € X(B).
and thus, by (19.3.18), if E|| X, ||¥ + E||X||f < oo,n =1,2,..., then
Kpr(Xn, X) >0 < m(Xy,X) >0 and E[X,|] — E|X]].

In the next theorem we relax the restriction 1 < p < r < oo imposed in
Theorem 19.3.1.

Theorem 19.3.2. (a) Let Conditions 1 and 2 hold, p > 0, and 1/p < r < oo.
Assume that

T, (X, Y)) <1,,(X1, Y1) <00, j=12,.... (19.3.42)
Then

tp,r(Y,,,Y,,) <o), (X1,Y1) >0 asn — oo, (19.3.43)

where ag(n) = Y72, cf(n), 7 = pmin(l, r).

17See Example 4.4.3 and (4.4.41) in Chap. 4.
18See (4.4.42) and (4.4.43) in Chap. 4 and Remark 7.2.3 in Chap. 7.
19See Remark 7.2.3 in Chap. 7.
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(b) If X and Y consist of i.i.d. RVs, then k , . (X1, Y1) < oo implies
€pr (X0, Y,) < 050, (X1, Y1) = 0 asn — oo. (19.3.44)
Moreover, assuming that (19.3.31) holds, we have
Kpr (X0, Y1) < 050K (X1, Y1) = 0 asn — oco. (19.3.45)

Proof. (a) By Conditions 1 and 2,

Pr{ \/ cfm)(Q,X)@) + \/ e/ (2, Y1) <o) = 1.

Jj=1 Jj=1
Hence, as in Theorem 19.3.1, we have

o o0

0, | Vemx; |0 -0, \/cimy; | ©

j=1 j=1

=\ f (0, X)) (1) = \/ Z(n)(Q,Y))(1)

j=1 J=l1
<V S mIQ, X)) - (Q,Y))].
j=1

Next, denote 7 = min(1, 1/r) and then

r r
dt}

Tp,r(yna?n) =F /
T

Jj=1 j=1

Q) (\/ ¢j (n)X,-) -0, (\/ ¢ (n)Y,-) (1)

~

=E Z/TC_fr(n)l(QpX/)(t)—(Qij)(l)Irdt}

j=1

oo o

< Z C;rr(n)Tp.r(Xj, YJ) < Otﬁ(n)rp,,(Xl, Yl)
j=1

(b) Passing to the minimal metrics, as in Theorem 19.3.1 (b), we obtain (19.3.44)
and (19.3.45). O

The next corollary can also be proved directly using Lemma 19.2.3, noting that
K , is a max-ideal metric of order p.
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Corollary 19.3.3. Let X and Y consist of i.i.d. real-valued RVs and
Fy, (x) = exp{—1/x}, x > 0. Then

ICP(XIH Yl) E ap(”)Kp(Xls Yl)v p > 17 (19346)

where o, (n) = Y52, ¢¥ (n) and i , is given by (19.3.41).

The main assumption in Corollary 19.3.3 is £, , (X1, Y1) < oo. To relax it, we
will consider a more refined estimate than (19.3.37). For this purpose we introduce
the following metric:

1/(1+p)
i| , p>0,re]l,o0]. (19.3.47)

Xpr(X,Y) = |:suptp Pr{|X — Y|, >t}

t>0
Lemma 19.3.1. Forany p >0, x,, is a compound probability metric in X(B).
Proof. Let us check the triangle inequality. For any « € [0, 1] and any f > 0
Pr{|| X = Y|, > ¢} <P{|X — Z|; > ot} + Pr{[|Z = Y ||, > (1 — )1},

and hence x4 F'(X.Y) < a7 ? x0T (X, Z) + (1 — )7 x5 (Z. Y). Minimizing
the right-hand side of the last inequality overall & € (0, 1), we obtain x , . (X, Y) <
Xp,r(X’Z)+Xp,r(Zvy)' o

We will also use the minimal metric w.r.t. x ,, .
£, (X.Y):=x,,(X.Y), p>0. (19.3.48)

The fact that & , , is a metric follows from Theorem 3.3.1 in Chap. 3.
Lemma 19.3.2. (a) Let

1/(1+p)
ox(N) = [sup t? Pr{|| X|, > t}i| , N>0, X €X(B), (19.3.49)
t>N
and
1/(1+p)
n,,(X.Y):= |:suptpH,(X, Y)i| , (19.3.50)
t>0
where 1, is defined as in (19.3.11). Then for any N > 0 and p > 0
ep{(l+P) lfp 2 1’
T, <&, < f/:w) . (19.3.51)
ep,r ifp <1,

where £,,., p < 1, is determined by (3.3.12) and (3.4.18) with d(x,y) =
llx = »lI7:
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ZP(X, Y)=4,,(X.Y) :=sup{|Ef(X) - Ef(Y)|: f :B — R bounded,
/()= fDI < llx=ylIf, Vx,y €B}.
Moreover,

@x(N) =27/, (X.Y) + By (V/2)] (19.3.52)
and

EPTN(X.Y) < max[”(X.Y). 2N)’m(X.Y), 2P @5 (N) + @y (N))].

(19.3.53)

(b) In particular, if limy 00(@x,(N) + @x(N)) = 0, n > 1, then the following
statements are equivalent:

§,,(Xy, X) =0, (19.3.54)

0, (Xn, X) =0, (19.3.55)

7 (X,,X) —> 0 and lim supwy,(N) =0. (19.3.56)
N—>00n21

Proof. Suppose w(X,Y) > ¢ > 0. Then I1.(X,Y) > ¢ [see (19.3.14)], and thus
n,,(X,Y) > e, which gives n,, > m. Using 5,, < x,, and passing to the
minimal metric §,, = Xpr We get n,r < &,,.For p > 1, by Chebyshev’s
inequality, x ,, < EZ,/,(HP), which implies £ ,, < EZ(,(1+p). The case of p € (0, 1)
is handled in the same way, which completes the proof of (19.3.51).

The proof of (19.3.53) and (b) is similar to that of Lemma 8.3.1 and Theo-
rem 8.3.1.%° O

Open Problem 19.3.2. The equality n,,, = &, may fail in general. The problem

of getting dual representation for & ,, similar to that of Z,,,,. [see (19.3.9) and
(19.3.10)] is open.

The main purpose of the next theorem is to refine the estimate (19.3.37) in
the case of r = oco. By Lemma 19.3.2(b) and (19.3.18), we know that £, o is
topologically stronger than § , o, = X p.0o- Thus, in the next theorem we will show
that it is possible to replace £, oo with & , ., on the right-hand side of inequality
(19.3.37) with r = oo.

Theorem 19.3.3. (a) Let Conditions 1 and 2 hold and X and Y be sequences of
RV taking values in X (L) such that

Xp,oo(Xj7 Yj) < Xp,oo(Xlﬁ Yl) < 00, Vj > 1. (19357)

20For additional details, see Kakosyan et al. (1988, Lemmas 2.4.1 and 2.4.2 and Theorem 2.4.1).
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Then,
XpooXn Y) <o/ FPy  (X1.Y1) >0 asn—oo,  (19.3.58)

where oy :=al, p > 1.
(b) IfX and Y have i.i.d. components and Y , L Y1, then

£pooXn. Y1) <o)/ TP ()E, (X1, 7). (19.3.59)
In particular,
r(X,. Y)) <afUTPE, (X1 Y))

< a0, oo (X0, Y)P/OED, (19.3.60)

Proof. (a) By (19.3.2) and (19.3.33),

Xyi2(X,.Y,) < supu” Pr sup\/ le; ()X (t) —c; (m)Y; (1) > u

u>0 teT j=1

< Zsugu" Pr{sup|X (t) =Y, ()| > u/c;(n)
j= lu>

o0
Z M XX} Y)) S ep(m)X ool + p(X1. Y1),

(b) Passing to the minimal metrics in (19.3.58), similar to part (b) of Theo-
rem 19.3.1, we get (19.3.59). Finally, using inequality (18.2.52) we obtain
(19.3.60). O

Further, we will investigate the uniform rate of convergence of the distributions
of maxima of random sequences. Here we assume that X = {X,X;, j > 1},
Y :={Y,Y;, j > 1} are sequences of i.i.d. RVs taking on values in R‘f and

o0 o0
Xo:=\cmX;. Y,:=\/c,mY,. (19.3.61)
j=1 j=1

where the components Y @, i > 1, of Y follow an extreme-value distribution
Fyo(x) = ¢1(x)exp(—1/x), x = 0.
In addition, we will consider C € C [see (19.3.3)] subject to the condition

o
ap(n) = Zc;(n) —0asn — oo forany p > 1. (19.3.62)
j=1
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Denote a o x = (aVxM,a®@x@ ), bx := (bxV,bx@,...) foranya =
(a(l),a(z), ...) ER® x = (x(l),x(z), ...)ER® beR.

We will examine the uniform rate of convergence p(X,,Y) — 0 (as n — 00)
where p is the Kolmogorov (uniform) metric

p(X,Y) := sup{|Fx(x) — Fy(x)| : x € R*®}. (19.3.63)

Here, Fy(x) := Pr{ 2, [X® < xD]}, and x = (xV,x? . ..) is the DF of X.
Our aim is to prove an infinite-dimensional analog of Theorem 19.2.1 concerning
the uniform rate of convergence for maxima of m-dimensional random vectors [see
(19.2.12)].

First, note that the assumption that the components X ;k) of X are nonnegative
is not a restriction since p(X,,Y) = 10(\/?0=l Ccj (n))?j, Y), where ng,k) =
max(X{?,0), k > 12" As in (19.2.4), we define the weighted Kolmogorov
probability metric

p,(X,Y) :=sup{M?(x)| Fx(x) — Fy(x)| : x e R®}, p >0, (19.3.64)

where M (x) := inf;>; [x@|, x € R%®.
First, we will obtain an estimate of the rate of convergence of X, to Y in terms
P, p> 17
P :

Lemma 19.3.3. Let p > 1. Then
pp(Y,,,Y) <a,(m)p,(X,Y). (19.3.65)
Proof. For any x € R*®

MP(x)|Fx, (x) — Fy (x)| = M"(x)| Fx, (x) — Fy, ()]

< D MP@)|Fx; (x/e;(n) = Fy; (x/c; )] < ap(n)p, (X, Y),
j=1

O

The problem now is how to pass from estimate (19.3.62) to a similar estimate for
p(X,.Y). We were able to solve this problem for the case of finite-dimensional ran-
dom vectors (Theorem 19.2.1). A close look at the proof of Theorem 19.2.1 shows
that in the infinite-dimensional case, the max-smoothing inequality (Lemma 19.2.4)
is not valid.>? Further, we will use relationships between p, p »» and other metric

2ISee Remark 19.2.1.
22See Lemmas 19.2.2 and 19.2.3 for similar results.
23The same is true for the summation scheme; see (16.3.7) in Chap. 16.
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structures that will provide estimates for p(X,,, Y) “close” to that on the right-hand
side of (19.3.62).

The next lemma deals with inequalities between p, p ,, and the Lévy metric in the
space X*° = X(R*°) of random sequences. We define the Lévy metric as follows:

L(X,Y):=inf{e >0: Fx(x —ce) —e < Fy(x) < Fx(x + ¢e) + ¢} (19.3.66)

for all x € R*®, wheree := (1,1,...).

Open Problem 19.3.3. What are the convergence criteria for L, p, and p , in X*°?
Since L, p, and p p are simple metrics, the answer to this question depends on the
choice of the norm

00 1/p
||x||p=[2|x<”|f’} . xllee = sup |x@

i=1 1<i<oo
in the space of probability laws P(R*, || - || ,).
Lemma 19.34. (a) Forany 8 >0, X,Y € X*°

LY Xx.v)<E|Xx-Y|~,. (19.3.67)
where ||x[|oo := sup; s |x?],
L(X.Y) < p(X.Y), (19.3.68)

and
LPTH(X,Y) <27p (X, Y). (19.3.69)

(b) If Y = (Y(l), Y®, . ..) has bounded marginal densities pya, i = 1,2,...,
with A; := sup,cg Py (x) < oocand A=Y 72, A;, then

p(X,Y)<(1+ ALX,Y). (19.3.70)
Moreover, if X, Y € XP = X(RY) (i.e., X, Y have nonnegative components),
then
LPTH(X.Y) < p,(X.Y) (19.3.71)
and
P(X.Y) < A(p)Ar/HPp /0D (X Y), p >0, (19.3.72)
where

A(p) := (1 + p)p~?/0+D, (19.3.73)
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Proof. (a) Inequalities (19.3.67) and (19.3.68) are obvious. The first follows from
Chebyshev’s inequality, the second from the definitions of L and p. One
can obtain (19.3.69) in the same manner as (19.3.70), which we will prove
completely.

(b) Let L(X,Y) < e. Further, for each x € R*® and n = 1,2,..., let x, :=
(xM, ..., x™ 00,00,...). Then Fx(x,) — Fy(x,) < € + Fy(x, + ce) —
Fy(x,) <&+ [A; + ---+ Ayle. Analogously,

Fy(xy) — Fx(xp) < Fy(x,) — Fy(x, —ee) + e <e+[A +---+ A,]e.

Letting n — oo, we obtain p(X,Y) < (1 4+ A)e, which proves (19.3.70).
Further, let L(Y,Y) > & > 0. Then there exists xo € RS such that | Fx (x) —

Fy(x)| > ¢ forall x € [xo,x0 + €] [i.e, x© € [x{, x{" + ¢] forall i > 1].
Hence

p,(X,Y) > sup{M?”(x)e : x € [xo, X0 + ce]}

>¢inf  sup MP(x) =¢&'*P.
zERf X€[z,z+¢e]

Letting ¢ — L(X, Y) we obtain (19.3.71).
By (19.3.70) and (19.3.71), we obtain

p(X.Y) < (1+ A)p)/M+P (X, Y). (19.3.74)

Next we will use the homogeneity of p and p, to improve (19.3.74). That is,
using the equality

plcX,cY)=p(X,Y), p,(cX,cY)=cPp,(X,Y), ¢>0, (193.75)

we have, by (19.3.74),

1
p(X,Y) < (1 + —A) py/ TP (cX, cY)
C
= (PP 4 VD 4)pl /(X YY), (19.3.76)

Minimizing the right-hand side of (19.3.76) w.r.t. ¢ > 0 we obtain (19.3.72).
O

Theorem 19.34. Let y > 0 and a = (aV,a®,...) € RY be such that
Ala,y) == Y 52,@ )7 < oco. Then for any p > 1 there exists a constant
¢ =c(a, p,y) such that

p(X,.Y) < ca,(m)/"Tp (aoX,ao0y) /), (19.3.77)
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Remark 19.3.1. In estimate (19.3.77) the convergence index ., (n)"/!*77) tends to
the correct one o, (n) as y — 0 (Lemma 19.3.3). The constant ¢ has the form

¢ = (L+ PP A AP, (19.3.78)
where p := py and
A(y) ;= yexp[(1 + 1/y)(In(1 + 1/y) — 1)]. (19.3.79)

Choosing a = a(y) € R™ such that (a®)~"/YA(y) = k=% forany k > 1 and some
6 > 1, one can obtain that ¢ = c(a(y), p,y) — 1 as y — 0. However, in this case,
a® =a®(y) > ocoasy — Oforanyk > 1,and hence p (a0 X,a0Y) — oo as
y — 0.

Proof of Theorem 19.3.4. Denote

3(} i=aolX;, Yj =aoY;, pr(y):= supp(';(,-))l/y(x), (19.3.80)
x>0

where py () means the density of a real-valued RV X. Using inequality (19.3.72),
we have that forany p > y,i.e., p > 1,

o0
pX0¥) = p [\ ;)XY

Jj=1

IA

)  f
A(@(Zpk(y))pg“”) \/ ;XY 7| (19.3.81)

k=1 j=1

where A(Pp) is given by (19.3.73). Next we exploit Lemma 19.3.3 and obtain

o0
5|\ o)XY <o, (n)p5), (XY ). (19.3.82)
j=1

Now we can choose 7 := py. Then, by (19.3.81) and (19.3.82),

00 P/(1+p) _ _
p(X,.Y) < A(P) (Z pk(y)) ay(m)/FPp (XY )1 OFP),
k=1

(19.3.83)

Finally, note that since the components of Y have common DF ¢, then pi(y) =
(@®)~17 X(y), where A(y) is given by (19.3.79). O



456 19 Ideal Metric with Respect to Maxima Scheme of i.i.d. Random Elements

In Theorem 19.3.4, we have no restrictions on the sequence of C of normalizing
constants ¢;(n) [see (19.3.3) and (19.3.62)]. However, the rate of convergence
a,(n)/FPY) js close but not equal to the exact rate of convergence, namely, &, (1).

In the next theorem, we impose the following conditions on C, which will allow
us to reach the exact rate of convergence.

(A.1) There exist absolute constants K; > 0 and a sequence of integers m(n),
n=2,3,...,such that

m(n) 00
dem=Ki< > ¢ (19.3.84)
j=1 j=mm)+1

and m(n) < n.
(A.2) There exist constants 8 € (0,1), 8 > 0, &,,(n), and 8;,,(n),i = 1,2,...,
n=2,3,...,such that

Citm(n) = en(n)c;(n —m) + 8;p(n) (19.3.85)
and
00 1/(1+p)
{Z Ié’,-m(n)lﬂ} < 0Oa,(n) (19.3.86)
i=1

foralli =1,2,...,n=2,3,...,and m = m(n) defined by (A.1).
(A.3) There exists a constant K, such that

ap(n —m(n)) < Ky, (n). (19.3.87)

We will check now that the Cesaro sum (for any p > 1) satisfies (A.1) to (A.3).

Example 19.3.2. Cesaro sum [see (19.3.22)]. For any p > 1 we have
ap(n) =n'"r.

(A.1) Take m(n) = [n/2], where [a] means the integer part of @ > 0. Then
(19.3.84) holds with K; < % and, obviously, m(n) < n.

(A.2) Equality (19.3.85) is valid with ¢,,(n) = (n —m)/n and §;,, = 0. Hence,
6 = 0in (19.3.86).

(A3) K, := 2771,

Theorem 19.3.5. Let Y be max-stable sequences [see (19.3.4)] and C satisfy (A.1)
to (A.3). Let a € RY be such that

Ada) =Y 1/a" < oc. (19.3.88)

i=1
Letp>1,§:a0X,7:a0Y,and

Api=2,(X.Y) == max(p/ "TV(X.Y).p,(X.Y).Tp).
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where
Tp = OUEIX 5] HD + BT 1510,
and B, 0 are given by (A.2). Then there exist absolute constants A and B such that

Ap < A= p(X,,Y) < BAya,(n). (19.3.89)

Remark 19.3.2. As appropriate pairs (A, B) satisfying (19.3.89) one can take any
A and B such that A < Cg(p,a), B > Co(p, a), where the constants Cg and Cy are
defined in the following way. Denote

Ci(a) == 1+ 2/e)2A(@)/Ki, Caa) = Ci(a)(l + K»), (19.3.90)

Cs(a) := (2/e)*A(a), Cu(p.a):= (p/e)’B(a)~?, (19.3.91)
where B(a) := min;>; a®) > 0 [see (19.3.88)],

. Cs(a) p/(1+p)
Cs(p,a) :=4Cy(p,a)K; ", Ce(p,a):= A(p) ( X ) . (19.3.92)
where A(p) is given by (19.3.73),
Cr(p.a) = A(p)C3(a)? 1P,
Cs(p.a) := (2Cs(p.a)Ca(a))™' 77, (19.3.93)

and
Co(p,d) := max{1,Cs(p,a), C1(p,a)(1 v a,(2)) /1Py,

The proof of Theorem 19.3.5 is essentially based on the next lemma. In what
follows, X' v X", for X', X" € X(RS), always means a random sequence with DF
Fy/(x)Fx»(x), x € R, and X means a o X, where a € RY satisfies (19.3.88).

Lemma 19.3.5. (a) (p, is a max-ideal metric of order p > 0.) For any X', X",
ZeXRY)andc>0,p,(cX',cX")=cPp,(X',X"), p>0,and

p,(X'VZ. X"V Z)<p,(X'.X").

(b) (Max-smoothing inequality.) If Y is a simple max-stable sequence, then for any
X', X" e X(RY)and § > 0

p(X' VY. X"V 8Y) < Ca(p.a)s"p, (X . X"), (19.3.94)
p(X".Y) = Cr(p,a)p)/ P (X Y), (19.3.95)

where Cy4 and Cq are given in Remark 19.3.2.
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(c) Forany X', X", U,V € X(RY)

p(X' VU X"VU)<pX', XpU,V)+pX'VV,X"VV). (19.3.96)
Remark 19.3.3. Lemma 19.3.5 is the analog of Lemmas 15.3.2, 15.4.1, and 15.4.2
concerning the summation scheme of i.i.d. RVs.

Proof. (a) and (c) are obvious; see Lemmas 19.2.2 and 19.2.7.
(b). Let G(x) := exp(—1/x), x > 0, and

C(p) :=(p/e)’ =supx~?G(x). (19.3.97)
x>0

Then

Fy(x/8) < min Fyoy (</8) = min G(x/a8) = C(p)Bla)™" M(x)"§7.

Hence, by (19.3.91)and (19.3.97), p(X'V8Y . X"V8Y) < C4(p.a)s7p (X', X"),
which proves (19.3.94). Further, by Lemma 19.3.4 [see (19.3.72)], we have

o0

p/(1+p)
p(X'.Y) < A(p) (C(Z)Z 1/a<f>) p, (X', T)/0+P

i=1
= Cr(p,a)p, (X', 7)1/, D
Proof of Theorem 19.3.5. The main idea of the proofis to follow the max-Bergstrom

method as in Theorem 19.2.1 but avoiding the use of max-smoothing inequality
(19.2.16). If n = 1,2, then by (19.3.95) and Lemma 19.3.4 we have

o0
p(X,.Y) < Cr(p,a)p,/ "+ (\/ ci(mXi, Yi)

i=1

< Cy(p. @)a, ()P /T (X T,

Since A, > p)/"TP(X.Y) and Cr(p. a)ar,(n)/+P) < Ba,(n) forn = 1,2, we
have proved (19.3.89) forany A andn = 1, 2.
We now proceed by induction. Suppose that

p|\ ciOX;. Y | <Bla,k). Vk=1....n-1. (19.3.98)
j=1

Let m = m(n), n > 3, be given by (A.1). Then using the triangle inequality
we obtain
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o0
p\ X, Y| <0+ (19.3.99)
j=1
where
m o0 m o0
Jii=p \/ Cj(l’l)Xj \% \/ Cj(l’l)Xj, \/ Cj(ﬂ)Yj \% \/ Cj(l’l)Xj
j=1 j=m+1 j=l1 j=m+1
and
m . o0 — .
L=p|\/mY;v \/ ¢;mX;.Y
j=1 j=m+1
Now we will use inequality (19.3.96) to estimate J,
< J+J/, (19.3.100)
where
m . m — o0 . o0 .
He=p[\esmX;. \/c;Y;|p| \/ ¢;X;. \/ ¢;m)Y,
j=1 j=1 j=m+1 j=m+1
and
m o0 m o0
Jll/ =p \/ Cj(l’l)Xj \% \/ Cj(l’l)Yj, \/ Cj(l’l)Yj \% \/ Cj(ﬂ)Yj
j=1 j=m+1 j=1 j=m+1
Let us estimate J;. Since Y is a simple max-stable sequence,’*
o0 — o0
\ emY;ao| 3 ¢ | (19.3.101)
j=m+1 j=m+1

Hence, by (19.3.101), (19.3.70), (A.1), and (A.2), we have

oo oo

14 \/ cj(n)fj, \/ Cj(n)i‘;j

Jj=m+l j=m+l

2See (19.3.3) and (19.3.4).
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-1
2 2 o0 ‘ 00 00 o "
1+ (E) Z(a“) Z Cj(n)) L \/Cj+m(n)Xja\/Cj+m(n)Yj)
i=1 j=m+1 j=1 j=1

Jj=1

<Ci(a) [L (\/ (En(m)e; (n—m) + 8mmNX ;. \/ em(n)e;(n — m)i,»)
j=1

j=1
+L(

+L (\/ em(m)c;(n—m)Y ;. \/ (em(n)c; (n —m) + S,m(n))?j)
j=1

<Ci(a)L (\/(em<n>,-<n—m)+8,»m<n>ﬁ,», \/ Em(n)e; (n—m)+5,-m<n>)7,»)
j=1

<<z

j=1

em(n)c;(n — m)fj, \/ em(n)c;(n — m)yj)

j=1
=:Ci(a)(I; + b + I5). (19.3.102)

where Cj(a) is given by (19.3.90). Let us estimate /; using (A.2) and inequality
(19.3.67):

. 1/(1+8)
I < {E \/ em(m)c;(n—m) + 8;m ()X —em(n)c,-(n—mﬁf,-lléo}
j=1
1/(1+8)
i o~ o~
< {EZIS,-mlﬂllleléo} < Oa, (M{E( XI5V P (19.3.103)
j=1
Analogously,

Iy < B, (W){E|Y||E}/0+P), (19.3.104)

To estimate /,, we use the inductive assumption (19.3.98), condition (A.3), and
(19.3.68):

L <p \/ em(n)c;(n —m)fj, \/ em(m)c;(n —m)Yj)

J=1 Jj=1

< BA,ya,p(n —m) < Ky3BA,a,(n). (19.3.105)
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Hence, by (19.3.102)-(19.3.105) and (19.3.90), we have

o o0

ol V X, \/ ¢;mY; | = (@[T + KaBAyJea(n)
j=m+l1 Jj=m+l1

< Cy(a)BAap(n). (19.3.1006)

Next, let us estimate p(\/_; ¢, (n)yj,VTzlcj (n)Y ;) in J|. Since Y is a
simple max-stable sequence,’> we have

m

\ e;mY; 23 c;mY. (19.3.107)

Jj=1 Jj=1

Thus, by (19.3.72), (19.3.92), and (A.1),

m m
p| VX, \ ey,
Jj=1 j=1
_112/(+p)
oo m
= A(p) (2/6)22 a(i)ch(n) p, (X, Y)//0+p
i=1 =1
< Co(p.a)1})/ TP < Co(p.a)A" D). (19.3.108)

Using the estimates in (19.3.106) and (19.3.108) we obtain the following bound
for J:

1
J| < Ce(p,a) AT Cy(a) B oty (1) < EB/\pa,,(n). (19.3.109)

Now let us estimate J|'. By (19.3.94), (19.3.101), (A.1), and (19.3.65), we have

-p
JI' < Cu(p,a)p, \/Cj(n)}?j,\/cj'(n)?j Z cj(n)
j=1 j=1 j=m+1
< Cy(p,a)K,"Apap(n). (19.3.110)

Analogously, we estimate J; [see (19.3.99)]

25See (19.3.3) and (19.3.4).
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-p
o0 o0 m
J» < Cu(p,a)p, \/ cj(n)X;, \/ cj(n)Y; ch(n)
j=m+1 j=m+1 j=1
< Cy(p,a)K; "Ap0p(n). (19.3.111)
Since 2C4(p,a)K,; " < B/2 (Remark 19.3.2),
1
J'+ < Ekaap(n) (19.3.112)

by (19.3.110) and (19.3.111). Finally, using (19.3.99), (19.3.100), (19.3.109), and
(19.3.112) we obtain (19.3.98) for k = n. O

In the case of the Cesaro sum (19.3.22), one can refine Theorem 19.3.5 following
the proof of the theorem and using some simplifications (Example 19.3.1). That is,
the following assertion holds.

Corollary 19.34. Let X, X1, X5,... be a sequence of i.i.d. RVs taking values
in R?. Let Y = YWD, YD ) be a max-stable sequence®® with Fya (x) =
exp(—1/x), x > 0. Let a € R satisfy (19.3.88). Denote 1, 1= A,(X,Y) 1=
max{p(X,Y),p,(X,Y)}, X :==aoX,Y :=aoVY. Then there exist constants C
and D such that

2, <C=p ((1/n) \/ X Y) < DA,n'"r, (19.3.113)
k=1

Remark 19.3.4. As an example of a pair (C, D) that fulfills (19.3.113) one can
choose any (C, D) satisfying the inequalities
CD3)" ' <

1. D >max(2”,4Cy4(p,a)(2"" + 67)),

where Cy4(p, a) is defined by (19.3.91).

Remark 19.3.5. Let Z,,Z,,... be a sequence of i.i.d. RVs taking values in the
Hilbert space H = (R%, | - ||2) with EZ; = 0 and covariance operator V. The
CLT in H states that the distribution of the normalized sums 7 =n12 Z?:l Z;
weakly tends to the normal distribution of an RV Z € X(H) with mean 0 and
covariance operator V. However, the uniform convergence

p(Fz

)
n

Fz):= sup |F5 (x) — Fz(x)| > 00 n— o0
x€ER®

26See (19.3.4).
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may fail.?” In contrast to the summation scheme, Theorem 19.3.5 shows that under
some tail conditions the distribution function of the normalized maxima X ,, of i.i.d.
RVs X; € X(R*) converges uniformly to the DF of a simple max-stable sequence
Y. Moreover, the rate of uniform convergence is nearly the same as in the finite-
dimensional case (Theorems 19.2.1 and 19.2.3). Furthermore, in our investigations
we did not assume that R*® had the structure of a Hilbert or even normed space.

Open Problem 19.3.4. Smith (1982), Cohen (1982), Resnick (1987b), and
Balkema and de Haan (1990) consider the univariate case (X, X1, X2, --- € X(R))
of general normalized maxima?®

p (a,, \/ Xi —bn,Y) <c(X1.YV)gx,(n), n=12,....

i=1

To extend results of this type to the multivariate case (X, X1, X2, -+ € X(B)) using
the method developed here, one needs to generalize the notions of compound and
simple max-stable metrics>’ by determining a metric Mg in X(B) such that for any
X1, X, Y eX(B)andc >0

o (c(X1 VYY), c(XaVY)) < dp(c)pg(X1, Xa),

where ¢ : [0,00) — [0, 00) is a suitably chosen regular-varying with nonnegative
index, strictly increasing continuous function, ¢ (0) = 0.

19.4 Double Ideal Metrics

The minimal £ p-metrics are ideal w.r.t. summation and maxima of order r, =
min(p, 1). Indeed, by Definition 15.3.1 in Chap. 15 and Definition 19.2.1, the p-
average probability metrics®

L,(X,Y) = (E|X =Y[P)y™ VP 0 < p < oo,
Loo(X.Y) =esssup [ X =Y, XY eXx?:=2%R?, (194.1)

are compound ideal metrics w.r.t. the sum and maxima of random vectors, i.e., for
any X,Y,Z € X4

L,(cX+Z,cY+Z)<|c|"L,(X,Y), ceR, (19.4.2)

?TSee, for example, Sazonov (1981, pp. 69-70).
28See also Theorem 19.3.4.

See (19.3.5) and Lemma 19.3.5(a).

30See also Example 3.4.1 in Chap. 3.
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and
LycXVZ,cYVZ)<cPL,(X.Y), ¢>0, (19.4.3)

where x vV y = (xI v y® x@ v y@) Denote as before by Zp the
corresponding minimal metric, i.e,

L,X.Y)=inf{£,X.V):X<X.Y<Y}, 0<p<o (19.4.4)
Then, by (19.4.2) and (19.4.4), the ideality properties hold:
L(cX +Z.cY +Z) <|c|"L(X.Y), ceR, (19.4.5)
and
Ly(cXVZ,cYVZ)<c"Ly(X,Y), ¢>0, (19.4.6)

forany X,Y € X4 and Z independent of X and Y3 In particular, if X, X, ...
are i.i.d. RVs and Y4 has a symmetric stable distribution with parameter « € (0, 1),
and p € («, 1], then one gets from (19.4.2)

L, (n_l/“ > X, Y(a)) <n'PIL (X1, Yi), (19.4.7)

i=1

which gives a precise estimate in the CLT under the only assumption that
Zp(Xl, Y@) < oo. Note that Z],(X, Y) < 00 (0 < p < 1) does not imply the
finiteness of pth moments of || X | and ||Y||. For example, in the one-dimensional
case,d = 1,32

Li(X,Y) = / |Fy(x) — Fy(x)|dx, X.,Y €X', (19.4.8)
R

and therefore, Zl(X 1, Y@) < oo is a tail condition on the DF Fy implying
E|Xi| = 4oo. Similarly, by (19.4.6), if Z(,) is a-max-stable distributed RV on
R! G.e., Fz, = exp(—x7%),x > 0),thenfor0 <o < p <1

L, (n_l/“ \/ X Z(Q)) <n'"PL X\, Ziw), (19.4.9)

i=1

for any i.i.d. RVs X;.

31See, for example, Theorem 7.2.2 in Chap. 7.
32See Corollary 7.4.2 in Chap. 7.
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In this section we will investigate the following problems posed by Zolotarev
(1983, p. 300):

“It is known that there are ideal metrics or order s < 1 both in relation to the operation of
ordinary addition of random variables and in the relation to the operation max(X, Y). Such
a metric of first order is the Kantorovich metric. ‘Doubly ideal metrics’ may be useful in
analyzing schemes in which both operations are present (schemes of this kind are actually
encountered in certain queueing systems). However, not a single ‘doubly ideal’ metric of
order s > 1 is known. The study of the properties of these doubly ideal metrics and those
of general type is an important and interesting problem.”??

We will prove that the problem of the existence of doubly ideal metrics of order
r > 1 has an essential negative answer. In spite of this, the minimal L p-metrics
behave like ideal metrics of order r > 1 with respect to maxima and sums.**

First, we will show that Z,,, in spite of being only a simple (r,, +)-ideal metric,
i.e., ideal metric of order r, w.r.t. a summation scheme,® rp = min(l, p), it acts as
an ideal (r, +) metric of orderr = 1 + o —a/p for 0 < o < p < 2. We formulate
this result for Banach spaces U of type p. Let {Y;};> be a sequence of independent
random signs,

PY;=1)=P¥;, =—1)=1/2.

Definition 19.4.1 (See Hoffman-Jorgensen 1977). For any p € [1,2] a separable
Banach space (U, || - ||) is said to be of type p if there exists a constant C such that
foralln € Nand x{,...,x, € U

n p n
E|Y Yix| =€) x| (19.4.10)

i=1 i=1

The preceding definition implies the following condition:*® there exists 4 > 0
such that for all n € N := {1,2,...} and independent X,..., X, € X(U) with
EX; = 0 and finite E || X;||? the following relation holds:

n n
E|Y x| =AY E|x|”. (19.4.11)

i=1 i=1

p

Remark 19.4.1. (a) Every separable Banach space is of type 1.

(b) Every finite-dimensional Banach space and every separable Hilbert space is of
type 2.

(c) L7:={X € X': E|X|9 < oo} is of the type p = min(2,q) Vg > 1.

33The Kantorovich metric referred to by Zolotarev in the quote is (19.4.8) in this chapter.

34See Rachev and Riischendorf (1992) for applications of double ideal metrics in estimating
convergence rates.

33See Definition 15.3.1.
36See Hoffman-Jorgensen and Pisier (1976).
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) 4, :=

o
X eR®,|x[lf:= X [xW)7 < oo} is of type p = min(2,¢),q > 1.
j=1

Theorem 19.4.1. IfU isof type p, 1 < p <2, and0 < o < p < 2, then for any
i.id. RVs X1,..., X, € X(U) with EX; = 0 and for a symmetric stable RV Y ) the
following bound holds:

z, (n—l/“ > X, Y(a)) < B,n''"7VUL (X1, Y, (19.4.12)

i=1
where B, is an absolute constant.

Proof. We use the following result of Woyczynski (1980): if U is of type p, then
for some constant B, and any independent Z,, ..., Z, € X(U) with EZ; =0

n
>

i=1

q n q/p
E <BJE (Z 1Z; IIP) , g>1 (19.4.13)

i=1

Let Yy,...,Y, € X(U) be independent, Y; < Yawithen Z; = X; = Y;,1 <i <n
are also independent. Take Y () = n=l/e >, Y:. Then, from (19.4.13) withg = p
it follows that

cr (n_l/“ > X Y(a)) < BIn'"PlLO(Xy. 1Y). (19.4.14)
i=1
Passing to the minimal metrics in the last inequality we establish (19.4.12). O

From the well-known inequality between the Prokhorov metric & and L p,37
ot < (L), p=1, (19.4.15)

we immediately obtain the following corollary.

Corollary 19.4.1. Under the assumptions of Theorem 19.4.1,

T (n—l/a ZXi’ Y(a)) < Bg/(p+l)n(l_p/a)/(p+l)zp(X1, Y(a))p/(p+l) (19.4.16)

i=1
forany p € [1,2] and p > «.

Remark 19.4.2. Forr = p € [1, 2] therates in (19.4.16) and in Zolotarev’s estimate

37See (8.3.7) and (8.3.21) in Chap. 8.
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T (n_l/“

where 0 < @ < r < oo and C is an absolute constant, are the same. On the
right-hand side, ¢, is Zolotarev’s metric.’® A problem with the application of ¢, for
r > 1 in the infinite-dimensional case was pointed out by Bentkus and Rackauskas
(1985). In Banach spaces, the convergence w.r.t. §,, r > 1, does not imply weak
convergence. Gine and Leon (1980) showed that in Hilbert spaces ¢, does imply the
weak convergence, while by results of Senatov (1981) there is no inequality of the
type £, > cm“, a > 0, where c is an absolute constant. Under some smoothness
conditions on the Banach space, Zolotarev (1976) obtained the estimate’

i=1

,||Y<a)||) < Cp= NN (X, V), (194.17)

A TAXN YD) < CEL (X, Y), (19.4.18)

where C = C(r). Therefore, under these conditions, (19.4.17) follows from the
ideality of ¢, : &, (n™1/® Y '_1 Xi, Y(a). It was proved by Senatov (1981) that the
order in (19.4.17) is the right one for r = 3, @ = 2, namely, n~'/%. The only known

upper estimate for ¢, applicable in the stable case is*’
'l+o
;rfﬁv,, r=m+a, O<a<1, meN, (19.4.19)
where
v (X,Y) = / lx]I"| Prx — Pry |(dx) (19.4.20)

is the rth absolute pseudomoment. So v, (X1, Y)) < oo ensures the validity of
(19.4.17).

In contrast to the bound (19.4.17), which concerns only the distance between
the norms of X and Y, estimate (19.4.16) concerns the Prokhorov distance m (X, Y)
itself, which is topologically strictly stronger thanz (|| X ||, ||Y ||) in the Banach space
setting and is more informative. Furthermore, it follows that*!

Zﬁ(X,Y)52”lcp(X,Y)§2”v,,(X, Y), (19.4.21)
where k,, r > 0, is the rth difference pseudomoment,

(X, Y)=inf{Ed,(X.Y): X 2 XY 21}

38See (15.3.1) in Chap. 15.

¥See Zolotarev (1976, Theorem 5).
40See Zolotarev (1978, Theorem 4).
41See Zolotarev (1978, p. 272).
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=sup{|Ef(X)—Ef(Y)|: f : U — R bounded
|f(x)—f(J’)| fdr(xvy)7 X,y EU}’ (19422)

and d.(x,y) = |x|x|”™" = yyI"~"|I.** Since the problem of whether
Kk (X,Y) <00, E(X —Y)=0implies§{.(X,Y) < oo is still open for 1 <r < 2,
the right-hand side of (19.4.16) seems to contain weaker conditions than the right-
hand side of (19.4.17).

Remark 19.4.3. If U = L” [see Remark 19.4.1(c)], then with an appeal to the

Burkholder inequality one can choose the constants B), in (19.4.16) as follows:*
Bi=1, B,=18p*?*/(p—1)'? for 1 <p<2. (19.4.23)

Remark 19.4.4. Let1 < p <2,let (E, &, u) be a measurable space, and define

Cpp =4X  (E.€x (0, A— R, BY 1 | X],, < oo}, (19.4.24)

where || X ||, = E(f|X(t)|Pd,u(t))1/1’; (pus |l = Il p,e) is @ Banach space of
stochastic processes.** Let X,...,X, € X({,,) with EX; = 0. Recall the
Marcinkiewicz—Zygmund inequality: if {§,,n > 1} are independent integrable RV's
with E§, = 0, then for every p > 1 there exist positive constants A, and B, such
that*

1/2 1/2

4,18 <I1>&| <8, ||> & . (19.4.25)
j=1 j=1 j=1

P

By the Marcinkiewicz—Zygmund inequality,

= E/ gxi(z)

P n p/2
E du(r) < / BJE (Z X?(z)) du ().
i=l1

>
i=1

P
Pl
Since p < 2, we obtain from the Minkowski inequality

n
>
i=1

E

n n
=8, 2 F [ X010 = B, Y 1%,
i=1 i=1

p
P

428ee Remark 7.2.3 in Chap. 7.

43See Chow and Teicher (1978, p. 396).

41t is identical to £? for one-point measures /L.

43See Shiryayev (1984, p. 469) and Chow and Teicher (1978, p. 367).
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ie., £,, is of type p, and therefore one can apply Theorem 19.4.1 and Corollary
19.4.1 to stochastic processes in £ ;.

For 0 < o < 2p < 1 we have the following analog of Theorem 19.4.1 using
the same metric as in Sect. 19.3 (Lemma 19.3.2 and Theorem 19.3.3). Again, let
(U, || - ) be of type p and let § , be the minimal metric w.r.t. the compound metric

1/(1+p)
i| , p>0.

Xp,(X,Y) = |:supt” Pr{|X - Y| >t}
t>0

Then the following bound for the £ ,-distance between the normalized sums of
i.i.d. random elements in X = X(U) holds.

Theorem 19.4.2. Let Xy,..., X, € X bei.id, letY,,...,Y, € X be i.i.d., and let
0<a<2p <1 Then

n n
z, (n_l/“ Yo XinVe Ny Y,) < Bn'/?7Ve (g, (X Y1)PTY2 0 (19.4.26)

i=1 i=1
where B, is an absolute constant.
Proof. We have

n—l/oz Xn: Xi_nl/oz Xn: Y;

i=1 i=1

p p

E =n"PE

Y (X —Y)

i=1

n P
SWWT(XN&—KD

i=1

1/2
< Bpn_]’/“ﬁ (supc2 Pr(| X1 — Y1|” > c))
>0

= Bpn ™" i), (X, V)P H2

the last inequality follows from Pisier and Zinn (1977, Lemma 5.3). Passing to the
minimal metrics, (19.4.26) follows. O

Remark 19.4.5. From the ideality of order p of Z,, [see (19.4.5)] for 0 < p <1
one obtains for 0 < o < 2p < 1 the bound

L, (n_l/“ > Xy Y,) <n'PIL (X, 7)), (19.4.27)

i=1 i=1

and by the Holder inequality,
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L, (n‘”“ anx,-,n—‘/“ ZY) < Lo (n“/“ fxi,n—l/“ Z n)

i=1 i=1 i=1 i=1

< 'L (X1, ). (19.4.28)

Since (§,,(X1.Y1)'*? <= Lyp(X1.Y)) for p < 1/2 [see (19.3.51)], the

condition Ezp(Xl, Y1) < oo is weaker than the condition ZZP(XI, Y)) < oo
Comparing the estimates (19.4.27) and (19.4.26), it is clear that (19.4.26) has the
better order, (1 — p/a > 1—2p/a > (1/2p) — (1/a)). However,

L,(X1.Y1) < 265, (X, Y)PTD/2, (19.4.29)

and thus the fail condition in (19.4.27) is weaker than that in (19.4.26). To prove
(19.4.29), it is enough to show that

L,(X1. Y1) < 2)5, (X1, Y1) D2, (19.4.30)

The last inequality follows from the bound

o0
Edp(Xl,Yl)pr—i-/ Pr(d(Xl,Y1)>t)ptP_ldt
T
ST? + (X, (X0 Y)!T'T™P, T >0,

after a minimization with respect to 7.

Up to now we have investigated the ideal properties of L p W.r.t. the sums of i.i.d.
RVs. Next we will look at the max-ideality of L > and this will lead us to the doubly
ideal properties of L -

First, let us point out that there is no compound ideal metric of order r > 1 for
the summation scheme while compound max-ideal metrics of order r > 1 exist.

Remark 19.4.6. It is easy to see that there is no nontrivial compound ideal metric
@ w.r.t. the summation scheme when r > 1 since the ideality (Definition 15.3.1)
would imply

X+ 4X Y4tV

wX.Y)=p ( , ) <n'""u(X,Y), VneN,
n n

ie, u(X,Y) € {0,00}, VX,Y € X(U).
On the other hand, the following metrics are examples of compound max-ideal
metrics of any order. For U = R! and any 0 < p < oo define for X,Y € X(R!)

(o] q
A, ,(X,Y)= (/ ¢§’Y(x)|x|rp_ldx) (19.4.31)
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and
A, o(X,Y) = sup |x|"pxy(x),

x€R!
where ¢ = min(1,1/p) and ¢pxy(x) = Pr(X <x <Y)+Pr(Y <x < X). It
is easy to see that A, , is a compound probability metric. Obviously, for any ¢ > 0
the following relation holds:

[e¢) q
A p(cX.cY) = (/ ¢§’Y(x/c)|x|"”‘1dx) =c""A,,(X,Y),

and A, o (cX,cY) = ¢" A oo(X,Y). Furthermore, from{X vVZ <x <YV Z} C
{X < x < Y}, which can be established for any RVs X, Y, Z by considering
the different possible order relations between X, Y, Z, it follows that A, , is a
compound max-ideal metric of order r(1 A p) for0 < p <ocoand 0 < r < o0.
Note that A, , is an extension of the metric ® , defined in Example 3.4.3 in
Chap. 3;in fact, ® , = A ,. Following step by step the proof of Theorem 7.4.4 one

can see that the minimal metric A, , has the form of the difference pseudomoment
~ o0 q
B0 = ([ 1w - Brep |x|’f’—1dx) (19.4.32)
—00

for p € (0, 00), and Kr,oo(X, Y) = sup,cpi |X|"|Fx(x) — Fy(x)| is the weighted
Kolmogorov metric p, [see (19.2.4)]. Thus, if Z ) is an a-max-stable distributed
RV, then as in (19.2.5) and (19.4.9) we obtain

Kr.p (n—l/a \/ Xis Z(oc)) = nl_r*/azr,p(Xls Z(a)),

where r* :=r(1 A p).

Next we want to investigate the properties of the £,-metrics w.r.t. maxima.*®

Following the notations in Remark 19.4.4 we consider for 0 < A < oo the Banach
space U = ), ={X : (E,&) x (2, A) - (R, BY); | X||lx.x < 00}, where

/A%
| X5, :=E (/ |X(t)|*du(t)) for0 <A <oo, A*=1v2,

and define, for X, Y € U, X VY as the pointwise maximum, (X VY)() = X(¢) v
Y(¢),t € E. Following the definition of a simple max-stable process [see (19.3.40)]
we call Zy) an a-max-stable process if

Zw =n7"\/ Y (19.4.33)

i=1

46See (19.4.1) and Example 3.4.1 in Chap. 3.
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for any n € N and the Y; are i.i.d. copies of Zy).
The proof of the next lemma and theorem are similar to that in Theorem 19.4.1
and thus left to the reader.

Lemma 19.4.1. (a) For0 < A < ooand0 < p < oo, L, is a compound ideal
metric of order r = 1 A p, with respect to a maxima scheme, i.e., (19.4.6) holds.

(b) If X1,..., X, € X(£y ) are i.id. and if Z ) is an a-max-stable process, then
forr=1Ap

Lz, (n_l/“ V2 & z(a)) <n'"L (X1, Zw).- (19.4.34)

i=1

Estimate (19.4.34) is interesting for r < « only; for | < p < 1 < oo one can
improve it as follows (Theorem 19.3.1).

Theorem 19.4.3. Let 1 < p < A < oo, then for Xy,..., X, € X({y,) iid. the
following relation holds:

Lz, (;r”“ \ X, z(a)) <n'P7VEL (X1, Ziy). (19.4.35)

i=1

Remark 19.4.7. (a) Comparing (19.4.35) with (19.4.34) we see that actually Zp
“acts” in this important case as a simple max-ideal metric of order + 1 — ¢/ p.
Forl < pitholdsthat1/p —1/a < 1—1/a,i.e., (19.4.35) is an improvement
over (19.4.34).

(b) An analog of Theorem 19.4.3 holds also for the sequence space £, C R*
[Remark 19.4.1(d)].

Now we are ready to investigate the question of the existence and construction
of doubly ideal metrics. Let U be a Banach space with maximum operation V.

Definition 19.4.2 (Double ideal metrics). A probability metric u on X(U) is
called

(a) (r,I)-ideal if w is compound (r, +)-ideal and compound (r, \V)-ideal, i.e., for
any X1, Xp,Y,and Z e X(U) andc > 0

L(X1 4 Y, X+ ) < u(X1, Xo), (19.4.36)
w(XyvZ, X v Z) < p(X, Xa), (19.4.37)

and
ple X1, cXa) = " n(Xy, X2); (19.4.38)

(b) (r,I)-ideal if p is compound (r,V)-ideal and simple (r,+)-ideal, i.e.,
(19.4.36)-(19.4.38) hold with Y independent of X;;
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(¢) (r,I)-ideal if u is simple (r, V)-ideal and simple (r, 4+)-ideal, i.e., (19.4.36)—
(19.4.38) hold with Y and Z independent of X;.

Remark 19.4.8. In the preceding definition (c) the metric i can be compound
or simple. An example of a compound (1/p,IlI)-ideal metric is the @ ,-metric

(p=1DY

00 1/p
0,X,Y):= {/ (Pr(X<t<X72)+ Pr(X2<t < X)))Pdt , 1<p < o0,
—00

O, (X, Y) = sup(Pr(X; <t < Xp) +Pr(X, <t < X))).

teR!

Remark 19.4.9. Note that if w is an (r, I)-ideal metric, then one obtains for {X;}
iid., {X7}iid.

k k n n
Sii=Y X, Sp=Y X[ Zy:=n""\/ S ZF :=n"""\/ S (19.4.39)

i=1 i=1 k=1 k=1

the estimate
WMZo Z7) <" p (\/ Sk \/ Sk)
k=1

<n —r/a ZI"L(Sk Sk) < n—r/ot ZZ'U“(X]’X ) (19.4.40)

k=1j=1

and, hence, for the minimal metric [t we get

(Zy. Z)) < BXL X)) < n® 790X, X5, (19.4.41)

(”l + 1) " Ja~
2
which gives us a rate of convergence if 0 < « < r/2. Therefore, from the known
ideal metrics of order r < 1 one gets a rate of convergence for « € (0, %). It is
therefore of interest to study Zolotarev’s question for the construction of doubly
ideal metrics of order r > 1.

Remark 19.4.10. L,,0 < p < oo, is an example of a (1 A p,I)-ideal metric. We

saw in Remark 19.4.6 that there is no (r, I)-ideal metric for r > 1. L p 18 (7, 1I)-ideal
metric of order r = min(1, p).

We now show that Zolotarev’s question on the existence of an (r,II)- or an
(r, IT)-ideal metric has essentially a negative answer.

47See (3.4.12) and (19.4.31).
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Theorem 19.4.4. Let r > 1, let the simple probability metric u be (r, 11)-ideal on
X(R), and assume that it satisfies the following regularity conditions.

Condition 1. If X, (resp. Y,,) converges weakly to a constant a (resp. b), then

lim w(X,.Y,) > u(a.b). (19.4.42)

Condition 2. u(a,b) =0 < a =b.
Then for any integrable X, Y € X(R) the following holds: u(X,Y) € {0, oo}.

Proof. If ju is a simple (r, +)-ideal metric, then for integrable X,Y € X(R')
the following holds: w((1/n) Y "'_, Xi, (1/n) Y7_, Y;) < n'"wu(X,Y), where
(X;,Y;) are i.i.d. copies of (X,Y). By the weak law of large numbers and
Condition 1, we have

— (1 1 <
EX.EY) <1 “Nx.-Y'r ).
11( )_lmu(n; n; )

Assuming that u(X,Y) < oo, we have u(EX,EY) = 0,ie., EX = EY
by Condition 2. Therefore, u(X,Y) < oo implies that EX = EY. Therefore, by
w(Xva,Yva) < u(X,Y), wehavethat E(X va) = E(Y va) foralla € R!,ie.,
JEoPr(X < x) —Pr(Y < x)dx = Oforalla € R'. Thus X £ ¥, and therefore
wX,Y)=0. O

Remark 19.4.11. Condition 1 seems to be quite natural. For example, let 7 be a
class of nonnegative lower semicontinuous (LSC) functions on R? and ¢ : [0, 00) —
[0, 00) continuous, nondecreasing. Suppose i has the form of a minimal functional,

WX, Y) = inf§¢> (sup Ef(?(’,?)) XEx7< Y} , (19.4.43)
feF

with respect to a compound metric E f (5(, 7) with a Z-structure.*® Then p is LSC
on X(R?), i.e., (X, Y,) — (X,Y) implies

liminf (X, Y,) > w(X.Y), (19.4.44)
n—oo

so Condition 1 is fulfilled. Actually, suppose liminf, o0 (X,,Y,) < pu(X,Y).
Then for some subsequence {m} C N, u(X,,Y,) converges for somea < u(X,Y).
For f € F the mapping hs : X(R?) — R, hs(X,Y) := Ef(X,Y) is LSC.
Therefore, also ¢(sup ;e h ) is LSC and there exists a sequence (} " 7,7,) with

48See (4.4.64) in Chap. 4.
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Xm < X, 7,7, 4 Y,, such that u(X,,, Y,,) = ¢(sup hf(fm, Ym)). The sequence
fer

{Am 1= Pry 7 }m>1 is tight. For any weakly cbnvergent subsequence A,,, with

ms

limit A, obviously A has marginals Pry and Pry. Then for (3(, 7) with distribution A
a = liminf (X, . Yp,) = liminf E¢ | sup (X, ¥ mp)
k k feF

> E¢ (sup h f(')?i)) > u(X.Y),
feF

which contradicts our assumption. Therefore, (19.4.44) holds.

Despite the fact that (r, III)-ideal and, thus, (r, II)-ideal metrics do not exist, we
will show next that for 0 < @ < 2 the metrics £, for 1 < p < 2 *act” as (r, II)-ideal
metrics in terms of the rate of convergence problem £,(Z,, Z;) — 0 (n — 00),
where Z, and Z are given by (19.4.39). The order of (r, II)-ideality is r = 2« +
1 —a/p > 2a, and therefore we obtain a rate of convergence of n%~"/% [see below
(19.4.48)].

We consider first the case where {X;}, {X} in (19.4.39) are ii.d. RVs in

. . 1/p
U - 1) = Ly, |l - lIp), where for x = {xV} € £,, ||x]|, = (Z?il |x(”|p)
[Remark 19.4.1(d)]. For x, y € £, we define x v y = {x\) v y()},

Theorem 19.4.5. Let0 <o < p <2, 1 < p <2, and E(X, — X{) = 0; then for
Z, and Z given by (19.4.39)

Lp(Za. Z7) < (p/(p = 1) Bpn"/ P71 L (X1, XT), (19.4.45)

where the constant B, is the same as in the Marcinkiewicz—Zygmund inequality
(19.4.25). In the Hilbert space (£, || - ||2) the following relation holds:

Lo(Z,. Z) < N2n' 77Vl (X1, X7). (19.4.46)

In particular, for the Prokhorov metric T we have
n(Z,.Z") < (p/(p — 1))p/(p+1)B;}/(p+1)n(l—p/a)/(p+1)2£/(p+l)(Xl’ X5).
(19.4.47)
Proof. Let ()7 i Yl*) be independent pairs of random variables in X(£,). Then for
S =30 X, 5 =Y%_ X* we have

(o Y1) e (U5, )
k=1 k=1

i=1 k=1
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00 n n P
— n—p/aE Z \/ 'Sv']((j) _ \/'Sv']t(j)
J=1lk=1 i=1
0 n
< n Pl E Z \/ I'S’](Cj) _'S«'Z(j)|p
j=lk=1
o n
— n—p/ot ZE \/ I'S’]((j) _Sv';:(])|p
=1 k=1
o
<Y (p/(p = DY E[SY =S 0p.

Jj=1

The last inequality follows from Doob’s inequality.*> Therefore, we can continue
applying the Marcinkiewicz—Zygmund inequality (19.4.25) with

IA

oo n r/2
nprle Z(p/(p _ 1))1’BﬁE [Z(Yf” _ y;k(j))z]

j=1 i=1

o0 n
(P/(P— 1))PB£n—p/a ZZED(Z(]) _X;"(])Ip

j=li=1

= (p/(p— D)’ BIn'P/*L0(X,, X7): (19.4.48)

IA

the last inequality follows from the assumption that p/2 < 1. Passing to the minimal
metrics we obtain (19.4.45) and (19.4.46). Finally, by means of x”*! < L} we
obtain (19.4.47). O

The same proof also applies to the Banach space £, [(19.4.24) and Theo-
rem 19.4.3].

Theorem 19.4.6. If0 <a < p <2, 1 < p <2 and Xy,..., X, € X({,,) are
iid and X{,..., X} € X({,,) areiid. such that E(X; — X[') = 0, then

L, (f“a \/ Se.n™\/ S;) < (p/(p—D)Bn"P7VL, (X1, XT)
k=1 k=1
(19.4.49)
and

w(Z,Z) < (p(p — 1))1’/(1+P)Bg/(lﬂ’)n(l_”“)/("“)E;“"H)(Xl,Xl*).

(19.4.50)

49See Chow and Teicher (1978, p. 247).
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For an application of Theorem 19.4.6 to the problem of stability for queueing
models, refer to Sect. 13.3 of Chap. 13.
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Chapter 20
Ideal Metrics and Stability of Characterizations
of Probability Distributions

The goals of this chapter are to:

* Describe the general problem of stability of probability distributions when a set
of assumptions characterizing them has been perturbed,

* Characterize and study the stability of the class of exponential distributions
through ideal probability metrics,

* Characterize the stability in de Finetti’s theorem,

* Provide as an example a characterization of stability of environmental processes.

Notation introduced in this chapter:

Notation Description

B(a, B) Beta distribution with parameters « and
I'(p) Gamma function

I'(a,v) Gamma density with parameters « and v
Sp.n KX Sp.n = Sp,n n p-spheres onR"

7 -0l Var(P, Q)

< Absolute continuity

20.1 Introduction

No probability distribution is a true representation of the probabilistic law of a given
random phenomenon: assumptions such as normality, exponentiality, and the like
are seldom if ever satisfied in practice. This is not necessarily a cause for concern
because many stochastic models characterizing certain probability distributions are
relatively insensitive to “small” violations of the assumptions. On the other hand,
there are models where even a slight perturbation of the assumptions that determine
the choice of a distribution will cause a substantial change in the properties of

S.T. Rachev et al., The Methods of Distances in the Theory of Probability and Statistics, 479
DOI 10.1007/978-1-4614-4869-3_20, © Springer Science+Business Media, LLC 2013
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the model. It is therefore of interest to investigate the invariance or stability of the
set of assumptions characterizing certain distributions by examining the effects of
perturbations of the assumptions.

There are several approaches to this problem. One is based on the concept of
statistical robustness,! another makes use of information measures,? and a third one
utilizes different measures of distance.? It is this third approach that we adopt in
this book; it allows us to derive not merely qualitative results but also bounds on
the distance between a particular attribute of the ideal distribution, the theoretical
representation of the law of the physical random phenomenon under consideration,
and a perturbed distribution obtained from the ideal distribution by an appropriate
weakening of the assumptions.

This stability analysis is formalized as follows: given a specific ideal model,
we denote by U the class of all possible input distributions and by V the class of
all possible output distributions of interest. Let 7 : &/ — ) be a transformation
that maps U on V. For example, in the next section, U/ is the class of all distri-
bution functions (DFs) F on (0, co) satisfying the moment-normalizing condition
J xPdF(x) = 1 for some positive p. For a given F € U, the output F(F) € V is
the set of distributions of random variables (RVs)

k n
Xk,n,p3:Z§}D ZCP, I1<k=<n, neN:={1,2,...},
j=1

Jj=1

where {1, {5, . .. is a sequence of independent and identically distributed (i.i.d.) RVs
with DF F.

The characterization problem we are interested in is as follows: Does there exist
a (unique) DF F = F), such that Xy , , has a beta B(k/ p, (n — k)/ p)-distribution
foranyk <n,n € N?

It is well known that Fj is the standard exponential distribution and F; is the
absolute value of a standard normal RV.* Having a positive answer to the problem,
our next task is to investigate the stability of the characterization of the input
distribution F,. The stability analysis may be described as follows: given & > 0, we
seek conditions under which there exist strictly increasing functions f; and f;, both
continuous strictly increasing and vanishing at the origin, such that the following
two implications hold:

ISee, for example, Hampel (1971), Huber (1977), Papantoni-Kazakos (1977), and Roussas (1972).

2See, for example, Akaike (1981), Csiszar (1967), Kullback (1959), Ljung (1978), and Wasserstein
(1969).

3See, for example, Zolotarev (1977a,b, 1983), Kalashnikov and Rachev (1985, 1986a,b, 1988),
Hernandez-Lerma and Marcus (1984), and Rachev (1989).

4See, for example, Cramer (1946, Sect. 18) and Diaconis and Freedman (1987).
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(a) Given a simple probability metric i1 on X(R), (i) le(F » Fp) = Ml(z:ls &) <
& implies (ii) sup 1 (X o Xknp) < f1(8).

In (i), Xgn,p 1s determined as previously where the {; are F,-distributed
[and thus Xy, , has a B(k/p, (n — k)/p)-distribution]. Further in (i) the

RV X, p = Zl_ G I />0, ¢? is determined by a “disturbed” sequence
Cl,é‘z, ... of ii.d. nonnegative RVs with common DF Fp close to F), in
the sense that (i) holds for some “small” ¢ > 0.

Along with (a), we will prove the continuity of the inverse mapping F '

(b) Given a simple p. metric ¢, on X(R), the following implication holds:

SupMZ(yk,n,vak,n,p) <e = Mz(Fp, Fy) < fae).
k.n

If a small value of ¢ > 0 yields a small value of f;(¢) > 0,i = 1,2,..., then
the characterization of the input distribution U € U (in our case U = F),) can be
regarded as being relatively insensitive to small perturbations of the assumptions, or
stable. In practice, the principal difficulty in performing such a stability analysis is
in determining the appropriate metrics p; such that (a) and (b) hold. The procedure
we use is first to determine the ideal metrics (1 and ,. These are the metrics most
appropriate for the characterization problem under consideration. What is meant
by most appropriate will vary from characterization to characterization, but ideal
metrics have so far been identified for a large class of problems (Chaps. 15-18).
The detailed discussion of the preceding problem of stability will be given in
Sects. 20.2 and 20.3.

In Sect.20.4, we will consider the stability of the input distributions. Here the
characterization problem arises from the soil erosion model developed by Todorovic
and Gani (1987) and its generalization.’ The outline of the generalized erosion
model is as follows. Let Y, Y|, ¥>,... be an i.i.d. sequence of random variables;
Y; represents the yield of a given crop in the ith year. Let Z, Z;, Z,,... be,
independent of Y, a sequence of i.i.d. RVs; Z; represents the proportion of crop
yield maintained in the year i, Z; < 1 corresponds to a “bad” year due to erosion,
and Z; > 1 corresponds to a “good” year in which rain comes at the right time.
Further, let t be a geometric RV independent of Y and Z representing a disastrous
event such as a drought. The total crop yield until the disastrous year is

G = ZYan

k=1 i=1

Now, the input distributions are U := (Fy, Fz) and the output distribution
V = F(U) is the law of G. In general, the description of the class of compound

3See Rachev and Todorovic (1990) and Rachev and Samorodnitsky (1990).
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distributions V(x) = Pr(G < x) is a complicated problem.® Consider the simple
example of V being E (1), i.e., exponential with parameter A > 0.” Here, the input
U = (Fy, Fz) consists of a constant Z = z € (0, 1) and the mixture Fy(x) =
Fy(x) := zE(A/p) + (1 —2)(E(A/p) * E(Az)), where p := (1 + E7)"! and *
stands for the convolution operator. Again, we can pose the problem of stability of
the exponential distribution £ (1) as an output of the characterization problem

U = (Fr.Fy) 5 V = EQ)).
As in the previous example, the problem is to choose an ideal metric providing the
implication

v(Y*Y)<e

vzt <5 | = N EQ) =99,

where V* = F(Fy=, Fz=) and ¢ is a continuous strictly increasing function in both
arguments on Ri and vanishing at the origin.

20.2 Characterization of an Exponential Class
of Distributions {F,, 0 < p < oo} and Its Stability

Let {1, &2, ... be a sequence of i.i.d. RVs with DF F satisfying the normalization
E{ =1,0 < p < 00, and define

k n
Xewpi= D 80 [ D80 1<k=<n neN:={l2..} (2021
j=1 j=1

Theorem 20.2.1. Forany0 < p < oo there exists exactly one distribution F = F),

such that for all k < n, n € N, Xy, , has a beta distribution B(k/p, (n — k)/p)*.
F, has the density

pl—l/p xP
Sr(x) = m exp (—?) , x>0. (20.2.2)

Proof. Let the RVs {{;};en have a common density f,. Then

6See the problem of stability in risk theory in Sect. 17.2 of Chap. 17.
TFor the general case, see Sect. 20.4.
8The density of a beta distribution with parameters « and f is given by

e+ p)
C(@)T(B)

A =x)f"" 0<x<1.
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1
p'/PT(1/p)
is the I'(1/ p, 1/ p)-density. Recall that I'(«, v)-density is given by

S @) = x7HU exp(—x/p). x 20,

1
ma”x“_l exp(—ax), x>0, v>0, «a>0.
The family of gamma densities is closed under convolutions, I'(c, 1) * I'(o, v)
= I'(«, 0 4+ v),”and hence Zf;l ¢l isT(1/ p, k/ p)-distributed.
The usual calculations show that

k n—k\ x—'*k/r
fe(x) =B (; > ) Gr < 0,
where
K= —
>y
i=k+1
and
B(E n—k)_: T'(n/p)
pp L' (k/p)I((n—k)/p)

This leads to the B(k/p, (n — k)/ p)-distribution of Xy, ,.'°

On the other hand, assuming that X , , has a B(1/p, (n — 1)/ p)-distribution for
all n € N, by the strong law of large numbers (SLLN), nX, , — §lp a.s. Further,
the density of (nX1,.,)"/?, given by

n
r (;) ) x? —1+1/p . xr (n—1)/ p—1 P o
r ( 1 ) r (n — 1) n n n ’

p p

converges pointwise to f,,(x) since
n
(p )W " (;)

L — o

")

p

— 1

asn — oo.!! Thus, fr, = f,, as required. O

9See, for example, Feller (1971).
10See Cramer (1946, Sect. 18) for the case p = 2.
1See, for example, Abramowitz and Stegun (1970, p. 257).
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Remark 20.2.1. One simple extension is to the case yghere ?1 ,?2,;. . are i.i.d. RVs
on the whole real line satisfying the conditions E{; = 0, E|¢|”? = 1. Then

Xiwp = Xr_ 517 /2 _ [Z;17 is B(k/p. (n — k)/ p)-distributed if and only

if the density f], of {; satisfies fp(x) + f,,( x) = fp(|x]). In this way, for
p = 2 one gets the normal distribution'? and for p = 1 the Laplace distribution.
Uniqueness can be obtained by the additional assumption of symmetry of F.

Remark 20.2.2. To obtain a meaningful result for p = oo, we must normalize
Xk n,p in (20.2.1) by looking at the limit distribution of

k 1/p
XI/P _ j=1

k.n.p ., 1/p
(£)
j=1
as p — 00.

Let B be a B(k/p, (n — k)/ p)-distributed RV, and define yx, , = B'/7; then
Yk.n,p has a density given by

f)/k,n,p(x) — B (E’ n—k
V4

[
A
=

IA

) pxk_l(l _ xp)(n—l)/p’

By Theorem 20.2.1, {; are F,-distributed if and only if X;ﬁfp 4 Vin.p-
Let Yk »,00 be the weak limit of yx , , as p — oo, i.e.,

n—k ok ifo<x<1
, 1
Pr(Vimoo <X) =1 1 =% (20.2.3)

1, if x > 1.

Thus the preceding DF plays the role of a normalized B(k/p,(n — k)/p)-
distribution as p — oco. Clearly, X kl/np ,» converges to

k n
Xinoo i= \/éi/\/zi, (\/ &= maxg“,-), (20.2.4)

i=1 i=1

as p — oo. Now, similarly to the case where p € (0, c0), we pose the following

question: does there exist a (unique) DF Fy, of {; such that Xy , o 4 Yk.n.0o fOT
any k <n,n € N?

12See Cramer (1946, Sect. 18).
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Theorem 20.2.2. Let {1, (s, ... be a sequences of positive i.i.d. RVs, and let Fo
stand for a uniform distribution on [0, 1]. Then Xy, oo and Yinoco are equally
distributed for any k < n, n € N, if and only if {, is Exo-distributed.

Proof. Assuming that {; is Feo-distributed, the DF of Xj , oo has the form Pr(X <
x(X v Y)), where X and Y are independent with DFs Fy(¢) = t* and Fy(t) =
1"k 0 <t < 1. Therefore, for0 < x < 1

Fyep o (x) = /0 “Pr(c < x(r v V)it

X X
= / Pr(t < xY,Y > r)dt* +/ Pr(t < xt,T <t)de¥
0 0

=: I1(x) + L(x).

Now I(x) = [(n — k)/n]x* for x € [0,1] and I(x) = 0for 0 < x < 1, I,(1) =
k/n. This implies that X} , oo has a distribution given by (20.2.3).

On the other hand, if X, 00 := {1 / \/:.’=1 ¢; has the same distribution as y1 .co»
then if we let n — oo, the distribution of \//_, ¢; converges weakly to 1, and
therefore the limit of Fy, , ., = F, is Iy = Feo. O

Y1.n.00

Theorems 20.2.1 and 20.2.2 show that the basic probability distributions —
exponential, normal, and uniform — correspond respectively to Fi, F>, and Fy in
our characterization problem. Next, we will examine the stability of the exponential
class F,,0 < p < oo.

We now consider a disturbed sequence ?1 ,?2, ... of i.i.d. nonnegative RVs with
common DF F p close to F), in the sense that the uniform metric

pi=p{1.0) =p(F,.Fy) (20.2.5)

is close to zero."> The next theorem says that the distribution of 3(/;{,,,, p =
Zlezf /Z?:lzp is close to the beta B(k/p, (n — k)/ p)-distribution w.r.t. the
uniform metric. In what follows, ¢ denotes absolute constants that may be different

in different places and c(...) denotes quantities depending only on the arguments
in parentheses.

Remark 20.2.3. In view of the comments at the beginning of the section, the choice
of the metric p as a suitable metric for the problem of stability is dictated by the
following observation. In the stability analysis of the characterization of the input
distribution F,, we require the existence of simple metrics (41 and 1, such that'4

w(Fp F)<e = supui(Xinp Xiwp) < fi(€) (20.2.6)
k.n

3Here, as before, p(X,Y) := sup, | Fx(x) — Fy (x)|.
14See (i) and (ii) in implications (a) and (b) in Sect. 20.1 of this chapter.
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and

sup j2(X e ps Xiwp) <& = pa(Fp. Fp) < fole). (20.2.7)
k.n
Clearly, we would like to select metrics p; and p, in such a way that as n — oo,
Wi (X Y,) =0 <= (X, Y,) =0,

i.e., the u; generate the exact same uniformities'® and, in particular, u; metrize the
exact same topology in the space of laws. The ideal choice will be to find a metric
such that both (20.2.6) and (20.2.7) are valid with 4 = pu; = w,. The next two
theorems show that this choice is possible with u = p.

Theorem 20.2.3. For any 0 < p < oo and {¢;} i.i.d. with EC’ = 1 and s =

EE(IZH)I7 < 00 (6 > 0) we have
A := sup p(Xicn ps X i p) < c(8. 75, p)p®/ G, (20.2.8)
k.n

Proof. The proof follows the two-stage approach of the method of metric distances
(Fig. 1.1 in Chap. 1).

(a) First stage: solution of problem in terms of ideal metric (Claim 2).
(b) Transition from the ideal metric to the traditional metric (Claims 1, 2, and 4).

‘We start with the first claim.

Claim 1. The traditional metric p is a regular metric.'® In particular,

p(Xle,pv yk,n,p)
k k e n "o "
<p (Z z{’,Zzip) +p ( > z{’,Zd’) <np(1,¢1). (2029
i=1 i=1 i=k+1  k+1
To prove (20.2.9), observe that

Xl "5(' _ 3(’1
X+ X' fonp = X1 +X5

where X; = 3 ¢/, Xo = Yy i Xi = Z?=1Z’p’ and X, = Z?=k+1z:ip~
Since ¢(t) = t/(1 + t) is strictly monotone and X , , = ¢(X1/X>), we have that

~ X, X,
X n ,X n == —, =~ .
P(Xicnp» Xknp) =p <X2 Xz)

Xk,n,p =

15See Dudley (2002, Sect. 11.7).
16See Definition 15.3.1(i) in Chap. 15.
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Choosing X 4 X1, X{ independent of X 5, we obtain
X1 }1 Xl Xl* X* Xl
Plv=)=p|l5 =) t0P
X2 X2 X2 Xz X2 X2
o0
y y
Pr{=—<x]|—-Pr| = <x]|dF
[ (=) w5 =) Jamon)
o0 X X,
Pr —<x —Pr| — <x||dFf,(»)
0 y y

/Ooosup P(Xzz %)—P (fz > %)‘dFXl(y)

x>0

sup
x>0

=+ sup

x>0

IA

+Aswwawmw—mh<de )

x>0

= p(X1. X1) + p(X2. X2).
The second part of (20.2.9) follows from the regularity of p, i.e.,
pPX+ZY+Z)<pX)Y)

for Z independent of X, Y.

Claim 2. (Bound from above of the traditional metric p by the ideal metric §,). Let
n>p, E¢{ = Et{ = 1,07 := Var({]), 5% := Var({{) < co. Then

(3o 2 <200 (an (- 2)) e (2 37

i=1 i=1 i=l1

(20.2.10)

where

and
s.01) = [ Vﬂﬁm—nwmm

is the Zolotarev &,-metric.'’

17See (15.2.1) and (15.2.2) in Chap. 15.
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Proof. Foranyn = 1,2,... the following relation holds:

S 7)o Ly Ly
(Lo 57) -0 (2227,

i=1 =l i=1
From (15.2.16) we have
p(X,Y) <3M?*3(&,(X, V)3, (20.2.11)
where M = sup, g fx(x) and the density of X is assumed to exist. We have
Jiygisioyz,(x) = op/nfyn_ o (Vnopx +1)

and

Sy @)

-1 [(E - 1) xR exp(—x/p) — Ly-tins eXP(—X/P)} =0
pn/PF (2) p p
p
if and only if (n/p) — 1 = (1/p)x.

The sum ) '_, ¢’ is T'(1/p,n/p)-distributed and, hence, for n > p the
following inequality holds:

p(n_p)/p(_l + n/p)(n_p)/p exp(l — n/p)

n/p=3/2
prlp (Z _ 1) [(2 — 1) ’ exp (—2 + 1) (Zﬂ)l/z]
p p P

using ['(z) > 27 "%e7%(2m) /2.

f2?=1 & (x) =

This implies that
np"/r!
Upﬁfﬂ-% el (x) =0, 172
p/r (ﬁ — 1) 2m)l/2
p
D —1/2
=0, (271 (1 — ;)) , (20.2.12)

and thus (20.2.11) and (20.2.12) together imply (20.2.10).
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Since the metric ¢, is an ideal metric of order 2, we obtain the following claim. '8

Claim 3. (Solution of estimation problem in terms of ideal metric §,).

-~ | A ~
¢, (sz 7 Zzi,) < ¢,(Z21.7Z)). (20.2.13)

i=1
Claim 4. (Bound from above of ideal metric §, by traditional metric p). If
mg < 00, then
6:(Z1.Z)) < c(B.7i5. p)p® *H. (20.2.14)
Proof. For RVs X, Y with E(X —Y) = 0 the following inequality holds:

(o]

EH(X.Y) < [ Il Fx () — Fi (x)]dx

—00

1 1

< N2%p(X,Y) + EEX21{|X| > N} + EEY21{|Y| > N}
2 l -8 2 2

= N*p(X.Y) + IN (EIX*+8+ E|Y*+6).

Minimizing the right-hand side over N > 0, we get (20.2.14).
Combining Claims 2-4 we get p (Z g;’, ZZP) < c(8,ms, p)’PC+d if
i=1

i=1
p/n<1.From Claim 1 we then obtain

2pp if p> ’2—1,

PXinp Xinp) <9 pp+ cpPeH) if p >k, p < % (20.2.15)
Cp8/3(2+8) if p < k,

which proves (20.2.8). O

Remark 20.2.4. Claim 1 of the proof of Theorem 20.2.3 also remains true for the
total variation metric o'.!” But p seems to be the appropriate metric for this problem
since p is related to the ideal metric §, of order 2 [see (20.2.11)], while the total
variation metric is too “strong” to be estimated from above by ¢, or any other ideal
metric of order 2.

Open Problem 20.2.1. (Topological structure of metric space (F(R), i) of DFs
where [ is an ideal metric of order r > 1). Consider the space X,(Xo), r > 1, of
all RVs X such that EX/ = EXJ, j =0,1,...,[r],and E|X|" < oo. Let 11 be an

18See (15.2.18) in Chap. 15.
19See (3.3.13) in Chap. 3.
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ideal metric of order r > 1 in X(Xj), i.e., i is a simple metric, and for any X, Y,
and Z € X,(Xy) (Z is independent of X and Y) and any ¢ € R*

weX +Z,cY +7) <|c]"u(X,Y).
What is the topological structure of the space of laws of X € X, (X,) endowed with

the metric p?

Theorem 20.2.3 implies the following result on qualitative stability:>!

w ~ W
GLi— 8, mg<oo = Xi,— Xia

For the stability in the opposite direction we prove the following result.??

Theorem 20.2.4. For any 0 < p < oo and any i.i.d. sequences {{;}, {E,} with
Etl = ECY = 1and ¢y, {1 having continuous distribution functions, the following
relation holds:

p(&1.81) < Sup p(Xin ps Xionp)- (20.2.16)
k.n

Proof. Denote X; = ¢” and X; = X”. Then

skgfp(iif/iif, Xk:?/i?{’)

i=1 i=1 i=1 i=1

X1 351 X yl
ZSupp = =SUPRP ST T
! X Y X ! lZXi lsz
i=1 i=1 n;— n;—
= T 1 T X/l 54
= p(Xth)_ lim 14 le — lim 14 —le
n—00 +1 n—00 1 ntl o
=2 Xi =2 Xi
n zgz n igz

By the strong law of large numbers and the assumption EX| = E X =1,

— X, as. and ——— > X, as. (20.2.17)

X 1
n+1 __

X
=

1 n+l

i

IS |~

ni= i

20See Remark 19.4.6 in Chap. 19.
2ISee (20.2.6) with 1 = p.
22See (20.2.7) with 1, = p.
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Since X and X 1 have continuous DFs, the convergence in (ZO.ZJ 7) is valid w.r.t.
the uniform metric p. Hence supy , p(Xin.p» Xk p) = p(X1,X1) = p(1,81),
as required. O

Next we would like to prove similar results for the case p = oo and ?k,n,oo =
\/f;lz:i / \/?=1z:i . In this case, the structure of the ideal metric is totally different.

Instead of ¢,, which is an ideal metric for the summation scheme, we will explore
the weighted Kolmogorov metrics p,, r > 0,2 which are ideal for the maxima
scheme.

We will use the following condition.

Condition 1. There exists a nondecreasing continuous function ¢ (¢) = 7 () :
[0, 1] — [0, 00), ¢(0) = 0 and such that

()= sup (~logx)”'|F5 () — x|

1—1<x<l1

Obviously Condition 1 is satisfied for ?1 2 {1, uniformly distributed on [0, 1].
Let (1) = —log(1 —t)¢(t), and let ! be the inverse of V.

Theorem 20.2.5. (i) If Condition 1 holds and lf}? (1) =1, then

A= skupp(Xk,n,oo, Xinoo) <cl@ oy (p)? where p:= p(£1, 7).

(ii) If?l has a continuous DF, then A > p.

Proof. (i) Claim 1. For any 1 < k < n the following inequality holds:
k k e n no
P(Xinoos Xknoo) < P (\/ G, \/i,-) +p ( VoV g,-) . (202.18)
i=1 =1 i=k+1  i=k+1
Proof. We use the representation

X ~ X1

X = —)
kn.00 X1V X,

where

k n
xi=\/& Xa=\/ ¢ )712\/?1', X, = \/E

i=1 i=k+1 i=1 i=k+1

2See (19.2.4) in Chap. 19.
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Following the proof of (20.2.9), since p is a simple metric, we may assume (X1, X>)
is independent of (X, X»). Thus, by the regularity of the uniform metric and its
invariance w.r.t. monotone transformations, we get

~ X X, X5 X,
X , X = | = 1v—,1v =
P Xk oo Xinoo) =P (Xl VX XN Xz) p ( 0% )

X, X X, X X, X
o7 =] =o| ) 0|53
X X, X1 Xy X1 X,

< (X2, X2) + p(X1, X)),

with the last inequality obtained by taking conditional expectations.

Claim 2. Let*

pe = pu(§1.01) == sup (—logx)™'|Fy, (x) = F5 (%),

0<x<l

Then
p(V%hVE)scw@ (20.2.19)
i=1 =1
Proof. Consider the transformation f(¢) = (—log?)~™"/% (0 <t < 1). Then
P (\/Cz\/?z) =p (f (\/Ci) f (\/Z)) =p (\/Xis\/yi) :
i=1 =1 i=1 i=1 i=1 =1

(20.2.20)

where X; = f(&), X = f (?,-). Since X has extreme-value distribution with
parameter o, so does Z,, := n~!/¢ \/?—, Xi. The density of Z, is given by

d
Fz,(x) = — exp(=x) = ax™ exp(—x"),
X
and thus
1 a+1/a 1
C, == sup fz, (x) = (“ + ) exp (—“ + ) . (20.2.21)
x>0 o o
Let p,, be the weighted Kolmogorov metric
Pa(X.Y) = supx®|Fy(x) — Fy (x)| (20.2.22)
x>0

24In fact, p,. plays the role of ideal metric for our problem.
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(Lemma 19.2.2 in Chap. 19). Then by (19.3.72) and Lemma 19.3.4,
P(X,Y) < A A%/ 1He) pl/(IF0) (x vy (20.2.23)

where Ay := (1 + a)a %% and 4 := sup,., F} (x) (the existence of density
being assumed). Hence, by (20.2.20)—(20.2.23),

p (\/ i, \/E) = p(Zu, Zn) < N CH/0H0pl /00 (7 T ) (20.2.24)

i=1 i=1

where Z, = n~\/@ Vig, X ;. The metric P, 1s an ideal metric of order o w.r.t. the
maxima scheme for i.i.d. RVs (Lemma 19.2.2) and, in particular,

Poa(Zn. Zn) < p(X1. X)) = po(81.00). (20.2.25)
From Condition 1 we now obtain the following claim.
Claim 3. p. < ¢ oy !(p).
Proof. For any 0 <t < 1 the following relation holds:
px = max{ sup (— logx)_1|F§1 (x) — x|, sup (— logx)_lngl (x) — x|
O<x<l—e 1—e<x<l
< max((—log(1 — &))" p, ¢ (e)). (20.2.26)

Choosing & by ¢(¢) = (—log(1 — &))" !p, i.e., p = ¥ (g), one proves the claim.
From Claims 1-3 we obtain

P(Xinp Xicap) < minup, c(d oy~ (p)"/?), (202.27)
which proves (i).
(i1) For the proof of (ii) observe that Fv,;:l'g (x) = F, Z’l’ — 1 for any x with
FE (x) > 0. As in the proof of Theorem 20.2.4, we then obtain

k ko
Ve VE .
sup p ':1 ,':1~ > limsup p nl n—1~
o '\=/1§i ~\=/1§i ! '\=/1§i '\=/1§i
> P(Clzl)—@l’ fl el —@P fl~ e
V & \_/ ¢i

i=1 i
= p(¢1,81)

since ¢; and ¢ have continuous DFs. O
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Remark 20.2.5. In Theorem 20.2.5 (i) the constant ¢ depends on ¢ > 0 [see
(20.2.23)]. Thus, one can optimize ¢ by choosing « appropriately in (20.2.22).

20.3 Stability in de Finetti’s Theorem

In this section, we apply the characterization of distributions F), (0 < p < 00)> to
show that the uniform distribution on the positive p-sphere S,

Spn = {x:(xl,...,xn)eR1:fo:n} ,

i=1

xeRy:\/xi=ng . (20.3.1)

i=1

Soon =

has approximately independent F),-distributed components.”® This will lead us
to the stability of the following de Finetti-type theorem. Let { = ({y,...,¢,)
be nonnegative RVs and C, , the class of {-laws with the property that given
MU, ¢l = s (for p = oo given \/!_, & = s), the conditional distribution of ¢ is
uniform on S, ,. Then, the joint distribution of i.i.d. {; with common F,-distribution
is in the class C, ,. Moreover, if P € P(RY) and for any n > 1 the projection

,,,,,, » P on the first n-coordinates belongs to C,, then p is a mixture of i.i.d F),-
distributed RVs (de Finetti’s theorem).

The de Finetti theorem will follow from the following stability theorem: if n
nonnegative RVs ¢; are conditionally uniform on S,, given ) ;_, ¢’ = s (resp.
\i_, ¢ = s for p = o0), then the total variation metric o between the law of
(&1,...., &) (k fixed, n large enough) and a mixture of i.i.d. F,-distributed RV
(&1, ..., &) is less than const X k/n.

Remark 20.3.1. An excellent survey on de Finetti’s theorem is given by Diaconis
and Freedman (1987), where the cases p = 1 and p = 2 are considered in detail.

We start with another characterization of the exponential class of distributions
F, (Theorem 20.2.1). Let

Spsn =

n
xeRﬁ_:fo:s}

i=1

denote the p-sphere of radius s in R",, 0 < p < oo. The next two lemmas are
simple applications of the well-known formulae for conditional distributions.

25See (20.2.2) and Theorems 20.2.1 and 20.2.2.

26Rachev and Riischendorf (1991) discuss the approximate independence of distributions on
spheres and their stability properties.
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Lemma 20.3.1. Let ¢y,. .., ¢, be i.i.d. RVs with common DF F,, where 0 < p <
oo. Then the conditional distribution of (1, . .., §y) given Y i, ¥ = s, denoted by

is uniform on Sy .

Similarly, we examine the case p = oo; let {,...,{, be i.i.d. Feo-distributed
[recall that Fo is the (0, 1)-uniform distribution]. Denote the conditional distribu-

tion of ({1, ..., &) given \/{_; & = s by Psoo : =Prg, oy \/i_, ti=s-

Lemma 20.3.2. P; o is uniformon Seosn := {x eRY : \/7=1 X; = s}for almost
all s € [0,1].

Now, using the preceding lemma, we can prove a stability theorem related to de
Finetti’s theorem for p = oo.

Let P> for 0 > 0 be the law of (¢{;,...,0¢,), and let Q(oo) be the law of

n,s.k
M1y Mk), where n = (1,...,n,) (n > k) is uniform on S ,. In the next

theorem, we evaluate the deviation between Qfloso;c and Psk.,oo in terms of the rotal
variation metric

o (0%, PE) = sup 101%).(4) — PF(4)],
€

where B* is the o-algebra of Borel sets in R¥.

Theorem 20.3.1. Foranys > 0and0 <k <n

o (0, PF®y = k/n. (20.3.2)

nsk>"s
Proof. We need the following invariant property of the total variation metric .

Claim 1 (Sufficiency theorem). If 7 : R” — R is a sufficient statistic for P,
0 € P(R"), then
o(P,Q)=0(PoT ', QoT™). (20.3.3)
Proof. Take u = %(P + Q) and let f := dP/du, g := dQ/du. Since T is
sufficient, then f = h1oT,g = hyo T, and
A _dPoT_1 _onT_1
" dueT U P T duoT U

Clearly, 6 (P o T, Q o T™") < (P, Q). On the other hand,

o(P,Q) = sup /(hloT—hon)d,u‘
AeBk |/ A
< sup (hy — hy)dp o 7!
AeBk |JToA
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dPoT™! dQoT™! 1
- — |duoT
Toa \dpoT duoT

<o(PoT ', QoT™,

= sup
AeBk

which proves the claim.
Further, without loss of generality, we may assume s = 1 since

k,
0 (0% PE™) = a (P, oo Prtistn) = 0 Q)7 PI)

by the zero-order ideality of ¢.2” Let Q be the law of n; V -+ V 1%

determined by Q:lof)k, the distribution of (11,...,n%), where the vector n =
My ee s My Mkt1s -5 M) 1S lgliformly distributed on the simplex Secc1, =
{x S \/ioilxi = 1}. Let P be the law of §1 -V &,, where é‘is are i.i.d.
uniforms. Then with yi ;00 = _1 & /NVi—i¢, 0 = Pr,, . and Q has a DF

given by (20.2.3). On the other hand, P(( 0, x]) = x¥,0 < x < 1. Hence,

~ n—k~ k
0=" P+=8

n

is the mixture of P and 81, the point measure at 1. Consider the total variation
distance

k.
G(Q,(fi)k, P)= Asugk
€

Pr ((m, o Mk)EA

\/m=1)—Pr<(cl,...,;k)eA) .

i=1

We realize Q.14 is the law of &y /M. ... & /M, where M = \//_, &, s0 Q is
the law of max(¢; /M, ..., ¢/ M). By Claim 1,

a(0'%,. P =6 (0.P) = sup
€

TP(A)+ K sy — P(A)‘

k ~ k
= — sup [§1(4) — P(A)| = —,
N geBk h

as required. O

Let C, be the class of distributions of X = (Xi,..., X,;) on R”_, which share
with the i.i.d. uniforms® the property that, given M := \/'_, X; = s, the
conditional joint distribution of X is uniform on S ,. Clearly, PJ**>° € C,. As a
consequence of Theorem 20.3.1, we get the following stability form of de Finetti’s
theorem.

?7See Definition 15.3.1 in Chap. 15.
28See Lemma 20.3.1.
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Corollary 20.3.1. If P € C,, then there is a yu such that for all k < n
1P = Purll < k/n, (20.3.4)

where Py is the P-law of the first k-coordinates (Xi,...,Xy) and Py =
J PE®pu(ds).

Proof. Define = Pryn_ y,; then Py = [ fof;c,u(ds) Puc = [ PF>p(ds), and
therefore o' ( Py, Pui) < [ 0(Q'%), PE®)u(ds) = k/n. O

n,s,k’

In particular, one gets the de Finetti-type characterization of scale mixtures of
1.i.d. uniform variables.

Corollary 20.3.2. Let P be a probability on RS with P, being the P-law of the
first n coordinates. Then P is a uniform scale mixture of i.i.d. uniform distributed
RVs if and only if P, € C, for every n.

Following the same method we will consider the case p € (0, 00). Let &1, (5, ...

be i.i.d. RVs with DF F, given by Theorem 20.2.1. Then, by Lemma 20.3.1, the
conditional distribution of (¢i,...,,) given Y /_, {7 = sis Q’(fs)’k, where Q:fs),k is
the distribution of the first k coordinates of a random vector (7, .. ., ,) uniformly
distributed on the p-sphere of radius s, denoted by S, ,. Let P;" be the law of the

vector (0¢y,...,0¢,). The next result shows that Q(p)k is close to P* w.I.t.

(s / )P
the total variatlon metric.

Theorem 20.3.2. Let 0 < p < oo, then fork < n — p and k, n big enough,

o(Q,7; ff/’;)l/,,) < constx k/n. (20.3.5)

Proof. By the zero-order ideality of o,

k
T (O Plfryn) = Sup [Pni, o) € (/0] + -0 = 5)
AeB

—Pr(((s/m)"7 81, (s/m)/PE) € A)]

sup |Pr(((2/$)" P, (n/$)""71i) € A)

A€Bk

/2o (@/5) 70" =) = Pr((Gu..... ) € A)

i=1

k,
= o () P

Thus, it suffices to take s = n. Let Oy be the Q) -law of ny o+ e+ oy

n.nk

and P be the P""-law of ¢/ + --- 4 ¢/. Then 6 (Q\") ., P{'") = o (O, Py,

n,nk’
as in the proof of Theorem 20.2.1. By Lemma 20.3.1, we may consider Q, ,x
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as the law of ¢i/R,...,k/R), where R? := (1/n)Y_}_, ¢’. Thus, @k is the
law of Y¥_ (&i/R)? = nYF_, Cl"/ (X-7=,¢). Hence, as in the proof of
Theorem 20.2.1, @k has a density

flx) = %B (% " ;k) (;_‘)(k/f’)—l (1 B %)—1+(n—k)/P’

(20.3.6)

for 0 < x < nand f(x) = 0 for x > n. On the other hand, Fk has a gamma
(1/p.k/ p)-density

gx) = exp(—x/p)x " TK/? for 0 < x < co. (20.3.7)

1
pHrT(k/p)
By Schefte’s theorem [see Billingsley (1999)],

oD, Pr) = /0 () — g()]dx

=2 /oo max (0, f(x) — g(x))dx
0

= /00 max (0, & - 1) g(x)dx. (20.3.8)
0 g(x)

By (20.3.6) and (20.3.7), /g = Ah, where
pA\K/P (n)/ (n —k)
A== - r
(n) p P

—1+(n—k)/
h(x) = exp (i) (1 - f) !
p n

for x € [0,n] and i(x) = O for x > n. We have

and

logh(x) = g (=14 (n—k)/p)log (1 - i)
p n
and

i logh(x) >0
ox
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if and only if x < k + p. Hence, if k + p < n, then
k —k k
logh(x) < ~ 2 4 (” - 1) log (1 . ﬂ) . (20.3.9)
P p n

We use the following consequence of the Stirling expansion of the gamma
function:*

['(x) = exp(—x)x* 22m) 2 exp(/12x), 0<6 < 1. (20.3.10)

This implies that

n (n—k)/p+1/2 k\ ~
A=(n—k) exp(—;)@

with

and 0 < 6; < 1. Hence,

noNO=K)/p+1/2 (n—k — p\ @R/ P _
Ah < e( ) ( P)

0
n—=k n

—k— p\O0/p 1/2 ~
_ (" p n ( n ) 7
n—k n—k—p\n—k

p \0—b/p  n 1\~
=e(l- 0
e( n—k) n—k—p(l—k/n)

We use the following estimate:

sup
0<x<a

a
exp(—x) — (1 - f) ) <c/a (20.3.11)
a
with ¢ := supy., ., X exp(—=x) = 1/e, a > 1, implying that

(n—k)/p
e(l— p) —1'< P

n—k “n—k’

Furthermore, we use the estimates

k\ 2 k ~ P P
—_ < - < —_ < [
(1 n) 1+ o and 6 exp(lzn) 1+ T5m exp(1/12)

2See Abramowitz and Stegun (1970, p. 257).
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to obtain

p n k pexp(1/12)
Ahf(l-’_n—k)n—k—p(l-’_;)(l-’_ 12n '

implying that Ah — 1 is bounded by the right-hand side of (20.3.5). O

Analogously to Corollary 20.3.1 and 20.3.2, we can state de Finetti’s theorem
(and its stable version) for the class C, , of distributions of X1, ..., X,,, which share
with i.i.d. F,-distributed RVs (1, . . ., {,) the property that given > ;_, X/ = s, the
conditional joint distribution of X is uniform on the positive pth sphere S, .

20.4 Characterization and Stability of Environmental
Processes

The objective of this section is the study of four stochastic models that take
into account the effect of erosion on annual crop production. More precisely,
we are concerned with the limit behavior of four recursive equations modeling
environmental processes:

So=0, Sy <Y +S,-1)Z, (20.4.1)
My =0, M,=¥vM,_)Z, (20.4.2)
G2 (Y +8G)z, (20.4.3)
and
HL (Y VviH)Z, (20.4.4)

where the RVs on the right-hand sides of (20.4.1)-(20.4.4) are assumed to be
independent. Y, Z, S(), M, G, and H are RVs taking on values in the Banach
space B = C(T) of continuous functions x on the compact set 7" with the usual
supremum norm ||x|. For any x,y € B define the pointwise maximum and
multiplication: (x V y)(¢) = x(¢) VvV y(¢t) and (x - y)(t) = x(¢) - y(¢). Z in (20.4.2)
and (20.4.4) is assumed to be nonnegative, i.e., Z(¢) > 0 for all t € T. Finally,
8 = 4(d) is a Bernoulli RV independent of Y, G, H, Z with success probability d.

Equation (20.4.1) arises in modeling the total crop yield over n years. That is,
consider a set of crop-producing areas A; (¢ € T), and denote by {Y,(¢)},>1 the
sequence of annual yields. For fixed n, the real-valued RVs Y, (¢), t € T, are
dependent. Let Z,(¢) be the proportion of crop yield maintained in year n after
the environmental effect from the previous year: Z, (¢) < 1 corresponds to a “bad”
year, probably due to erosion, while Z,(t) > 1 corresponds to a “good” year.
The RVs Z,, are assumed to be i.i.d. and independent of {Y,}. Assuming that the
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crop-growing area A, is subject to environmental effects, the resulting sequence of
annual yields is

X,() =Y, 0[]z (20.4.5)
i=1
Let us denote by
S, (1) = Z Xe(7), neN, (20.4.6)
k=1

the total crop yield over n years. Then, clearly, the process S, satisfies the recursive
Eq. (20.4.1), where here and in what follows ¥ and Z are generic independent RVs

with Y 4 Y, and Z 4 Z1, and independent of the Y; and Z;.
Analogously, the maximal crop yield over n years

M, = \/ Xk (20.4.7)

has a distribution determined by (20.4.2).

Next we consider the situation where each year a disastrous event may occur with
probability 1 —d € (0, 1). The year of the disaster is a geometric RV t = 7(d),
Pr(z(d) = k) = (1 —d)d*~', k € N. Thus, the total crop yield until the disastrous
year can be modeled by

1+4t 14+t 147
Zxk_ ZXk _X1+82Xk _YIZI+8ZYkl—[Z
i=1
1+t
SYZ+8Z) Vi 1]_[2 S (Y +8G)Z. (20.4.8)
k=2 i=2

i.e., G satisfies the recurrence (20.4.3). Analogously, the maximal crop yield until
the year of the disaster

H:=M, = \/ Xy (20.4.9)
k=1

satisfies (20.4.4).
Further, our goal is to prove that S, has a limit S (a.s.) and S satisfies

Sy +9)z. (20.4.10)

Similarly, the limit M of M, in (20.4.2) satisfies

MExyvmz. (20.4.11)
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The problem is characterizing the set of solutions of (20.4.10), (20.4.11),
(20.4.3), and (20.4.4). Since the general solution seems to be difficult to obtain,
we will use appropriate approximations and evaluate the error involved in these
approximations.

Following the main idea of this book that each approximation problem has
natural (suitable, ideal) metrics in terms of which a problem can be solved easily
and completely, we choose £,-metric and its minimal £, for our approximation
problem. Recall that X(B) is the set of all random elements on a nonatomic
probability space {€2, A, Pr} with values in B and

(E|X —Y|?)", if0< oo, p/ =min(l, p~")
Ly(X,Y):={Pr{X #7Y}, if p=0 (20.4.12)
esssup | X — Y|, if p =00, X,Y € X(B).

The corresponding minimal (simple) metric £,(X, Y) = £,(Pry, Pry) is given by

6,(X.Y) =inf{£,(X.Y):X.Y ex(B).X £ X.Y L v}. (20.4.13)

In what follows we will need some analogs to the £ ,-metric in the space X(B°).

The space B* is a Banach space with the usual supremum norm defined by 1X] =
sup{|| X;|| : i = 1}, where X = (X, X2,...). Now, on X(B°) we consider the
following metrics:

K(X,Y) =inf{e > 0:Pr(|X —=Y| >¢) <&} (KyFan), (20.4.14)
£,X.Y)=(E|X =Y |?)""?"" for 0 < p < oc. (20.4.15)
Lo(X,Y)=Pr{X #7}, and Loo(X,Y) =esssup | X — Y.

Clearly, if X, and X are random elements in X(B), then X, — X (Pr-a.s.) if
and only if K(X,7, X*) — 0, where X' := (X,,, X;41,...)and X* = (X, X,...).
Similarly to the proof of Lemma 8.3.1 in Chap. 8, we have that if

E{sup,>; [ Xu[I”} + E[ X7 < 00
for some p € [1, 00), then as n — oo,

L,(X;,X*) — 0if and only if X, — X (Pr-a.s.) and
E sup [ Xnl” — EJX]|”. (20.4.16)
m>n

In both limit cases p = 0, p = o0,

Ly(XF X*) > 0= X, > X(Pr-as.). (20.4.17)

30The basic properties of £,-metrics were summarized in Chap. 19; see (19.3.9)—(19.3.18).
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Theorem 20.4.1. (a) (Existence of limit S). Suppose that {Y,}pen C X(B) is an
i.i.d. sequence with N,(Y') < oo, where 0 < p < oo, and

[EY [P0 < p < oo,
N,(Y):=L,(Y,0)=4£,(Y,0) = { esssup |||, p = 09,
Pr(Y # 0), p=0.
(20.4.18)
Assume also that {Z,},en C X(B) is an ii.d. sequence independent of
{Y}nen such that N,(Z) < 1. Given S, by (20.4.6), there exists S such that

S, — S (Pr-a.s.). Moreover, S satisfies (20.4.10) with Y, Z, and S mutually
independent.

(b) (Rate of convergence of S, to S). Let p € [0,00], N,(Y) < 0o, and N,(Z) <
1. Assume that the laws of S, and S are specified by (20.4.1) and (20.4.10),
respectively. Then,

N, (¥)

TN,@ (20.4.19)

£,(82.8) < NJ(Z)

Proof. (a) Foranyk,n e N, 1 < p < o0,

LSy, Syi) = Lp((Sn, Sns1,---) s (Sntks Snrks1s---))

mtk i r\ p
= | Emax > v I12
- i=m j=1
; 1/p
<Y (EmI”Tzw
i>n j=1

= Np(Y)(Np(2))"/(1 = Np(Z)).

On the other hand, the space of all sequences X with E||X||? < oo is complete
with respect to £, and, thus, S* = (S,S,...) exists. Finally, notice that
L,(85,8%) < (N,(Z2))" Ny(Y)/(1—=N,(Z)) holds. This proves the assertion
for1 < p < co. Thecases0 < p < 1 and p = oo are treated analogously.
Equation (20.4.10) follows from S, — S (Pr-a.s.) and (20.4.1).

(b) From (20.4.1) and (20.4.10) we have for 0 < p < 00
Lp(Sn,S) = Ly((Y +Su—1)Z, (Y + 8)Z) < L(S4—1Z,5Z)
<HAE|Su—1 = SIPIZI7 ™ = L,(Sy-1, SIN,(Z),
(20.4.20)
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where the last inequality follows from the independence of (S,—;1,S) and Z.
Taking the minimum of the right-hand side of (20.4.20) over all the joint
distributions of S,,—; and S we obtain

£,(8,,8) < U(Sp—1,S)N,(Z). (20.4.21)
Hence,
£p(Sn, 8) <£,(0,S)N,(Z) = N,(S)N,(Z). (20.4.22)
From the Minkowski inequality
Np(S) = Np(Z)Np(Y +8) = Np(Z){N,(Y) + N,(5)}.

which implies that N,(S) < N,(Y) {1 — N,(Z)}~". This and (20.4.22) prove
(20.4.10). The cases p = 0 and p = oo can be handled similarly. O
The problem of characterizing the distribution of S as a solution of
s (S + Y)Z is still open. Here we consider two examples.
Example 20.4.1. Let the distribution of S € X(B) be symmetric ¢-stable. In other

words, the characteristic function of S; = (S(¢1),...,S8(t,)), f = (t1,....1,),0 <
H<--<t;, <1,is

Fexpti(6.50) =exp |~ [ 1095 @)

where I's, (+) is the spectral, finite symmetric measure of a symmetric -stable ran-
dom vector S7.3! Forany z € (0, 1) let us choose an a-stable Y7 = (Y (), ..., Y(t,))
with spectral measure

Ty (d5) = T's(ds).

ZO{
Then S satisfies (20.4.8), with Z = z and Y having marginals ¥7.%

Example 20.4.2 (Rachev and Samorodnitsky 1990). Let B = R, Z be a uniformly
(0, 1)-distributed RV. Consider (20.4.10) with nonnegative Y and S. If ¢x stands
for the Laplace transform of a nonnegative RV X, then, by (20.4.10), 6¢s(0) =

foo ¢s(x)0y (x)dx for all & > 0. Differentiating we obtain
Oy (0) = 1+ 6¢5(6)/$s(6).

and thus

31See Kuelbs (1973) and Samorodnitski and Taqqu (1994).
32For other similar examples, see class L, Feller (1971, Sect. 8, Chap. XVII).
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0 p—
¢s(0) = exp (—/0 ﬂdx) . (20.4.23)

X

It follows from (20.4.23) that

9 . % 00
- /0 “f’cﬂd = / (/ exp(— xy)(l—FY(y))dy)dx
/ (1= Fy () L0 exp( 204,

Thus,

®1-F

/ wd <00 or / (Iny)Fy(dy) < oo.
1 y

Thus, in the equation

S +9)z, (20.4.24)

where Z is uniformly distributed, ¥ must satisfy

Eln(l +Y) < oo. (20.4.25)

With an appeal to Feller (1971, Theorem XIII 4.2), we draw the following
cnclusions.

(a) Any RV'Y satisfying (20.4.25) gives a unique solution Fs of (20.4.24) for which
the Laplace transform is given by ¢s(0) in (20.4.23). More detailed analysis of
(20.4.24) shows:

(b) Any distribution Fs determined by (20.4.24) is infinitely divisible. More pre-
cisely, let Y correspond to S in (20.4.24), and let 0 < B < 1. Then there is
a distribution FS/j with Laplace transform ¢g (-)ﬁ; Fs solves (20.4.24), and the
corresponding Fy, is the mixture Fy,(x) = (1 — B) Fo(x) + BFy(x).

(c) The class'S of RVs S solving (20.4.24) consists of infinitely divisible RVs whose
Lévy measure A is of the following form:3

A< Leb and A(dx) = H(x)dx, (20.4.26)

where H(0) € [0,1], H is nonincreasing, and H(x) | 0 as x — oo. The
corresponding Y has 1 — H as its distribution function.

Finally, note that if S is the solution of (20.4.24) with given Y and uniformly
distributed Z, then for any o > 0

S L (S + Yy)Ze, (20.4.27)

3See Shiryayev (1984, p. 337).
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where S, Yy, and Z, are independent, Fy, is the mixture

o 1

Fo + Fy.
4o " 1+a ¥

and Z, has density f7, (z) = (1 + )z, 0<z< L.

As we have seen, in general the problem of evaluating the distribution of S is
a difficult one, and in most cases we must resort to approximations. Here we start
with the analysis of the stability of the set of solutions Prg of

S +9)z, (20.4.28)

where Y, S, and Z are independent RVs in X(B) with some Y and Z for which we
only know that they are close to some given Y * and Z*.

Suppose we want to approximate the distribution of S in (20.4.28) by the
distribution of S * defined by

S* L (v* +85%Zz*, (20.4.29)

where Y*, §*, and Z* are independent and such that we can evaluate the law of $*
given the laws of Z* and Y *, respectively. Assume also that the distributions of Z
and Z* (resp. Y and Y'*) are close w.r.t. the minimal metric £, i.e., for some small
g>0and§ >0

L, (Z,Z%) <e and (,(Y.Y™) <é. (20.4.30)
Theorem 20.4.2. Assume that (20.4.30) holds,

Ny(Z*) <1—z¢,
and
NP(Y*) + NP(S*) < 00.
Then

(e+ Ny(Z*)8+{N,(Y*) + N,(S")}e
l—e—N,(Z*) '

£,(S,8) < (20.4.31)

Proof. From the definition of S and S*,

0,(S,8%) =L,(Z(Y + S).Z*(Y* + S¥))
<L) (ZY +8).ZY* +S*) +L,(ZY* +8%),Z* (Y™ + 5%))
S NJ(Z),(Y + S, Y*+8*)+ N,(Y* + S, (Z,2%)
SNy (DY Y™) +£,(S, SO+ £,(Z, ZF) N, (Y™) + Np(SH)],
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and thus
k k
=N, (Z)
Finally, by the triangle inequality and (20.4.18), N,(Z) = £,(Z,0) <e+ N,Z%),
which proves the assertion. O

In a similar fashion, one may evaluate the rate of convergence of M,, — M,

where M, = sup, <<, Xk, M, L (Y v M,_)Z (here Z > 0 and the product and
maximum are pointwise). Similarly to Theorem 20.4.1, letting n — oo, one obtains
(20.4.11). Further, since Z and Y are independent,

by(My, M) < Ly((Y VM—)Z,(Y VM)Z)
= Ep(Mn—IZ,M \% Z) = ﬁp(Mn—hM)Np(Z)‘

From this, as in Theorem 20.4.1(b), we get

Ny (Y)

£,(M,. M) < N;(Z)m.
P

Suppose now that the assumption of Theorem 20.4.1 (b) holds; then M, — M
(a.s.), and

Ny(2)
(=N, (2)
where M) = (M, My41,...),M* = (M, M,...).

L,(M}.M*) < N!(Z)

Example 20.4.3. All simple max-stable processes are solutions of M L YvM)Z.
Given an a-max-stable process M, i.e., one whose marginal distributions are
specified by

Pr{M(t;) < x1,....M(t,) < x,}

= exp { —/ (lmax Aix; ) Ur(dA;y .. ., d/\,,))} ,
Q <i<n

where @ > 0,7 = (f1,...,t,) and Ule) is a finite measure on**

Q=

Ao )i i >0 =10, ) A = 1§ .
1

For any z € (0, 1), if we define the max-stable

YT = (Y(tl)s e Y(tn))

34See Resnick (1987).
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with max-stable measure

1-—z¢

Uy.(dA) = Up(d1),

then M satisfies (20.4.11), with Z = z and Y being o-max-stable with marginals
having spectral measure My.. A more general example of M as a solution of the
preceding equation is given by Balkema et al. (1993), where the class L for the
maxima scheme is studied.

Example 20.4.4. Suppose B = R and Z is (0, 1)-uniformly distributed. Then M 4
(Y v M)Z implies that

Fr(x) =exp (— /oo ;fy (t)dt) ., F:=1-Fy. (20.4.32)

For example, if Y has a Pareto distribution, Fy (t) = min(1, =, B > 1, then
M has a truncated extreme-value distribution

x!=F
exp(—l—i—x—ﬂ 1), for0<x <1
Fy(x) = (20.4.33)
x!=F
exp (—ﬁ) , for x > 1.

From (20.4.11) it also follows that
Fy(x) >0, Vx>0 <<= Elh(1+Y)<oo. (20.4.34)
Note that if M has an atom at its origin, then
0<Pr(M <0)=Pr(M <0)Pr(Y <0),

ie., Y = 0, the degenerate case. Moreover, the condition EIn(1 + Y) < oo is

necessary and sufficient for the existence of the nondegenerate solution of M 4
(Y v M)Z given by (20.4.32). Clearly, the latter assertion can be extended for

any Z such that Z¢ is (0, 1)-uniformly distributed for some o > 0 since M L
(MVY)Z = M*2 (M*vYY)Ze.
As far as the approximation of M is concerned, we have the following theorem.

Theorem 20.4.3. Suppose the distribution of M is determined by (20.4.11) and

M* L Z*(Y*V M*), (,(Z.Z%) <e. L£,(Y.Y*) <§. (20.4.35)

33See Rachev and Samorodnitsky (1990).
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Assume also that Ny(Z*) < 1 — & and Ny(Y) + N,(M*) < oo. Then, as in
Theorem 20.4.2, we arrive at

(e+ Npy(Z%)5 + [N, (Y™) + Np(M*)]e.

M, M*
£, (M. M*) < N, 2

(20.4.36)

Proof. Recall that £,-metric is regular with respect to the sum and maxima of
independent RVs, ie., £, (X + Z,Y + Z) < {,(X.Y)and{,(X VZ,Y vV Z) <
L,(X,Y)forany X, Y, Z € X(B), and Z-independent of X and Y [see (19.4.2)-
(19.4.6)]. Thus, one can repeat step by step the proof of Theorem 20.4.2 by replacing

the equation S = (S + Y)Z with M = (M vV Y)Z. O

Note that in both Theorems 20.4.2 and 20.4.3, the {,-metric was chosen as a
suitable metric for the stability problems under consideration. The reason is the
double ideality of £, i.e., £, plays the role of ideal metric for both summation and
maxima schemes.3¢

Next, we consider the relation

G L7y +56), (20.4.37)

where, as before, Z, Y, and G are independent elements of B = C(T'), and § is a
Bernoulli RV, independent of them, with Pr{§ = 1} = d.If Z = 1, then G could be
chosen to have a geometric infinitely divisible distribution, i.e., the law of G admits
the representation
d (d)
G=)v. (20.4.38)
i=1
where the variables Y; are i.i.d. and 7(d) is independent of the Y; geometric RVs
with mean 1/(1 — d) [see (20.4.8)].

Lemma 20.4.1. In the finite-dimensional case B = R™, a necessary and sufficient
condition for G to be geometric infinitely divisible is that its characteristic function
is of the form

Ja@®) = (1—logd() ™", (20.4.39)
where ¢ (o) is an infinitely divisible characteristic function.

The proof is similar (but slightly more complicated) to that of Lemma 20.4.2,
and we will write it in detail.

Example 20.4.5. Suppose Z has a density

pz(z) = (1 +2)z%, for z € (0,1). (20.4.40)

3See Sect. 19.4 of Chap. 19.
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Then, from (20.4.37) we have

7]
6t f5(6) = (e + 1) /0 W fy (1 = d) + d fo ()},

where f(e) stands for the characteristic function of the RV (e). Differentiating we
obtain the equation

LA e

F6®) + CEL N~ 0))fa(6) =

whose solution clearly describes the distribution of G for given Z and Y.

Next, let us consider the approximation problem assuming that Z = z is a
constant close to 1. Suppose further that the distribution of ¥ belongs to the
class of “aging” distributions HNBUE.*” Then our problem is to approximate the
distribution of G defined by

G <L Z(XY +8G), Z=z(const), Fy € HNBUE, (20.4.41)

where Y and G are independent, by means of G* specified by
G*LY*+68G, Fr(t)=1—exp(—t/p)t >0, (20.4.42)

where Y * and G* are independent. Given that EY = y and Var Y = v?, we obtain
the following estimate of the deviation between the distributions of ¥ and Y* in
terms of the metric £ p,38

YY) <2(u*—vHV2, (20.4.43)

and for p > 1
(Y, Y*) < (P — )4 P8ur2p)V/r. (20.4.44)
The following proposition gives an estimate of the distance between G and G*.

Theorem 20.4.4. Suppose that G satisfies (20.4.37) where Z, Y, and G are
independent elements of B = C(T') and § is a Bernoulli RV independent of them,
and consider

Gx L (Y* +8G*)Z*, G* Z*Y* € X(B),

37See Definition 17.4.1 in Chap. 17.
38See Kalashnikov and Rachev (1988, Chap. 4, Sect. 2, Lemma 10).
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where G*, Z*, Y*, and § are again independent. Assume also that
L(Z,Z%) <e, Lp(Y.Y*)<$8, N,(Z")d <1—ed.

Then

(e+ N,(Z*)8 + [N,(Y*) + dN,(G")]e
1 —dN,(Z*) —de '

Proof. Analogously to Theorem 20.4.2,

ZP(Gs G*) E

£,(G,G™)

IA

C(Z(Y +8G). Z(Y* 4+ 8G™)) + £,(Z(Y* 4+ 8G™). Z*(Y* + 5G™))

Ny (Z),(Y +8G.Y* +8G*) + Ny(Y* +8G*),(Z.Z*")

N (Z)p (YY) + dEy(G.G)] + [N,(Y ) + dN, (G, (Z. Z%).
(20.4.45)

A

IA

The assertion follows from this and N,(Z) < ¢ + N,(Z%). O
In the special case given in (20.4.41) and (20.4.42), the inequality

Np(Z)5 + [Np(Y™) +dN,(G¥)]e

T (20.4.46)

ZP(Gv G*) E

holds and, moreover, N,(Y*) + dN,(G*) < (1 + d)/(1 — d)u(T(p + 1)V/7.
Finally, since ¢ = £,(Z, Z*) = 1 — z, and § can be defined as the right-hand side
of (20.4.43) or (20.4.44), we have the following theorem.

Theorem 20.4.5. If G and G* are given by (20.4.41) and (20.4.42), respec-
tively, then

1— 1 o)
S ur(p+ 1y it d
1—2zd

£,(G,G") < (20.4.47)

1—d 1-—zd’
where

2(u* — )2, if p=1
rep)/r(u? —v)V4r8u, if p>1

and N,(Y) = (EYP)'/».
For p = 1 we obtain from (20.4.47)

[ 1R = For ol = 2 [ (325 ) ok st -,
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Finally, consider the geometric maxima H defined by

©(d) k
H = Z(Y V8H), orequivalentty, H =\/ Y []Z;. (20.4.48)
k=1 j=I

where Z, Y, 8, H, ©(d), Y, and Z; are assumed to be independent, Y 4 Y,
Zc22,Z2>0,Y >0 and H > 0.

Example 20.4.6. If Z = 1, then H has a geometric maxima infinitely divisible
(GMID) distribution, i.e., for any d € (0, 1)

w(d)
H=\/ 1, (20.4.49)
1

where Y, = Yk(d), k € N, are i.i.d. nonnegative RVs and t(d) is independent of Y
geometric RVs

Pr(t(d) = k) = (1 —d)d*", k> 1. (20.4.50)

LetB = R™. Let Pr(H < x) = G(x), x € R”, and Pr(Y\”) < x) = G4(x). Then
(20.4.49) is the same as

S - kG, () = A= DG
Gx) = 321 = d)d Gy (x) = S— o= (20451

j=1
If we solve for G4 in (20.4.51), then we get
Gi(x)=G(x)/(1—-d +dG(x)), (20.4.52)

which is clearly equivalent to
H2YV§H, (20.4.53)

where Y £ ¥ [see (20.4.49)].

We now characterize the class GMID. We will consider the slightly more general
case where H and Y; are not necessarily nonnegative. The characterizations are
in terms of max-infinitely divisible (MID) distributions, exponent measures, and
multivariate extremal processes.’’ A MID distribution F with exponent measure
W has the property that the support [x : F(x) > 0] is a rectangle. Let £ € R™
be the bottom of this rectangle [see Resnick (1987, p. 260)]. Clearly, in the one-
dimensional case m = 1, any DF F is a MID distribution.

3For background on these concepts, see Resnick (1987, Chap. 5).
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Lemma 20.4.2. For a distribution G on R™ the following are equivalent:
(i) G € GMID.
(ii) exp(1 —1/G) is a MID distribution.
(iii) There exists { € [—00, 00)™ and an exponent measure |1 concentrated on the
rectangle {x € R", x € £}, such that for any x > £

1
S @[]

G(x)

(iv) There exists an extremal process {Y(t), t > 0} with values in R™ and an
independent exponential RV E with mean 1 such that G(x) = Pr(Y(E) < x).

Proof. (i) = (ii). We have the following identity:

1 G
= lim 1 1+ —(1=——1}]. 20.4.54
G 041?(} /[+a( a+(1—ot)G):| (204.54)
Therefore,
1 G
1—-1 =1 —_— (1 -—].
oot =1/6) =i oo = (1= 56 )|

If G € GMID, then G/(o¢ + (1 — «)G) is a DF for any « € (0, 1), which

implies that*
e ! 1 —G
xol——(1—
Pl7% a+ (1-a)G

is a MID distribution. Since the class of MID distributions is closed under weak
convergence, it follows that exp(1 — 1/G) is a MID distribution.

(ii) = (iii). If exp(1 — 1/G) is a MID distribution, then, by the characterization
of MID distribution, there exists { € [—00,00)™ and an exponent measure [
concentrating on {x : x > £} such that for

1

x=4t, exp { - @} = exp{—p(R" \ [£. x])}

and equating exponents yields (iii).
(iii) = (iv). Suppose u is the exponent measure assumed to exist by (iii), and let
{Y(¢), t > 0} be an extremal process with

Pr(Y(¢) < x) = exp{—tu(R™ \ [£, x])}. (20.4.55)

40See Resnick (1987, pp. 257-258).
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Then

Pr(Y(E) < x) /000 e "Pr(Y(r) < x)dt = /000 e exp{—tu(R™ \ [¢, x])}ds

1/(1 4 p@®™\ [£. x])).

as required.
(iv) = (i). Suppose G(x) = Pr(Y(E) < x). If (20.4.55) holds, then

G(x) =1/(1 + p@®R"\ [¢, x])).
To show G € GMID, we need to show that

G(x) _ 1
1—d+dG(x) 1+ (1 —d)u®m\[¢,x])

is a distribution, and this follows readily by observing

1
(I =d)p @\ X))

Pr(Y((1 -d)E) =< x)

O

In particular, Lemma 20.4.2 implies that the real-valued RV H has a GMID
distribution if and only if its DF Fj can be represented as Fy (1) = (1—log ®(¢))~!,
where ®(¢) is an arbitrary DF. For instance, if

d(x) = exp(—x"%), x>0,

then

o

Fy(x) = >0,

1+ x¢’
is the log logistic distribution with parameter o > 0. If ® is the Gumbel distribution,
i.e.,, (x) = exp(—e™), x € R, then clearly Fjy is the exponential distribution with
parameter 1.

Example 20.4.7. Consider (20.4.53) for real-valued RVs Z, Y, and H.
Assume Z has the density (20.4.40). Then

1
Fu(x) = /0 Fy (;) [1 +dFy (E)} (@ + 1)2%dz

F T Fy () = (@ + 1) / Fy )1 + dFy )]y~ 2dy.

or
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This equation is easily solved, and we obtain
*1
Fy(x) = (exp—(a + 1)/ —[1— dFy(u)]du)
X u

x(a+1) /00 (exp(a +1) /00 i[l — dFy(u)]du) %Fy(y)dy.
x y
(20.4.56)

The stability analysis is handled in a similar way to Theorem 20.4.4. Consider
the equations

HE(YVH)Z and H*2(Y*vH"Z* (20.4.57)

where Y, H, Z (resp. Y*, H*, Z*) are independent nonnegative elements of
X(B). Following the model from the beginning of Chap. 20, suppose that the input
distributions (Pry, Prz) and (Pry=, Prz=) are close in the sense that

L, (Z, Z") <e £,(Y, Y*) <3s. (20.4.58)
Then the output distributions Pry, Pry= are also close, as the following theorem
asserts.
Theorem 20.4.6. Suppose H and H* satisfy (20.4.57) and (20.4.58) holds. Sup-
pose also that N,(Z*) < 1 —ed. Then

(e+ Np(Z*))s + [NP(Y™*) +dN,(H")]e

(,(H,H*) <
3 )= 1 —dN,(Z*) —de

The proof is similar to that of Theorem 20.4.4.
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Euclidean-Like Distances and Their
Applications



Chapter 21
Positive and Negative Definite Kernels
and Their Properties

The goals of this chapter are to:

* Formally introduce positive and negative definite kernels,

* Describe the properties of positive and negative definite kernels,

* Provide examples of positive and negative definite kernels and to characterize
coarse embeddings in a Hilbert space,

* Introduce strictly and strongly positive and negative definite kernels.

Notation introduced in this chapter:

Notation Description

K Positive definite kernel

Re K Real part of a positive definite kernel

c Complex conjugate of complex number ¢ € C

H(K) Hilbert space with reproducing kernel K

(0, ¥)n Inner product between two elements of Hilbert space H

L Negative definite kernel

(X, 2, n) Space X with measure p defined on algebra 2l of Bair subsets of X

21.1 Introduction

In this chapter, we introduce positive and negative definite kernels, describe their
properties, and provide theoretical results that characterize coarse embeddings in
a Hilbert space. This material prepares the reader for the subsequent chapters in
which we describe an important class of probability metrics with a Euclidean-like
structure.

We begin with positive definite kernels and then continue with negative definite
kernels. Finally, we discuss necessary and sufficient conditions under which a metric
space admits a coarse embedding in a Hilbert space.

S.T. Rachev et al., The Methods of Distances in the Theory of Probability and Statistics, 519
DOI 10.1007/978-1-4614-4869-3_21, © Springer Science+Business Media, LLC 2013
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21.2 Definitions of Positive Definite Kernels

One of the main notions of Part V of this book is that of the positive definite kernel.
Some definitions and results can be found, for example, in Vakhaniya et al. (1985).
Let X be a nonempty set. A map K : X2 — C is called a positive definite kernel

if for any n € N an arbitrary set ¢y, . .., ¢, of complex numbers and an arbitrary set
X1,...,x, of points of X the following inequality holds:
n n
DO K(xi.xj)eid; = 0. (21.2.1)

i=1j=1
Here and subsequently the notation ¢ denotes the complex conjugate of c.
The 12 main properties of positive definite kernels are explained below.

Property 21.2.1. Let K be a positive definite kernel. Then for all x,y € X
K(x,x) =0, K(x,y) =K(y.x).
It follows from here that if a positive definite kernel K is real-valued, then it is

symmetric.

Property 21.2.2. 1f K is a real positive definite kernel, then (21.2.1) holds if and
only if it holds for real ¢y, ..., ¢,.

Property 21.2.3. If K is a positive definite kernel, then K and Re K are positive
definite kernels.

Property 21.2.4. 1f K, and K, are positive definite kernels and o, o, are nonnega-
tive numbers, then o KC; + a2 K5 is a positive definite kernel.

Property 21.2.5. Suppose that K is a positive definite kernel. Then

K, 0)[* < Kx, )K(y, y)

holds for all x, y € X.
Property 21.2.6. 1f K is a positive definite kernel, then

|K(x,x1) — K(x. xz)|2 < K(x, x)(K(x1,x1) + K(x2, x2) — 2Re K(x1, x2))

holds for all x, x1, x, € X.
One can easily prove Properties 21.2.1-21.2.6 on the basis of (21.2.1) for specially
chosenn > landcy,...,c,.

Property 21.2.7. Let Ky be a generalized sequence of positive definite kernels such
that the limit
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lim Ky (x, y) = K(x, ¥)

exists for all x, y € X. Then K is a positive definite kernel.
Property 21.2.7 follows immediately from the definition of positive definite kernel.

For further study of positive definite kernels we will need the following two
theorems.

Theorem 21.2.1 (Aronszajn 1950). Let X be a set, and let K : ¥2 > Rl bea
positive definite kernel. Then there exists a unique Hilbert space H(KC) for which
the following statements hold:

(a) Elements of H(K) are real functions given on X.
(b) Denoting Ky (y) = K(x,y) we have

K (y) + x € X} CH(K);
(c) Forall x € X and ¢ € H(K) we have

(9. Kx) = 9(x).

Note that the space H(K) is called a Hilbert space with reproducing kernel and the
statement in (c) is also called a reproducing property.

Proof. Let H, be a linear span of the family
{Ky: x €X}.

Define on H, a bilinear form in the following way: if ¢ = Y/, &, Ky, and ¢ =
> =1 Bi Ky, then set

(o) =YY i K(xi. ).

i=1j=1

where ¢;, f; € R! and x;, y; € X. Itis easy to see that the value s(¢, ¥) does not
depend on the concrete representations of elements ¢ and . It is obvious that s is
a symmetric positive form satisfying the condition

s(p,Kx) = @(x), ¢ € Ho, x €X.

The last relation and Cauchy—Bunyakovsky inequality imply that ¢ = 0 if
s(¢, p) = 0. Therefore,

(0, ¥) =s(p,¥)

is the inner product in H,,.
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Denote by H the completion of #,, and let 7 (K) be a set of real-valued functions
given on X of the form

p(x) = (h. Ko)n.

where h € H and (.,.)% is the inner product in H. Define the following inner
product in H(K):
(o1, 92)30) = (hi ho)n.

The definition is correct because the linear span of elements Ky is dense everywhere
in H. The space H (L) is complete because it is isometric to 7. We have

Ke(y) = (Kx. Ky)n

and therefore IC, € H(K), thatis, H, C H(K).
The reproducing property follows now from the equalities

(0. K)nwy = (h, K)n = o(x).

The uniqueness of a Hilbert space satisfying (a)—(c) follows from the fact that the
linear span of the family {/C, : x € X} must be dense (according to the reproducing
property) in that space. O

Remark 21.2.1. Repeating the arguments of Theorem 21.2.1, it is easy to see that if
IC is a complex-valued positive definite kernel, then there exists a unique complex
Hilbert space satisfying (b) and (c) whose elements are complex-valued functions.

Theorem 21.2.2 (Aronszajn 1950; Kolmogorov 1941). A function K : X?> — R!
is a positive definite kernel if and only if there exist a real Hilbert space H and a
family {a, : x € X} C H such that

K(x,y) = (ax,ay) (21.2.2)

forallx,y € X.

Proof. Suppose that KC(x, y) has the form (21.2.2). Then K(x, y) = K(y, x). Let
neN,xi,....x,€X,ci1,...,c, € Rl. We have

ZZ’C(XZ‘,XJ')CZ‘C]' = ZZ(axi,ax‘,)c;cj = HZciaxi
i=1

i=1j=1 i=1j=1

2
> 0.
H

According to Property 21.2.1 of positive definite kernels, K is positive definite.
Conversely, if IC is a positive definite kernel, then we can choose  as the Hilbert
space with reproducing kernel K and set a, = K,. O

Remark 21.2.2. Theorem 21.2.2 remains true for complex-valued functions i, but
the Hilbert space H must be complex in this case.
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Let us continue studying the properties of positive definite kernels. We need to
use the notion of summable family.

Suppose that I is a nonempty set and / is a set of all finite nonempty subsets
of I. I is a directed set with respect to inclusion. A family {u;};c; of elements of
a Banach space U is called summable if the generalized sequence Y, ui, @ € I,
converges in U. If u is the limit of this generalized sequence, then we write

E u = u.

iel

Property 21.2.8. A function K : X2 — C is a positive definite kernel if and only if
there exists a family { f; };e; of complex-valued functions such that } . ., | f; (x)|* <
oo forany x € X and

K(x.y)=>_fi(x)fi(y). x.y € X. (21.2.3)

iel
If IC is real-valued, then the functions f;, i € I, may be chosen as real-valued.

To prove the positive definiteness of kernel (21.2.3), it is sufficient to note that each
summand is a positive definite kernel and apply Properties 21.2.5 and 21.2.7.

Theorem 21.2.2 implies the existence of a Hilbert space H and of the family
{ax, x € X} C H such that (x, y) = (ar,a,) forall x,y € X. Let us take the
orthonormal basis {u; };e; in H, and set

fi(x) = (ay,u), x€X, iel.

It is clear that

Y IAOP = llas]® < o0

iel
and

K(x,y) = (ax,ay) = Y (ax, u)(ay, u) = Y fi(x) fi(y).
iel iel

Property 21.2.9. Suppose that Ky and /C, are positive definite kernels. Then ; - IC;
is a positive definite kernel. In particular, |KC;|? is a positive definite kernel, and for
any integer n > 1 K is a positive definite kernel.

The proof follows from the fact that the product of two functions of the form (21.2.3)
has the same form.

Property 21.2.10. If K is a positive definite kernel, then exp(K) is a positive definite
kernel, too.

The proof follows from the expansion of exp(K) in power series and Proper-
ties 21.2.7 and 21.2.9.
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Property 21.2.11. Let X = X| x X,, where X and X, are nonempty sets. Suppose
that KC; : X? — C is a positive definite kernel (j = 1,2). Then £ : X? — C
defined as

K(x,y) = Ki(x1, y1) - Ka(x2, y2)

forall x = (x1,x2) € X,y = (¥1, y2) € X is a positive definite kernel.
The proof follows immediately from (21.2.3).

Property 21.2.12. Let (X, 2l) be a measurable space, and let ¢ be a o-finite measure
on it. Suppose that £ : X2 — C is a positive definite kernel on X2, which is
measurable and integrable with respect to i x . Then

/ / K(x. y)dp(x)du(y) = 0.
xXJx

Proof. If K is a measurable (with respect to the product of o-fields) function of two
variables, then the function (¢, ) of one variable is measurable, too. Therefore,
there exists a set X, € 2 such that u(X,) < oo, and the function /C(¢, t) is bounded
on X,. Because K is positive definite, we have

ZH:IC(t,-,ti) + ) K(ti.t;) = 0

i=1 i#j

foralln > 2,1¢,...,t, € X. Integrating both sides of the last inequality over the set
X, with respect to the n-times product p X - -+ X @ we obtain

n (X)) /3€ K (6. (1) (n—1) (u(X))" L L K (s, 1) (s)d(1)20.
and, in view of the arbitrariness of n,

//K(s,t)du(s)d,u(t)zo. O

21.3 Examples of Positive Definite Kernels

Let us give some important examples of positive definite kernels.

Example 21.3.1. Let F be a nondecreasing bounded function on the real line.
Define

0 .
K(x,y) = / e/ TG F (i),
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where 7 is the imaginary unit. Then /C is a positive definite kernel because of
n n o) n n
S> K wed = [ Y e eviadF)
%0 =1 t=1

s=1t=1
o0 n . 2
- [ oz
T =1

The kernel

o0
Ki(x,y) =ReK(x,y) = / cos((x — y)u)dF (u)
—0o0
is also positive definite.
Example 21.3.2. Let F be a nondecreasing bounded function on R! such that

o0
/ e¥dF(u) < oo

o0

for all x € R!. Define
o0
K(x,y) = / e TG F (u).
—0Q
It is easy to see that K is a positive definite kernel.
Let, as usual, N, be the set of all nonnegative integers.

Example 21.3.3. Suppose that F is a nondecreasing bounded function on R! such

that
o0
/ u"dF (u)

o0

converges for all u € N,,. Define K : N2 — R! as

K(@m,n) = /00 Wt AF (u).

oo

It is easy to see that K is a positive definite kernel.

Example 21.3.4. The inner product (x, y) in the Hilbert space H as a function
of two variables is a positive definite kernel on #>. From here it follows that
exp{(x, y)} and exp{Re (x, y)} are positive definite kernels.

Example 21.3.5. The kernel

K(x,y) = exp{—|x — y|I*}.



526 21 Positive and Negative Definite Kernels and Their Properties

where x, y are elements of the Hilbert space H, is positive definite. Indeed, for all
Xl,....,x, €Handcy,...,c, € C wehave

n n
33 e expl—llx —x; 1%

i=1j=1

=Y > i expl—|lxil} - expl—llx; 7} - exp{2Re (x;, x;)}

i=1j=1

n n
= Z Zci’c'} exp{2Re (x;,x;)} > 0,

i=1j=1
where ¢/ = ¢; exp{—||x;||*}, and we used the positive definiteness of the kernel

exp{2Re (x, y)}.

Example 21.3.6. Suppose that x, y are real numbers. Denote by x Vv y the maximum
of x and y. For any fixed a € R! set

1 for x <a,
U,(x) = {

0 for x >a.

Suppose that F is a nondecreasing bounded function on R', and introduce the kernel
o0
K(x,y) = / U,(x vV y)dF(a).
—00
For all sets x1,...,x, and cy, ..., c, of real numbers we have

n

n 00 n 2
YD K xj)eie; = / ( Ua(x,-)cf) dF(a) = 0,

i=1j=1 ® \i=1

that is, K represents a positive definite kernel.
The following example provides a generalization of Example 21.3.6.

Example 21.3.7. Let X be an arbitrary set and A a subset of X. Define

1 forxeAandy € A,

0 otherwise.

K(x.y) = §

Then K is a positive definite kernel on x2,
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znzzn:IC(x,-,xj)c,-cj = Z ( Z ci)e; = ( Z Ci)z > 0.

i=1j=1 Jix;€EA iix;€A itx;€A

21.4 Positive Definite Functions

Suppose that X = R? is a d-dimensional Euclidean space. Let f be a complex-
valued function on R¢. We will say that f is a positive definite function if K(s,t) =
f(s — t) is a positive definite kernel on RY x R¢.

Theorem 21.4.1 (Bochner 1933). Let f be a complex-valued function on R?. f
is a positive definite continuous function under condition f(0) = 1 if and only if f
is a characteristic function of a probability measure on RY.

Proof. For simplicity, we consider the case of d = 1.

(a) Let f(¢) = Ee''™X  where X is a random variable. Then for all 7, ...,t, € R!
andcy,...,c, € C we have

Z f@tj—t)cjcr = E ZZ(cje”fX)(Eke_”kX)

j=lk=1 J=lk=1
n
= E|2:cje”fx|2 > (.
=1

Therefore, the characteristic function of an arbitrary random variable is positive
definite.

(b) Suppose now that f is a continuous positive definite function such that f(0) =
1. It is easy to calculate that for any o > 0 the function

— b for ¢ <o
PROTER R
0 for |t| >0

is a characteristic function of the density

1 sin?(0x/2)

plx) = >
o X

Let us consider the expression

1 o o ) )
Po(x) = %/ du/ fu—v)e " e dy. (21.4.1)
0 0
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According to Property 21.2.12, we have p,(x) > 0. But, changing the variables
in (21.4.1), we easily find

Po(x) = 1 /U e v (1 — ﬂ) f(t)dt > 0. (21.4.2)
2 J_o o

From the general properties of characteristic functions, we see from (21.4.2)
that p, € L'(R!) is the probability density function with characteristic function

(1-14) ro.
o

But
: lt]
70 = jin (1= 1) 7o, o =1
0—00 o
and f is a characteristic function in view of its continuity. O

Let us now consider a complex-valued function f given on the interval (—a, a)
(a > 0) on the real line. We will say that f is a positive definite function on (—a, a)
if f(x — y) is a positive definite kernel on (—a, a) x (—a, a). The following result
was obtained by Krein (1940).

Theorem 21.4.2. Let f be given on (—a, a) and continuous at the origin. Then f
is positive definite on (—a, a) if and only if

fx) = / e do (1),

—00
where o (t) (—o0 < t < 00) is a nondecreasing function of bounded variation.

We omit the proof of this theorem.

21.5 Negative Definite Kernels

Let X be a nonempty set, and £ : X% — C. We will say that £ is a negative definite

kernel if for any n € N, arbitrary points xi, ..., x, € X, and any complex numbers
c1,...,Cy, under the condition Zj‘:l ¢; = 0, the following inequality holds:
n n
DY L(xiixj)eie; <0. (21.5.1)

i=1j=1

The nine properties of negative definite kernels are as follows:
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Property 21.5.1. If L is a real symmetric function on X2, then £ is a negative
definite kernel if and only if (21.5.1) holds for arbitrary real numbers cy, ..., c,
under the condition } }_, ¢; = 0.

Property 21.5.1 follows from the definition of a negative definite kernel.

Property 21.5.2. 1If L is a negative definite kernel satisfying the condition
L(x.y) = L(y.x)

for all x, y € X, then the function Re L is a negative definite kernel.
This property is an obvious consequence of Property 21.5.1.

Property 21.5.3. 1f the negative definite kernel £ satisfies the conditions
L(x,x)=0, L(x,y) =L(y,x)

forall x,y € X, thenRe L > 0.
For the proof it is sufficient to put in (21.5.1) n = 2, x;=x, x=y, c¢;=1, and
Cy) = —1.

Property 21.5.4. If K : X2 — C is a positive definite kernel, then the function £
defined by

L(x,y) = K(x,x) + K(y,y) =2K(x.y), x,y € X,
represents a negative definite kernel such that
L(x,x)=0, L(x,y) =L(y,x), x,yeX.

The proof follows from the definitions of positive and negative definite kernels.
Property 21.5.5. Suppose that L is a negative definite kernel such that L(x,, x,) =
0 for some x, € X. Then the function

K(x,y) = L(x,x,) + L(x5,y) — L(x,y), x,y €X,

is a positive definite kernel.

Proof. Taken € N, x1,...,x, € X,¢1,....¢, € C,and ¢, = —Z'}:lcj.Then

n n n n n n
DO Kixpeid; =Y Y K(xixp)ed; = Y Lxi.x;)cié; = 0.
i=1j=1 i=0 j=0 i=0j=0

0

Property 21.5.6. Suppose that a real-valued negative definite kernel £ satisfies the
conditions
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L(x,x) =0, L(x,y)=L(y,x), x,y €X.

Then £ can be represented in the form
L(x,y) =K(x,x) +K(y.y) —2K(x.y), x.y€X, (21.5.2)

where K is a real-valued positive definite kernel.
Let us fix an arbitrary x, € X. Set

1
K(x.y) = 5(£0rx) + L0 y) = L(x.3). x.y € X.

According to Property 21.5.5, IC represents a positive definite kernel. It is easy to
verify that IC satisfies (21.5.2).

Property 21.5.7. Let H be a Hilbert space and (a,),ex a family of elements of H.
Then the kernel

L(x,y) = llax —ay|?
is negative definite. Conversely, if a negative definite kernel £ : X? — R! satisfies

the conditions L£(x,x) = 0, L(x,y) = L(y, x), then there exists a real Hilbert
space ‘H and a family (a,)yex of its elements such that

E()C, y) = ”ax _ay”zv X, )y € x

The first part of this statement follows from Property 21.5.1. The second part follows
from Property 21.5.6 and the Aronszajn—Kolmogorov theorem.

Property 21.5.8. Let £ : X? — C satisfy the condition L£(x,y) = L(y, x) for all
x,y € X. Then the following statements are equivalent:

(a) exp{—aL}is a positive definite kernel for all @ > 0.
(b) L is a negative definite kernel.

Proof. Suppose that statement (a) is true. Then it is easy to see that for any o > 0
the kernel £, = (1 — exp{—aL})/« is negative definite. It is clear that the limit
function £ = lim,_,( L, is negative definite, too.

Now let us suppose that statement (b) holds. Passing from the kernel £ to the
function £, = L — L(x,, x,), we may suppose that L(x,, x,) = 0 for some x, € X.
According to Property 21.5.5, we have

L0x,y) = LIx,X0) + L1, %0) = K(x, ),

where K is a positive definite kernel. Let « > 0. Foranyn € N, x,...,x, € X,
cl,...,c, € Cwehave
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Z Z exp{—aL(x;,X;)}cic;

i=1j=1

= Z Zexp{—aﬁ(x,-,xa)} x exp{—aL(x;,X,)} X exp{a/C(x;, Xj)}ci;

i=1j=1

=Y ) explaK(xi.x;)}c/d; = 0.
i=1j=1
where ¢/ = exp{—aL(x;, x,)}c;. O

Property 21.5.9. Suppose that a negative definite kernel £ : X2 — Rﬂr satisfies
the conditions

L(x,x) =0, L(x,y) = L(y,x), x,y €X.

Let v be a measure on Rﬂ_ such that

min(1, #)dv(t) < oco.
R,

Then the kernel

Ly(x,y) = /]Rl (1 —exp{—tL(x,y)Ddv(z), x,y € X,
+

is negative definite. In particular, if & € [0, 1], then £* is a negative definite kernel.
According to Property 21.5.8, the function exp{—tL(x, y} is a positive definite
kernel; therefore, 1 — exp{—tL(x, y} is negative definite for all # > 0. Hence,
L,(x,y) is a negative definite kernel. To complete the proof, it is sufficient to note
that £* = CoL,,, where vy (B) = [, x~©@*Ddx for any Borel set B C R, and C,
is a positive constant.

Theorem 21.5.1 (Schoenberg 1938). Let (X,d) be a metric space. (X,d) is
isometric to a subset of a Hilbert space if and only if d? is a negative definite kernel
on X2.

Proof. Let us suppose that d? is a negative definite kernel. According to Prop-
erty 21.5.7, there exists a Hilbert space # and a family (@, )y ex such that

dz(xJ’) = |lax _ay”Zv

that is, d(x, y) = |lay — a,||. Therefore, the map x — a, is an isometry from X to
Y={a,: x € X} CH.
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Let us now suppose that f is an isometry from (X, d) to a subset ) of a Hilbert
space H. Seta, = f(x). We have

d(x,y) = |lax — ay Il
that is,
dz(x7 y) = llax — ay”zv
which is a negative definite kernel by Property 21.5.7. O
Let us now give one important example of negative definite kernels.

Example 21.5.1. Let (X,2, i) be a space with a measure (u is not necessarily a
finite measure). Define the function ¥, : L? (X, 2, u) — R:L by setting

WAMZHNZZXQﬂm%mm,xex:LK

Then
Lx,y)=Y,(x—y), x,yeX

is a negative definite kernel for any p € (0, 2].

Proof. Indeed, the kernel (1, v) — |u—v|? is negative definite on R!, and therefore

n n
>3l =l = [

i=1j=1 x

Yo cieslxi (@) = x; ()7 | du(e) <0
ij

forall x;,...,x, € L?,c1,...,c, € RL O
From Property 21.5.9 it follows that L7 is a negative definite kernel for o € [0, 1].

Corollary 21.5.1. For any measure [, the space LP(u) with 1 < p < 2 is
isometric to some subspace of a Hilbert space.

Proof. The proof follows immediately from Example 21.5.1 and Schoenberg’s
theorem 21.5.1. O

21.6 Coarse Embeddings of Metric Spaces into Hilbert Space

Definition 21.6.1. Let (X, d;) and (), d,) be metric spaces. A function f from X
to Q) is called a coarse embedding if there exist two nondecreasing functions p; and
P2 from Rﬂr into itself and such that

p1(di(x,y)) < da(f(x), f(¥) < p2(di(x,y)) forall x,y € X, (21.6.1)
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lim pi(z) = oc. (21.6.2)
7—>00

Our goal here is to prove the following theorem.

Theorem 21.6.1. A metric space (X, d) admits a coarse embedding into a Hilbert
space if and only if there exist a negative definite symmetric kernel L on X and
nondecreasing functions pi, pa such that

L(x,x) =0, VxeX; (21.6.3)
p1(d(x,y)) < L(x,y) < p2(d(x,y)); (21.6.4)
lim py(2)) = oo. (21.6.5)

Proof. Suppose that there exists a negative definite kernel L satisfying
(21.6.3)—~(21.6.5). According to Theorem 21.5.1, there exists a Hilbert space H
and amap f : X — H such that

Lx.y) = If(x) = f)I? forall x,y € X.

Therefore,
Veid@x, y) = [1f(x) = FODI = ve(d(x,y)),

which means that f is a coarse embedding.
Suppose now that there exists a coarse embedding f from X into a Hilbert space
H. Set

Lx,y) =)= DI

According to Property 21.5.7 of Sect. 21.5, L is a negative definite kernel satisfying
(21.6.3). This kernel satisfies (21.6.4) and (21.6.5) by the definition of a coarse
embedding. O

21.7 Strictly and Strongly Positive and Negative Definite
Kernels

Let X be a nonempty set, and let £ : X¥?> — C be a negative definite kernel. As we

know, this means that for arbitrary n € N, any xy,...,x, € X, and any complex
numbers cy, ..., C,, under the condition Z’;’:l ¢; = 0, the following inequality
holds:
n n
DY L(xi.xj)eie; <0. (21.7.1)

i=1j=1

We will say that a negative definite kernel L is strictly negative definite if the
equality in (21.7.1) is true for ¢c; = --- = ¢, = O only.
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If £ is a real-valued symmetric function given on X2, then bearing in mind
Property 21.5.1 of negative definite kernels shows us that £ is a negative definite
kernel if and only if (21.7.1) is true for all real numbers ¢y, ..., ¢, (Z’;:l c; =0),
and the equality holds for¢; = -+ = ¢, = 0 only.

Let KC be a positive definite kernel. We will say that K is a strictly positive definite
kernel if the function

L(x,y) =K(x,x)+K(y,y) —2K(x,y), x,yeX (21.7.2)

is a strictly negative definite kernel.

Let K be real-valued symmetric function given on X2. Suppose that K is a strictly
negative definite kernel and £ is defined by (21.7.2). Then L(x,x) = 0 for any
x € X. Choosing in (21.7.1)n = 2,¢; = 1 = —c,, we obtain L(x, y) > 0 for all
x,y € X,and L(x,y) = 0if and only if x = y. Let us now fix arbitrary x, y,z € X
and setin 21.7.1)n = 3, x; = X, X2 = y, X3 = 2, ¢1 = A/(L(x,2)%, s =
MLy, 2)' % e3 = —(er + ), A = ((L(x, )" + (L(y,2)'/?) /(L(x, )2
Then (21.7.1) implies that

(L, N < (L)Y + (L y)Y2
As K(x,y) = K(y,x), then L(x,y) = L(y,x). Therefore, bearing in mind
Schoenberg’s theorem 21.5.1, we obtain the following theorem.

Theorem 21.7.1. Let X be a nonempty set and K a real-valued symmetric function
on X2 Suppose that K is a strictly positive definite kernel and L is defined by
(21.7.2). Then

d(x,y) = (L(x,y))"? (21.7.3)

is a metric on X. The metric space (X, d) is isometric to a subset of a Hilbert space.

Later in this section we will suppose that X is a metric space. We will denote by
2 the algebra of its Bair subsets. When discussing negative definite kernels, we will
suppose they are continuous, symmetric, and real-valued. Denote by 5 the set of all
probability measures on (X, ).

Suppose that £ is a real continuous function, and denote by B the set of all
measures (€ B for which the integral

/x /x £0x, y)dp(0du(y)

exists.

Theorem 21.7.2. Let L be a real continuous function on X* under the condition

L(x,y)=L(y,x), x,y €X. (21.7.4)
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The inequality
> /x /x £(x. y)du(x)dv(y) — /x /x £(x »)dp@)du(y)

—/ / L(x, y)dv(x)dv(y) >0 (21.7.5)
xJx

holds for all i, v € B if and only if L is a negative definite kernel.

Proof. Tt is obvious that the definition of a negative definite kernel is equivalent to
the condition that

/ / L6 RO ()AO() < 0 (21.7.6)
xXJx

for any probability measure Q given on (X, 2() and arbitrary integrable function A
satisfying the condition f3€ h(x)dQ(x) = 0. Let QO be an arbitrary measure from
B dominating both p and v. Denote

_du _dv
dQl k] 2 dQl ’
Then inequality (21.7.5) may be written in the form (21.7.6) for Q = Q, h =

hi — hy. The measure Q and the function /& with zero mean are arbitrary in view of
the arbitrariness of © and v. Therefore, (21.7.5) and (21.7.6) are equivalent. O

hy h =hy—h,.

Definition 21.7.1. Let Q be a measure on (X, 2l), and let / be a function integrable
with respect to Q and such that

/ h(x)dQ(x) = 0.
x

We will say that L is a strongly negative definite kernel if £ is negative definite and
the equality

/ / L(x. )hR(G)Q(XAQ() = 0
X JxX

implies that (x) = 0 Q-almost everywhere (a.e.) for any measure Q.

Theorem 21.7.3. Let L be a real continuous function satisfying (21.7.4). Inequal-
ity (21.7.5) holds for all measures (u, v € B, with equality in the case i = v only, if
and only if L is a strongly negative definite kernel.

Proof. The proof is obvious in view of the equivalency of (21.7.5) and (21.7.6). O

Of course, a strongly negative definite kernel is at the same time a strictly negative
definite kernel.
Here are some examples of strongly negative definite kernels.
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Example 21.7.1. Let X = R!. Set

1+

2
= 40(x),
X

Uz) = /000(1 — cos(zx))

where 6(x) is a real nondecreasing function, 8(—0) = 0. It is easy to verify that the
kernel

Lx.y)=Ulx—y)
is negative definite. £ is strongly negative definite if and only if supp 6 = [0, c0).
Because

. ° | dr
|x|" = ¢, | ( —cos(xt))ﬁ

for0 < r < 2, where
o dr Tr
¢ = 1//0 (1 —cost)m =—1/ (F(—r) cos 7),

then |x — y|" is a strongly negative definite kernel for 0 < r < 2.1t is a negative
definite kernel (but not strongly) for r = 0 and r = 2.

Example 21.7.2. Let X be a separable Hilbert space. Assume that f(¢) is a
real characteristic functional of an infinitely divisible measure on X. Then
L(t)=—1log f(¢) is a negative definite function on X (i.e., L(x — y¥),x,y € X,
is a negative definite kernel). We know that

1 ; i{t,x) \ 1+ [lx|?
L) = —(Bt,t)—/ (e’(”")—l— ) do(x) .
2 x L+ xli2/) lxl?

where B is the kernel operator and 6 is a finite measure for which 6({0}) = 0.
Clearly, if supp 6 = X, then L is a strongly negative definite function on X.

Example 21.7.3. Let L(z) be a survival function on R!' [ie., 1 — L(x) is a
distribution function]. Then the function £(x /\ y) is a negative definite kernel (here
x /\ y is the minimum of x and y). Suppose that

0 for z <a,
1 for z>a,

84(2) = %

and for all x; < x, <--- < x,, we have

n

Zzg“(xi Axj)hihj = Zzhih/ =<Zh,~)2 >0,

i=1j=1 i=k j=k i=k
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where k is determined by the conditions x; > a, x,—; < a. The foregoing
conclusion now follows from the obvious equality

£e) = /_ (1 - g (0))do (@),

where o is a suitable distribution function. Clearly, £(x A y) is a strongly negative
definite kernel if and only if o is decreasing and strictly monotone.
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Chapter 22
Negative Definite Kernels and Metrics:
Recovering Measures from Potentials

The goals of this chapter are to:

* Introduce probability metrics through strongly negative definite kernel functions
and provide examples,

* Introduce probability metrics through m-negative definite kernels and provide
examples,

* Introduce the notion of potential corresponding to a probability measure,

* Present the problem of recovering a probability measure from its potential,

¢ Consider the relation between the problems of convergence of measures and the
convergence of their potentials,

¢ Characterize probability distributions using the theory of recovering probability
measures from potentials.

Notation introduced in this chapter:

Notation Description

Bx Set of all measures defined on measurable space
(%X, 20) such that fx K(x,x)dp(x) < oo

R(r,v) Positive definite kernel defined on B,ZC

B(L) Set B when kernel C arises from a strongly
negative kernel £

(B(L), M) Metric space in which the distance 91 is defined
through a strongly negative kernel £

R Set of all signed measures on (X, 2()

[IR]| Norm of a signed measure R € R

,l,/ " Probability metric arising from m-negative

definite kernel

px;pn), x €X Potential of a measure p
fu; ) Characteristic function of p
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22.1 Introduction

In this chapter, we introduce special classes of probability metrics through negative
definite kernel functions discussed in the previous chapter. Apart from generating
distance functions with interesting mathematical properties, kernel functions are
central to the notion of potential of probability measures. It turns out that for
strongly negative definite kernels, a probability measure can be uniquely determined
by its potential. The distance between probability measures can be bounded by the
distance between their potentials, meaning that, under some technical conditions, a
sequence of probability measures converges to a limit if and only if the sequence
of their potentials converges to the potential of the limiting probability measure.
Finally, the problem of characterizing classes of probability distributions can
be reduced to the problem of recovering a measure from potential. Examples
are provided for the normal distribution, for symmetric distributions, and for
distributions symmetric to a group of transformations.

22.2 ‘)t-Metrics in the Set of Probability Measures

In this section, we introduce distances generated by negative definite kernels in the
set of probability measures. The corresponding metric space is isometric to a convex
subset of a Hilbert space.!

22.2.1 A Class of Positive Definite Kernels in the Set
of Probabilities and *YX-Distances

Let (X, %) be a measurable space. Denote by B the set of all probability measures
on (X, ). Suppose that K is a positive definite symmetric kernel on X, and let us
define the following function on X2:

s = [ [ Keauwano. @22.)
xJx
Denote by Bx the set of all measures p € B for which
/ K(x, x)du(x) < oo.
x

Proposition 22.2.1. The function R given by (22.2.1) is a positive definite kernel
on lec.

ISriperumbudur et al. (2010) discuss metrics similar to the -distances that we cover in this
chapter. However, the results they present were already reported in the literature.
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Proof. If u,v € Bx, then, according to Property 21.2.5 of positive definite kernels
provided in Sect.21.2 of Chap. 21, the integral on the right-hand side of (22.2.1)
exists. In view of the symmetry of &, we must prove that for arbitrary p;,..., u, €
By and arbitrary ¢, . ..,c, € R! we have

n

Z Zﬁ(ﬂisﬂj)cicj > 0.

i=1j=1
Approximating measures [i;, (; by discrete measures we can write

m

R(ui pj) = /% L K, y)dpi (0duj (v) = lim D% Kxi X)dsidr -
s=1t=1

Therefore,

m m n

Do Ruippeicy = lim 03 1YY Kl xi)@sic)@e;)

i=1j=1 s=11=1|i=1j=1

The double summation in the square brackets on the right-hand side of the preceding
equality is nonnegative in view of the positive definiteness of /. Therefore, the limit
is nonnegative. O

Consider now a negative definite kernel £(x, y) on X? such that L(x, y) = £(y, x)
and L(x,x) = 0 forall x, y € X. Then for any fixed x, € X the kernel

K(x.y) = L(x,x,) + L(x,,y) = L(x,y)

is positive definite (see Property 21.5.5 of negative definite kernels explained in
Chap. 21). According to Proposition 22.2.1, the function

R(u.v) = /x /x K(x. y)dp(0dv(y)
- / L. x0)du(x) + / L% y)dv(y)
X X
—/ / L(x,y)du(x)dv(y) (22.2.2)
X JX

is a positive definite kernel on B,ZC. Property 21.5.4 for negative definite kernels
explained in Chap. 21 shows us that

N, v) = R, p) + K, v) — 28(u, v)

is a negative definite kernel on BzK. Bearing in mind (22.2.2), we can write N in
the form
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N(v) =2 L L £(x. »)du(x)dv(y)

[ [ eeaucodum - [ [ ceoaeao).
xJx xJx
(22.2.3)
which is independent of the choice of x,,.
In the case where L is a strongly negative definite kernel, Theorem 21.7.3 in
Chap. 21 shows that (i, v) = 0 if and only if & = v. For any given L set

K(x,y) = L(x,x,) + L(x0,y) — L(x,y)

and denote by B(L) the set Bx.. Therefore, we have the following result.

Theorem 22.2.1. Let L be a strongly negative definite kernel on X? satisfying
L(x,y) =L(y,x), and L(x,x) =0 forall x,y € X. (22.2.4)

Let N be defined by (22.2.3). Then 0 = N'V/?(j1,v) is a distance on B(L).

In the remaining part of this chapter, we suppose that £ satisfies (22.2.4).

Suppose now that (X, d) is a metric space. Assume that d%(x,y) = L(x,y),
where £ is a strongly negative definite kernel on X2. As we already noted, in this
case NV (u, v) is a strictly negative definite kernel on B(L£) x B(L£) and, according to
Schonenberg’s theorem, the metric space (B(£), 9M), where 0t = A''/2 is isometric
to a subset of the Hilbert space 7. We can identify X with some subset of B(L) by
letting a point from X correspond to the measure concentrated at that point.

Remark 22.2.1. Ttis easy to see that under such isometry, the image B(L) of the set
B(L) is a convex subset of H. Every point of this image is a barycenter of a set of
points from image X of the space X. Thus, the distance (the metric) 91 between two
measures can be described as the distance between the corresponding barycenters
in the Hilbert space .

The converse is also true. That is, if there exists an isometry of space B(L) (with
the distance on X preserved) onto some subset B(L) of the Hilbert space H such
that B (L) is a convex set and the distance between measures is the distance between
the corresponding barycenters in 7, then £(x, y) = d?(x, y) is a strongly negative
definite kernel on X? and NV(t, v) is calculated from (22.2.3).

Let X, Y be two independent random variables (RVs) with cumulative distribu-
tion functions j, v, respectively. Denote by X’, Y’ independent copies of X, Y, i.e.,

X and X’ are identically distributed (notation X <y ), Y Ly , and all RVs
X, X', Y, Y’ are mutually independent. Now we can write N'(jt, v) in the form

N(u,v) =2EL(X.Y)— EL(X,X") — EL(Y,Y).

Sometimes we will write N'(X,Y) instead of N (i, v) and (X, Y) instead of

MN(w, v).
Let us give some examples of 91 distances.
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Example 22.2.1. Consider random vectors taking values in R?. As was shown in
Sect.21.2 of Chap.21, the function L(x, y) = ||x — y||" (0 < r < 2) is a strongly
negative definite kernel on R4 Therefore,

N(X.Y) =2EL(X,Y) — EL(X.X') — EL(Y,Y) (22.2.5)

is a negative definite kernel on the space of probability distributions with a finite rth
absolute moment, and (X, Y) = N 1/ 2(X,Y) is the distance, generated by V.

Let us calculate the distance (22.2.5) for the one-dimensional case. Denote by f(?)
and f>(¢) the characteristic functions of X and Y, respectively. Further, let

uj(t) =Ref;(t), j=12,
vi(t) = Imfi(t), j=1,2.

Using the well-known formula
o0
E|X| = c,./ (1 —u(t))t™rde,
0
where
* dr r
¢ = 1//0 (1 —cost)m =-1/ (F(—r)cos 7)
depends only on r, we can transform the left-hand side of (22.2.5) as follows:
NX,Y)=2E|X-Y|"-E|IX-X|"-E|Y =Y
o0
= [ 2= (= w@nn - on0)
0
—(1—uf(t) —vi()) — (1 —u3(t) —v3(@))e " " dt
o0
— [ 10~ AOP T 20
0

Clearly, the equality is attained if and only if f(t) = f»(¢) forallt € R!, so that
x<y.
Example 22.2.2. Let L(z) be a survival function on R! [ie., 1 — L(x) is a

distribution function]. Then the function £(x /\ y) is a negative definite kernel (here
x /\ y is the minimum of x and y). Suppose that

0 for z <a,

ga(2) = 1 for z>a,

and for all x; < x, <--- < x,, we have
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ZZga(x, Axj)hihj _ZZh h; = (Zh) >0,

i=1j=1 i=k j=k

where k is determined by the conditions x; > a, xx—1 < a. The preceding
conclusion now follows from the obvious equality

L) = /_ (1 — gu(x))do (@),

where o is a suitable distribution function. Clearly, £(x A y) is a strongly negative
definite kernel if and only if o is decreasing and strictly monotone. In this case,

N(v) = /_ (F(a) — (@) d8(a),

where F),, F), are distribution functions corresponding to the measures p and v.

22.3 m-Negative Definite Kernels and Metrics

In this section, we first introduce the notion of m-negative definite kernels and then
proceed with a class of probability metrics generated by them.

22.3.1 m-Negative Definite Kernels and Metrics

We now turn to the generalization of the concept of a negative definite kernel. Let
m be an even integer and (X, d) a metric space. Assume that £(xj,...,Xx,) is a
real continuous function on X™ satisfying the condition £(x;, X2, ..., Xm—1, Xpn) =
L(X2,X1, .., Xm, Xm—1). We say that function £ is an m-negative definite kernel if
for any integer n > 1, any collection of points x1, ..., X, € % and any collection of
complex numbers /1, ..., h, satisfying the condmon Y "_yhj = 0 the following
inequality holds:

j=1

(=D"23 "3 Ly Xy By, = 0, (22.3.1)

=1 ip=l

If the equality in (22.3.1) implies that i; = --- = h, = 0, then we call £ a strictly
m-negative definite kernel. By passing to the limit, we can prove that £ is an m-
negative definite kernel if and only if

(—1)’"/2/%.../xﬁ(xl,...,xm)h(xl)...h(xm)dQ(xl)...dQ(xm) >0 (22.3.2)
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for any measure Q € 5 and any integrable function /(x) such that
/ h(x)dQ(x) = 0. (22.3.3)
x

We say that £ is a strongly m-negative definite kernel if the equality in (22.3.2) is
attained only for 4 = 0, Q-almost everywhere.
We will denote by B(L) the set of all measures . € B for which

// L1, .., xp)dp(xy) ... du(x,) < oco.
x kS

Let u, v belong to B(L). Assume that Q is some measure from 5(£) that dominates
u and v, and denote

du

hi(x) = @,

hy(x) = ;—; h(x) = hi(x) — ha(x).

Let

Ny (i, v) = (—=1)"/? /3€ .. /3€ L(xX1, ., Xpm)h(x1) ... h(x,)d O (x1) ... dQ (xpp)-
(22.3.4)

It is easy to see that if £ is a strongly m-negative definite kernel, then J\/J,/ ", v)
is a metric on the convex set of measures B(L).

We need one additional definition. Let K(xy,...,x;) be a continuous real
function given on X™. We say that K is an m-positive definite kernel if for any
integer n > 1, any collection of points xj,...,x, € X, and any real constants
hi,...,h, the following inequality holds:

S e Y Koy, 01

=1 =1
Lemma 22.3.1. Assume that L is an m-negative definite kernel and for some xy €

X the equality L(xo, . .., x0) = 0is fulfilled. Then there exists an m-positive definite
kernel KC such that

(—1)’"/2/ / L(x1,..., xm)h(x1) ... h(xp)dQ(x1)...dO(xp)
x x
=/36.../3€IC(x1,...,xm)h(xl)...h(xm)dQ(xl)...dQ(xm) (22.3.5)

for any measure Q € B(L) and any integrable function h(x) satisfying condition
(22.3.3).
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Proof. For simplicity we will consider only the case of m = 2. The function
K(x1, x,) defined by

K(x1,x2) = L(x1, x0) + L(x0, x2) — L(x1,x2)

is positive definite. If x;,...,x, € X and ¢y, ..., ¢, are real numbers, then letting
co=—__ c; wehave

n n
Z C,'CjK(Xi,Xj) = Z CiCjK(Xi,Xj)

ij=1 i.j=0

- Z cicjﬁ(xi,xj) >0

ij=0

Equality (22.3.5) is fulfilled since
/ / L1 x0)h(x1)h(x2)dQ (x1)dQ (x2)
X JX

- / L(x1. x0)h(x1)dQ (x1) / h()dQ(x2) = 0
X X

and, analogously,

/ / £(x0. x)h ()R (2)dQ (1)dQ(x2) = 0.
X JxX

O

Let us now consider the set R of all signed measures R on (X, ) for which the
measures Ry and R_ (the positive and negative parts of R) belong to B(L), where
L is a strongly m-negative definite kernel on X™. According to Lemma 22.3.1, there
exists an m-positive definite kernel K for which (22.3.5) holds. For R € R let

1/m
IR = (fx /x K(xy,...,xp)dR(x1)... dR(xm)) . (22.3.6)

Clearly, the set 2R forms a linear space in which ||R| is a norm and, therefore, R
is a normed space. However, R is not yet a Banach space because it may not be
complete with respect to that norm. We obtain the corresponding Banach space A,
after carrying out the procedure of completion.

Thus, if for some strongly m-negative definite kernel £ the metric d admits the
representation

d(x,y) = Ny/™(8:.8y). (22.3.7)
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where NV, (i, v) is determined by (22.3.4), then X € B(L). The set B(L), in turn, is
isometric to a subset of a Banach space [namely, the space R, with norm (22.3.6)].
It is easy to verify that the value N, (i1, v) is equal to the mth degree of the distance
between their barycenters corresponding to p and v in the space R.. Below are

some examples of m-negative definite kernels and the corresponding metrics N,}/ "

Example 22.3.1. Let X = R' and let
L(X1,.o,Xm) = X1 —X2+ X3 — X4+ + Xppe1 — Xm| (22.3.8)

For r € [0, m] this function is m-negative definite, and for r € (0,2) U (2,4) U
... U (m —2,m) it is a strongly m-negative definite kernel. This is clear for r =
0,2,...,m.Letus proveitforr € (0,m),r # 2,4,...,m —2.Letk € [0,m] be
an even integer such that k — 2 < r < k. We have

(k=2)/2

o) 2j

. (xu) du

X" = Apx /0 2; (-1)/ ol —cos(xu) | -, (22.3.9)
=
where
—1
oo [(k=2)/2 2 N2
()Y du
Ay = /0 Z (=1)/ e P B (22.3.10)
j=0

If O € B(L) and h(x) is a real function such that [5, 2(x)dQ(x) = 0, then taking
(22.3.9) into account we have

(—1)"’/2 /]Rl .../Rl L1, Xm)h(x1) .. h(x,)dO(x1) ... dQ (x)

= A i /0 - ‘ /R 1 e *h(x)dQ(x)

It is clear that equality is attained if and only if #(x) = 0, Q-almost everywhere.
Consequently, £ is a strongly m-negative definite kernel. For the kernel (22.3.8)
and r € (0,2) U (2,4) U ... U (m — 2,m) there exists a corresponding metric
Ny = ./\/}i,/ " (1, v) admitting the representation

m

d

_Z1+r Z 0
<

*© d
Notpeow) = A [ 10 = g0 (223.11)

where f(¢) and g(¢) are the characteristic functions of the measures u and v,
respectively.

Example 22.3.2. Let ¥ = R!, and let

L, Xm) =8(X1 —X2+X3— X4+ -+ Xpp—1 — Xm), (22.3.12)
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where g is an even, continuous function. This is an m-negative definite kernel if and
only if

(m=2)/2 4 xm

= [ X 00— costun) | A0 + Pt

(22.3.13)

where 0(x) is a nondecreasing bounded function, §(—0) = 0, and P,,—,(n) is a
polynomial of at most m — 2 degrees in the even powers of u. Here, L is strongly
m-negative definite if and only if supp 6 = [0, 00).

The distance 21, corresponding to the function £ defined in (22.3.12) and
(22.3.13) admits the representation

00 1 4™ 1/m
mMmm=(Alﬁm—ﬁmwtmd%0 L @319
where f, and f, are the characteristic functions of the measures p and v,
respectively. We do not present a proof here. We only note that conceptually it is
close to the proof of a Lévy—Khinchin-type formula that gives the representation of
negative definite functions.’

Example 22.3.2 implies that if the metric 91, corresponds to the kernel £ of
(22.3.12) and (22.3.13), then, by (22.3.14), the Banach space R, is isometric to
the space L™ (R!, %d@(l)). Thus, if £ is determined by (22.3.12) and (22.3.14),
then the set of measures B(£) with metric 91,, is isometric to some convex subset
E(C) of the space L™ (R!, Ht',jm dé(z)). Of course, M., (14, v) is equal to the distance
between the barycenters corresponding to x and v in the space L™ (R!, ljj,fm do(r)),
and the points of the real line correspond to the extreme points of the set B(L).

22.4 9i1-Metrics and the Problem of Recovering Measures
from Potentials

We will refer to the metrics constructed in Sects. 22.2 and 22.3 as the 91-metrics.
They enable us to provide a simple solution to the problem of the uniqueness of
a measure with a given potential. The question of the uniqueness of a measure
having a given potential is essentially a question of the uniqueness of the solution
of an integral equation of a special form. This question arises in certain problems
of mathematical physics, functional analysis (especially in connection with the
extension of isometry), and the theory of random processes and in the construction
of characterizations of probability distributions.

2See, for example, Akhiezer (1961).
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22.4.1 Recovering Measures from Potentials

Suppose first that £(x, y) = L(y,x) is a strongly negative definite kernel on X2,
and u € B(L). The quantity

p(x) = / L(x,y)du(y), xeX, (22.4.1)

x
is the potential of the measure p corresponding to the kernel £ (in short, the
potential of ©). We are interested in the question of whether different measures can

have the same potential. We will provide conditions guaranteeing the coincidence
of measures with equal potentials and offer certain generalizations.

Theorem 22.4.1. If L is a strongly negative definite kernel, then u € B(L) is
uniquely determined by the potential ¢ given by (22.4.1).

Proof. Assume that two measures i, v € B(L) have the same potential. Then

/ L(x,y)du(y) = / L(x,y)dv(y), xeX. (22.4.2)
x x

Integrating both sides of (22.4.2) with respect to d(x) we obtain

L L L0 »)dp)du(y) = L L £(x. »)du(x)dv(y). (224.3)

Similarly, integrating both sides of (22.4.3) with respect to dv leads to

/;E/xﬁ(x,y)dv(x)du(y):LLE(x,y)dv(x)dv(y). (22.4.4)

Adding the corresponding sides of (22.4.3) and (22.4.4) and taking into account that
L(x,y) = L(y, x) we obtain

2 [, L £x ) dp(x)dv(y) = /x /x £0r ) dp()dv(7)

. /3€ L L(x. y)dv(x)dv(y).

By the definition of the metric 91, we see that
N(u,v) =0,

thatis, u = v. O
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Let us consider some consequences of Theorem 22.4.1. Let X = R! and d be
the standard distance on the real line, and let

@(x) =/ ly —x|"du(y). (22.4.5)

—00

We know that for r € (0, 2) the function L£(x, y) = |x — y|" is a strongly negative
definite kernel. Therefore, by Theorem 22.4.1, u is uniquely determined from its
potential ¢ in (22.4.5).

The problem of recovering a measure from its potential (22.4.5) was first
considered by Plotkin (1970, 1971), who proved the uniqueness of the recovery
forall r > 0, r # 2k, k = 0,1,2,.... This result was rediscovered by Rudin
(1976). Their results can be derived from Theorem 22.4.1 since the case r > 2
can be reduced to 0 < r < 2 by differentiating (22.4.2) with respect to x for
L(x,y) = |x — y|". Itis clear that for r = 2k the recovery of u is impossible. In
this case, (22.4.2) only shows the coincidence of some moments of the measures u
and v.

A generalization of Plotkin’s and Rudin’s results can be found in Linde (1982),
Koldobskii (1991), and Gorin and Koldobskii (1987). Their considerations are
mostly related to the study of norms in the spaces L?, L°°, and C. They also
consider certain other Banach spaces. Our method is also useful in the study of
the L? spaces, as shown by the following lemmas.

Lemma 22.4.1. Let L(x, y) be a negative definite kernel on X? taking nonnegative
values and such that L(x,x) = 0, L(x,y) = L(y, x). Assume that v is a measure
(not necessarily finite) on R = [0, 00) satisfying the condition

/oo min(1, x)dv(x) < oo.
0
Then the kernel
Ly(x,y) = /00(1 —exp(—uLl(x, y)))dv(u) (22.4.6)
0

is negative definite. In particular, if o € [0, 1], then L%(x, y) is a negative definite
kernel.

Proof. We first show that the function exp{—AL(x, y)} is positive definite for all
A > 0. For any x( define

K(x,y) = L(x,x0) + L(x0,y) — L(x,y)
so that

L(x,y) = L(x,x0) + L(x0,y) — K(x, y).
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The proof of Lemma 22.3.1 implies that K(x, y) is a positive definite kernel. It
can be easily verified that exp(AK(x, y)) is a positive definite kernel as well.> Let
X1,...,Xx;, € X,and let ¢y, ..., c, be complex constants. We have (the bar denotes
the complex conjugate)

Z ZC,’C_]' exp{—AL(x;, x;)}

i=1j=1

= Z Z ciCjexp{—AL(x;, xo)} exp{—AL(x;, x0)} exp{ LK (x;, x;)}

i=1j=1
n n
= Z Z ¢;C exp{AK (xi, x;)}
i=1j=1
2 07
where c} = ¢; exp{—AL(x;, x0)}. Thus, exp{—AL(x, y)} is indeed positive definite.
This implies that 1 — exp{—AL(x, y)} is a negative definite kernel, and hence so is

L,(x,y).
If @ € (0, 1), consider the measure

Ve (A) :/x_(“+l)dx, A e ARY).
A

Then
E\Ju(xs y) = Caﬁa(xv y)s
where ¢, is a positive constant. This concludes the proof. O

Lemma 22.4.2. Let (A, X,0) be a measure space (where the measure o is not
necessarily finite). Then for 0 < p < 2 the function L,(x,y) defined on
LP(A,X2,0)x LP(A,X2,0) by

£oen) = v =317 = [ 15 = y@lrdo@. xyelr. @247

is a strongly negative definite kernel (it is also a negative definite kernel for p = 2,
but not in the strong case).

Proof. Note that for p € (0, 2) the function (&, v) — |u — v|? is a strongly negative
definite kernel on R! x R!. Therefore, for x;,...,x, € L? and hy,...,h, € R!
such that 37, _; ; = 0 we obtain

3See Vakhaniya et al. (1985).
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> lxi = x5k =/Ale,-(u)—xj(uﬂph,-hjdo(u) <0.
i,j i,j

The lemma is proved. O

From Lemmas 22.4.1 and 22.4.2 we conclude that
L(x,y)=|lx=yl% x,yelL’,

is a strongly negative definite kernel for p € (0,2) and 0 < @ < p. Theorem 22.4.1
now implies that the measure p on L7 is uniquely determined by its potential

o(x) = [ v — yldu(y), x e LP. (22.4.8)
Lp

in the case of p € (0,2) and @ € (0, p). It is clear that if we want to recover y in
the class of measures with fixed support supp p, then it is sufficient to consider only
the restriction of ¢ to supp u, that is, we need to know ¢(x), x € supp p. Although
the uniqueness of p for a given ¢ in (22.4.8) was obtained by Linde (1982) and
Koldobskii (1982) (using a different method), our result concerning the recovery of
1 with a given support from the values of ¢(x), x € supp u, appears to be new.

Can we relax the conditions p € (0, 2),« € (0, p) when considering the potential
(22.4.8), or the constraint » € (0, 2) when studying (22.4.5)? We will try to answer
these questions by introducing potentials related to m-negative definite kernels.
Although we already noted that for (22.4.5) the case r > 2 can be reduced to
r € (0,2) when the potential is determined for all x € R!, it is interesting to study
the uniqueness of the recovery of measures with fixed support from the values of
@(x) on the support. In this case, using differentiation to reduce powers may prove
impossible.

Let £L(x1,...,X;), with an even m > 2, be a strongly m-negative definite kernel
on X", and let u € B(L). Assume that £ is symmetric in its arguments and real-
valued, and L(x,...,x) = 0 for any x € X. Consider the function

o(X1, .00y Xm—1) :/ L, oo, Xm—1, Xp)d (X)),  X1,..., Xm—1 € X.
x

(22.4.9)

We will refer to ¢ as the potential of p corresponding to the kernel £ (if we need to
stress that ¢ corresponds to an m-negative definite kernel, we will refer to it as the
m-potential of (). Let us consider a natural question of whether different measures
can have the same m-potential.

Theorem 22.4.2. If L is a strongly m-negative definite kernel, then u € B(L) is
uniquely determined by the potential (22.4.9).
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Proof. Assume that the measures i, v € B(L) have the same potential. Then

/E(xl,xz,...,xm)d,u(xm):/E(xl,xz,...,xm)dv(xm). (22.4.10)
x x

Integrate successively both sides of (22.4.10) with respect to du(xy) ... dpu(xu—1),
then with respect to dv (x)du(xz) . .. du(xm,—1), and so on, and finally with respect
todv(xy)...dv(x,;—1). This leads to

/---/ﬁ(xl,xz,...,xm)d,u(xl)...du(xm)
kS x
=/ / L1,y Xp)dp(xy) ..o dpe(xp—1)dv(x,,)
kS kS
/ / L, .., x)dv(xy) ..o dv(xy—1)du(xy,)
kS x

=/ .../ﬁ(xl,...,xm)dv(xl)...dv(xm),
x x

which implies that
Nu(p,v) =0,

thatis, u = v. O

Consider again the potential (22.4.5),

o
o) = [ Iy-xlduo). xeRr!
—0Q

where p is a measure on the o-algebra of Borel subsets of the real line. Without
making the assumption r € (0,2), suppose only that r # 2k, k = 0,1,....
There exists an even m such that m — 2 < r < m. In this case, the function
L(X1,...,X,) = |x1 — X2 + -+ 4+ Xpp—1 — Xn|" is a strongly m-negative definite
kernel (Example 22.3.1). If the function ¢(x), x € R!, is known, then we also know
the function

o0
(pm(xl,...,xm_1)=/ L(X1, .y Xm)dp(xn)

oo

= / [x1 —x2 + 4 Xp—1 — X | dpe(xi)

—00
=@(x1 — X2+ + Xm1) -
Theorem 22.4.2 implies that u can be uniquely recovered from its m-potential ¢,,,

and hence p can also be uniquely recovered from its potential ¢. Similar reasoning
allows us to verify that the measure p on L? is uniquely determined by its potential
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(22.4.8) forany p > 0 and @ € (0, p). However, we cannot consider ¢ only on the
support of u. For us it is enough to know ¢ on the set {x; —x> + -+ Xu—1 : X; €

suppp, j = 1,2,...,my}.

22.4.2 Stability in the Problem of Recovering a Measure
Jrom its Potential

We saw in Sect. 22.4 that 91-metrics enable us to obtain a relatively simple solution
to the problem of recovering a measure from its potential. It seems plausible that
if two measures have close potentials, then the measures themselves are close in
the corresponding 91-metric. If this is actually the case, then the convergence of the
corresponding sequence of potentials can be used as a criterion for convergence of
a sequence of measures. In this section, we will consider in greater detail the case
where the potentials are close in a uniform sense while the closeness of the measures
is stated in terms of 1-metrics.

Suppose first that £(x, y) is a symmetric strongly negative definite kernel on X2,
and that u € B(L). For the sake of convenience, the potential (22.4.1) will now be
denoted by ¢(x; i), that is,

o(x: ) = [ £0x)du(y). (224.11)
X

Theorem 22.4.3. Suppose that L(x,y) is a symmetric strongly negative definite
kernel on X. Then for any ., v € B(L) we have

N2 (u,v) < 2 sup | ¢ 1) = p(x: 2. (22.4.12)
Proof. Let
e = sup| p(x; ) — p(x; V)2
XEX
Clearly,
/ £(x. y)du(y) — / Lex.n)dv(y)| <e. (22.413)
X X

Integrating both sides of (22.4.13) with respect to du(x) we obtain

/ / £(x »)du()duly) — / / Ledudv()| <6 (224.14)
XX XX
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If both sides of (22.4.13) are integrated with respect to dv(x), then

// E(x,y)dv(x)d,u(y)—// L(x,y)dv(x)dv(y)| <e. (22.4.15)
xx

xx
The result now follows from (22.4.14), (22.4.15), and the definition of 91. O

An analogous result for the potential (22.4.9) and metric 91, holds as well. The
proof of the following result is similar to that of Theorem 22.4.3.

Theorem 22.4.4. Suppose that L(x1,...,Xy), where m > 2 is even, is a strongly
m-negative definite kernel on X, and v, v € B(L). Then

1

Mo(uov) = (m sup g0 i) =g X))

(X] ..... Xm_l)exm—l
(22.4.16)

where

o(xX1, ..., Xxp—1;0) = /E(xl, o Xm—13 X)dO(x), 0 € B(L). (22.4.17)
x

To obtain quantitative criteria for the convergence of probability measures in
terms of the convergence of the corresponding potentials, we need a lower bound
for (i, v). Since we cannot obtain such an estimate in general, we will consider
only functions £(x, y) that depend on the difference x — y of the arguments x, y €
R! = X.

Recall that (Example 21.7.1) when X = R!, then an even continuous function
L(z) with £(0) = 0 is strongly negative definite if and only if

o

L(z) = /(1 — cos(zu))

0

1+ u?

u2

d6(u), suppf = [0, 00), (22.4.18)

where 0 (u) is a real bounded nondecreasing function with 6(—0) = 0. If p €
B(L), then the integral

/ / L(x — y)dp(x)dv(y)
x X

is finite. This integral can be written as

o0

//E(x—y)du(x)dv(y) = ///(1 — cos(xu) cos(yu)
X x

X X 0

+u?

—sin(xu) sin(yu)) ! dp(x)dp(y)do(u).

u2
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Let f(u; i) be the characteristic function corresponding to the measure p. Then the
preceding equality becomes

//zw—wwumww /U—UWMW) " 46(u).

Since the left-hand-side of the preceding equality is finite by the assumption that
€ B(L), the right-hand side is also finite. Consequently,

hm /(1 — | f(u; )| = 0. (22.4.19)

This holds for every measure . € B(L). It is convenient for us to consider a subset
of B(L) such that convergence in (22.4.19) is uniform with respect to this subset. For
this purpose we introduce the function w(§), defined for § € [0, 0o) and satisfying
the conditions

w(0) = Skgow(S) =0,
(81) < w(8) for 0 < &) < é».

Let B(L; w) be the set of all measures u € B(L) for which

sup /(1 — | fu; w)| (22.4.20)

HEB(L;w)

Here, 6 is the function that appears in (22.4.18).

Theorem 22.4.5. Suppose that L is defined by (22.4.18) and that i, v € B(L; w).
Then

L+ o0 +2\/§a)(8):| .

sup [o(x; ) — @(x;v)| < gg[@v%(u,v) /
§
(22.4.21)

Proof. We have

ammzjfw—ww@)
X

/(1 — cos(ux)Re f(u; )
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where Re f and Imf are the real and the imaginary parts of f, respectively.
Therefore, the difference of the potentials of i, v € B(L; w) can be represented as

(e ) — o v)] = | [ feos(ux) (Re £ (u: j1) — Re £t v))
0

u?

+ sin(ux) (Im f (s 1) — Im f (w3 v))] do (u)|

<2 / | £ (s ) — fu v)| de(u) (22.4.22)

Let us represent the integral on the right-hand side of (22.4.22) as the sum of
integrals over the intervals [0, §] and (8, 0co), where § is for now an arbitrary positive
number. Applying the Cauchy—Buniakowsky inequality to the integral over (§, co)
we obtain

/ ) — ) dow)
00 1/2
2
[ ) — fw)f 2F
] ]
T142 "
< N, v) / aow| . (22.4.23)
]
For the integral over [0, §] we have
/ ) — fe ) dow)

d9( )

frere
o

< 20(8). (22.4.24)

/Il—f(u vl

/(l—lf(u WP 46 w)




558 22 Negative Definite Kernels and Metrics: Recovering Measures from Potentials

By the arbitrariness of § > 0, inequality (22.4.21) now follows from
(22.4.22)-(22.4.24). O

Corollary 22.4.1. Suppose that in the statement of Theorem 22.4.5 the function

0(u) is such that the integral fooo 11'2“2 dO(u) converges. Then

N(w;v) < sup | @(x; p) — @(x;v)]

xeX

o

Va( / L+ ”2de(u))l/2 N, v). (22.4.05)

u?
0

Proof. The result follows directly from Theorems 22.4.3 and 22.4.5. Note that
instead of B(L; w), the whole space 3 can be considered here. O

We can now state the quantitative criteria for the convergence of a sequence of
measures in terms of the convergence of a sequence of their potentials. The result
below follows directly from Theorems 22.4.3 and 22.4.5.

Theorem 22.4.6. Let X = R! and the function L be defined by (22.4.18), and let
U1, M2,y ... s by be a sequence of measures from B(L; ). The sequence {1, n > 1}
converges in N to some measure v if and only if the sequence of potentials
{p(x; y),n > 1} converges in the uniform metric to the potential ¢(x;v) of
v. Here,

N(pnsv) < sup p(x; wn) — @(x;v)|
xeX

1/2

® 2
T 00y | + 2v200)

< inf | VIR0 | [

8

u2

(22.4.26)

Corollary 22.4.2. Suppose that in the statement of Theorem 22.4.6 the integral

0o 2
/ 1+ud9(u)
0

u2

converges and {jt,,n > 1} is a sequence of arbitrary measures from B. This
sequence converges in N to v if and only if the sequence of potentials {¢ (x; ty),n >
1} converges in the uniform metric to the potential ¢ (x; v). Here,

N(ptn,v) < sgg lo(x; ) — (x5 v)]

1/2

x 2
<V2 / L 0w | o v) | (22.4.27)

u2

0
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Note that for a bounded, continuous, and symmetric function £ of the form
(22.4.18), the convergence in 1 is equivalent to the weak convergence of measures.
Therefore, weak convergence of measures is equivalent to the uniform convergence
of their potentials corresponding to the kernels L.

Note that our main focus is the theoretical issues of the uniqueness and stability
of the recovery of a measure from its potential. Of course, explicit reconstruction
formulas are of interest as well. Such results can be found in Koldobskii (1982,
1991).

22.5 9i-Metrics in the Study of Certain Problems
of the Characterization of Distributions

The problem of characterizing probability distributions involves the description of
all probability laws with a certain property P. In cases where this property can
be stated as a functional equation, the characterization problem reduces to the
description (finding) of the probabilistic solutions of the equation. This approach
can be found in many publications devoted to characterization problems, including
the well-known monograph by Kagan et al. (1973).

Situations in which a certain class of distributions with a property P is known and
it must be established that there are no other distributions possessing this property
are fairly common. In such cases, one can apply results about positive solutions of
functional equations. Such an approach was developed in Kakosyan et al. (1984).

Problems of recovering a distribution from the distributions of suitable statistics,
or from certain functionals of distributions of these statistics, also belong to
characterization problems. These particular problems are related to the problem of
recovering a measure from the potential as well as to N-metrics.* Below we show
that it is possible to use 91-metrics in such problems.

22.5.1 Characterization of Gaussian and Related Distributions
Let us begin with the question of whether it is possible to recover a distribution of

independent identically distributed (i.i.d.) RVs X}, ..., X, from the function

r

Urar.....an) = E |Y_a;X;| .re€(0.2), (22.5.1)
j=1

4See Klebanov and Zinger (1990).
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where the parameter r is fixed. Here, we assume the existence of the first absolute
moment of X. We can write U, (ay,...a,) as follows:

n "
U,(al,...,an)zf Zajxj dF(x1,...,Xx,)
n j=
.
n—1 aix:
:/ Z#—i—an [xn|" dF(x1,...,x,)
"o X
.
n—1 aix
:/ Z#—i—an dFi(x1,...,x,),
n |7 Xn
j=1
where dFy(xy,...,x,) = |x,|"dF(xy, ..., x,). Clearly, the value E|x,|" is known
because it is the value U, (0, ..., 0, 1). The measure

dFi(x1,....x)/ E| X"

is a probability measure, and therefore the problem of recovering F' from the known

function U,(ay,...,a,) reduces to the problem of recovering the distribution of
Y = Z;’;ll a'Q(X’ from the potential. As we already saw in Sect.22.4, such a
recovery is unique. Since the coefficients a;, (j = [,...,n — [), are arbitrary,

we can recover the distribution of X; from the distribution of Y (to within a scale
parameter).’ However, since E|X|” is known, we can uniquely determine the scale
parameter as well. Note that the problem of recovering the distribution of X, from
(22.5.1) was considered in Braverman (1987).

The preceding arguments enable us to reduce this problem to one of recovering a
measure from the potential. Below we demonstrate the possibilities of this approach
and the connections of 91-metrics to related characterization problems, including
those in Banach spaces. Our first result is a formalization of arguments given
previously.

Theorem 22.5.1. Let B be a Banach space, and let X1, ..., X, (n > 3) be i.id.
random vectors with values in B. Suppose that for any a1, . . . , a, from the conjugate
space B*, the RVs (a;, X ;) have an absolute moment of order r € (0,2), j =
1,...,n. Then the function

n

eai,...,a,) =E Z(aijj)

=1

on B*" uniquely determines the distribution of X .

3See, for example, Kagan et al. (1973).
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Proof. Proceed by following the outline given peviously. O

Remark 22.5.1. 1f in Theorem 22.5.1 we have n > 3, then the a; for j > 3 can
be set to zero, so that we can consider only ¢ on B*3. As a3, we can choose only
vectors that are collinear to a fixed vector from B*.

Corollary 22.5.1. Suppose that B is a Banach space and X, ..., X, (n > 3) are
i.i.d. random vectors with values in B and such that E || X, || exists for some r €
(0,2). Let

,
(A A)=E | > A;X;| .
j=1

where Ay, ..., A, are linear continuous operators acting from B into B. Then the
distribution of X is uniquely determined by V.

Proof. It is enough to consider operators A; mapping B into its one-dimensional
subspace and then use Theorem 22.5.1. O

Corollary 22.5.2. Let Xi,...,X, (n > 3) be i.i.d. RVs variables (with values in
RY) with E|X:|" < oo for some fixed r € (0,2). Iffor all real ay, .. ., a,,

r/2

n n
E|Y a;X;|=C > a}| . (22.5.2)
j=1 j=1

where C, is positive and depends only on r, then X, follows a normal distribution
with mean 0.

Proof. 1Tt is enough to note that (22.5.2) holds for a normal distribution with mean 0
and then use Theorem 22.5.1. O

The result of Corollary 22.5.2 in a somewhat more general setting r # 2k,
k =0,1,2,..., was obtained in Braverman (1987). We now present its substantial
generalization.

Theorem 22.5.2. Suppose that a Banach space B and a real number r > 0 are such
that || x — y||", x, y € B, is a strongly negative definite function. Let X, X2, X3, X4
be i.i.d. random vectors with values in B and such that E || X,||" < oco. Assume that
for some real function h the relation

r

4 4
E|Y ajX;| =h|Y a} (22.5.3)
j=1 j=1
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holds for at least the following collections of parameters a,a,,az,as € R':

1
a) = 1, ay = a3z = —E, ayg = Q (2254)
ay=—a, =1, a3 = a4 = 0; (22.5.5)
! ! (22.5.6)
a) =dy = —, A3 =4 = ———. .
1 NG 72
Then X has a Gaussian distribution with mean O.
Proof. By (22.5.3)-(22.5.6), we have
X X;|"
E 'Xl—g = h(2),
V2

E|X: = X2|" = h(2),
Xi+X, X5+X '
V2 V2

These three equalities imply that

= h(2).

d

r r

Xo + X3

V2

Xi+X, X3+ Xy

V2 V2

2F HXl—

CE|Xi- X —F H

or, equivalently,

X X
(5

where 91 is the metric corresponding to the strongly negative definite kernel
L(u,v) = ||lu—v|". Therefore,

X, + X
x L2t (22.5.7)
V2

Let x* € B*. From (22.5.7) we find

(%, X)L (x*,X2)+(x*,X3)'

V2
Now by the famous Pélya theorem, the RV (x*, X ) has a Gaussian distribution
with mean 0. Since x* € B* was chosen arbitrarily, the result follows. O

Similar arguments can be used to characterize symmetric distributions in R".

Theorem 22.5.3. Let X,Y be i.i.d. random vectors in R" with E|| X|" < oo for
some r € (0,2). Then we have
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E|X+Y|'=E|X-Y]", (22.5.8)

with equality if and only if X has a symmetric distribution.

Proof. This result can be obtained from Theorem 22.2.1 and Example 22.2.1.
However, we present an alternative proof. Consider first the scalar case, where
X and Y are i.i.d. RVs taking real values and having distribution function F(x).
Suppose that x, y are two real numbers and r € (0, 2). It is easy to verify that

. , ®© xt , yt dt
|x + " —|x — ] :C,/O sin — sin —- 7, (22.5.9)

where C, is a positive constant that depends only on r. Integrating both sides of
(22.5.9) with respect to dF (x) — dF(y) we obtain

EIX+Y|"—E|X-Y|"=C YRR 22.5.1
|+|—|—|—r0</’§[1T, (22.5.10)

where ¢(t) = ffzo sin(zx)d F(x) is the sine-Fourier transform of F. Thus, in the

scalar case, (22.5.8) follows from (22.5.10) since C, > 0. If the right-hand side

of (22.5.10) is equal to zero, then the sine-Fourier transform of F(x) is identically

zero. This is equivalent to the symmetry of X, which concludes the scalar case.
The vector case is easily reduced to the scalar one by noting that for x € R”

Il = [ 1.0 amco) (25.11)

where M is a measure on the unit sphere S”~! in R, and then using the result in
the one-dimensional case. O

Here is a generalization of (22.5.8), which extends the range of variation of r.
Theorem 22.5.4. Suppose that m = 2k is an even positive integer and X1, . .., Xm

are i.i.d. vectors in R". Let E || X ||" < oo, where r € (m — 2, m) is fixed. Then

m

m
S -1y (j )E Xy e 4 Xpj = X jy1 == Xl =0 (22.5.12)
j=0

with equality if and only if X1 has a symmetric distribution.
Proof. The result is derived from the following facts.

(a) Forr € (m — 2, m) the function
L, X)) = X1 —X2 4+ + Xm—1 — X|” (22.5.13)

is a strongly m-negative definite kernel.
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(b) Suppose that i, v are two measures in R” and £ is a strongly m-negative definite
kernel. Let

Nop(pt.v) = (—1)'"/2/” / Lot Q) ... dO (o).
(22.5.14)

where Q = u — v. Then M, (1, v) is a metric on B(L).

(c) If p is a measure generated by X, v is a measure generated by —X;, and £
is determined by (22.5.13), then AV, (i, v) in (22.5.14) coincides with the left-
hand side of (22.5.12).

The theorem is proved. O

Let us now study the case of a separable Hilbert space $. Let L(x —y), x,y € §
be a real strongly negative definite function. The following result can be obtained
by substituting ¥ = — X" in Theorem 22.2.1.

Theorem 22.5.5. If X, Y are i.i.d. random vectors in $) for which EL(X +Y) <
oo, then

ELX+Y)>ELX-Y), (22.5.15)
with equality if and only if X has a symmetric distribution.

Observe that (22.5.8) is a special case of (22.5.15) with L(x) = || x||", $ = R". We

note that Theorems 22.5.3-22.5.5 are set forth in Zinger and Klebanov (1991).
Theorem 22.5.3 can be used to obtain a criterion for convergence of a sequence

of random vectors in R” to a set S of random vectors with a symmetric distribution.

Theorem 22.5.6. Suppose that {X,,, m > 1} is a sequence of random vectors in
R", L(x,y) = |lx = y|” (r € (0,2), x,y € R"), and N is a metric generated by
L. The sequence {X,,, m > 1} approaches the set S of random vectors in R" with
symmetric distributions if and only if

lim [E || X, + X, " = E [ X — X, "1 =0,
m—>00

where X, is an independent copy of X,.
This result becomes almost trivial in view of the following lemma.
Lemma 22.5.1. Let £, 0N, and S be the same as in Theorem 22.5.6, and let X be a

random vector in R". Then

1 AT mr
NX,S) = W[E X +X'|I" —E|X - X'|']"? (22.5.16)

where X' is an independent copy of X.

Proof. Similar to the proof of Theorem 22.5.3, we have
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o0 t dr
EIX+ X —E|X —X'| = c,/ dM(s)/ Pl L
Snfl 0 2 t1+l

This identity, which follows from (22.5.10) and (22.5.11), can be rewritten as

o0 dr
EIX+X|'-E|X-X| = 2’C,/ dM(s)/ (pz(ts)m, (22.5.17)
Sn—l1 0

where ¢ and M were defined in the proof of Theorem 22.5.3. On the other hand,

N(X.S) = inf N(X.Y)

. vy v 2
it €, [ am) [ 1pesi0 - fas P

where f(u; X) and f(u; Y) are the characteristic functions of X and Y, respectively.
Since Y has a symmetric distribution, f(u;Y) is real, so that Im f(u; Y) = 0 and
Ref(u;Y) = f(u;Y). Therefore,

N(X.8) = inf C, /S _dM(s)

x /Ooo[(Ref(ts; X) — fles: V) + (im fles: X))

o dr
C, /S M) /0 (Im (e5; X))

%

o dr
_ 2
=C, /sn—l dM(s)/0 1) (ts)tHr.

It is clear that if f(u,Y) = Re f(u; X), then we obtain an equality in the preceding
inequality. Hence, taking into account (22.5.17), we obtain the result. O

Incidentally, the proof of Lemma 22.5.1 implies that the closest (in the 1 metric)
symmetric random vector to X is the vector ¥ with the characteristic function
f(u;Y) = Re f(u; X). This vector can be constructed as a mixture of X and —X
taken with equal probabilities:

Y=eX-(1-¢)X,

where € is an RV independent of X taking on values 0 or 1 with probability 1/2.

Most of the results presented in this section are concerned with moments of sums
of RVs (or vectors). However, other operations on RVs can be studied as well using
a suitable choice for L. For example, if we use £ given in Example 22.2.2, then we
obtain an analog of Theorem 22.5.2 that characterizes the exponential distribution
through the mean values of order statistics.
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Theorem 22.5.7. Let X1,..., X, (n > 4) be i.i.d. nonnegative RVs with finite first
moment. Assume that there exists a finite limit lim,_, 4o F(x)/x = A not equal to

zero, where F(x) is the distribution function of X . If the expectation E ( /\’]1 % )

=1ga;
depends only on the sum of real positive parameters ai,...,a, (that are chosen
arbitrarily), then X, has an exponential distribution with parameter A.

Proof. Let F(x) = 1 — F(x). Itis easy to see that
n X oo N
E = F(a;x)dx.
/\ a, /o l—[ (a;x)dx
j=1 j=1
The assumptions of the theorem imply that
oo m
/ [ ] F(ajx)dx = const. (22.5.18)
0 !
j=1

whenever Z’;’:l a; = const. Set the following values successively in (22.5.18):

al:a2:17a3:...:an:0;
al:1,612:613:1/2,614:”-:an: ’
al:612:6132614:1/2,615:"':61,,:

Then, from the doubled second equality obtained in this way we calculate the first
and the third, finding

/Ooo [F(x) - FZ(;)]zdx -0,
so that

Flx) = F? (;) . (22.5.19)

Equations of the form (22.5.19) are well known.® When the limit specified in the
hypothesis of the theorem exists, the only solution of the preceding equation is

F(x) = exp(—Ax). O
The foregoing proof demonstrates that if £ (/\’}=l ;—j/) depends on the sum of
ai,...,a, only for the three sets of parameters specified previously, then F(x) is a

function of the exponential distribution. Instead of the expectation of the minimum,
we can take the expectation of any strictly increasing function of it (as long as the
expectation exists).

%See, for example, Kakosyan et al. (1984).
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22.5.2 Characterization of Distributions Symmetric to a Group
of Transformations

Consider two i.i.d. random vectors X and Y in R¢, and a real orthogonal matrix 4,
thatis AAT = AT A = I. Here, AT stands for the transpose of the matrix A, and [
is the unit matrix.

Theorem 22.5.8. Suppose that A is an orthogonal d x d matrix and that L is a
negative definite kernel such that L(Ax, Ay) = L(x,y). Then for the i.i.d. RVs
X, Y we have

EL(X,AY) > EL(X,Y). (22.5.20)

In addition, if L is a strongly negative definite kernel, then the equality in (22.5.20)
is attained if and only if the distribution of the vector X is invariant with respect to
the group G generated by the matrix A.

Proof. Let us consider the corresponding N kernel on the space of corresponding
probability distributions

N(X,AY) = 2EL(X, AY) — EL(X, X') — EL(AY, AY").

As we saw in Chap.21, N is negative definite if £ is such, and it is a square of
distance if £ is a strongly negative definite kernel. But £L(Ax, Ay) = L(x, y), and
therefore

N(X,AY) = Z(EL’(X, AY) - EL(X, X’)),
which implies the statement of the theorem. O

Corollary 22.5.3. Suppose that X and Y are two i.i.d. random vectors such that
the moment E || X ||" exists for some r € (0,2) and A is a real orthogonal matrix.
Then

E|X —AY|' = E|X Y|, (22.5.21)

with equality if and only if the distribution of X is invariant with respect to the group
G generated by the matrix A.

Proof. Tt is clear that
Lx,y)=lx=yl"

is a strongly negative definite kernel in R x R?, and £L(Ax, Ay) = L(x, y) because
the Euclidean distance is invariant under orthogonal transformations. O

Remark 22.5.2. Note that for r = 2, the equality in (22.5.21) does not characterize
any property of invariance. It imposes some restrictions on the first moments of the
distribution of X .
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Example 22.5.1. Let g(t) be a real characteristic function of an infinitely divisible
probability distribution on R?. Then £(x, y) = —log g(x — y) is a negative definite
kernel. Further, if the support of the corresponding spectral measure in the Lévy—
Khinchin representation of g(t) coincides with the whole R?, then the kernel is
strongly negative definite.

Let us take £(x,y) = 1 — exp{—|x — y||?}. Since g(¢) = exp(—|t|]?) is
the characteristic function of a multivariate normal distribution, then the function
L(x,y) is a strongly negative definite kernel. Therefore,

Eexp{—||X — Y |J*} > Eexp{—||X — AY ||} (22.5.22)

with equality if and only if the distribution of X is invariant with respect to the group
G. Note that here we do not need any moment-type restrictions.

A type of generalization arises in the following way.” Let B = C T C be a positive
definite d x d matrix, and let || x| = (x” Bx)!/? be the corresponding norm in R¢.
Suppose now that 4 is a d x d real matrix satisfying the condition A7 BA = B
(which is a generalization of orthogonality).

Theorem 22.5.9. Let X and Y be i.i.d. random vectors in R? having finite absolute
rth moment (0 < r < 2). Then

E|X - AY|}y = E|X — Y[}, (22.5.23)

with equality if and only if the distribution of X is invariant with respect to the group
generated by the matrix A.

Proof. Apply Theorem 22.5.3 to the random vectors CX and CY and ordinary
Euclidean norm. O

We can now characterize the distributions invariant with respect to a group
generated by a finite set of matrices.®

Theorem 22.5.10. Suppose that B; = CJTCj, j = 1,...,m, are positive definite
d x d matrices and AJTBj Aj = B;. Let X, Y bei.i.d. random vectors in R? having
finite absolute rth moment (0 < r < 2). Then
m
r r

Z(EHX—AJ»YHBj —E||X—Y||B‘/,) >0, (22.5.24)

j=1
with equality if and only if the distribution of X is invariant with respect to the group
G generated by the matrices A;, j = 1,...,m.

7See Klebanov et al. (2001).
8See Klebanov et al. (2001).
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Chapter 23
Statistical Estimates Obtained by the Minimal
Distances Method

The goals of this chapter are to:

* Consider the problem of parameter estimation by the method of minimal
distances,
* Study the properties of the estimators.

Notation introduced in this chapter:

Notation Description

w® Brownian bridge

Fy(x) = F(x,0) Distribution function with parameter 6
po(x) = p(x,0) Density of Fy(x)

23.1 Introduction

In this chapter, we consider minimal distance estimators resulting from using
the D1-metrics and compare them with classical M -estimators. This chapter, like
Chap. 22, is not directly related to quantitative convergence criteria, although it does
demonstrate the importance of 1-metrics.

23.2 Estimating a Location Parameter: First Approach

Let us begin by considering a simple case of estimating a one-dimensional location
parameter. Assume that

L(x,y) =L(x—y)

S.T. Rachev et al., The Methods of Distances in the Theory of Probability and Statistics, 571
DOI 10.1007/978-1-4614-4869-3_23, © Springer Science+Business Media, LLC 2013
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is a strongly negative definite kernel and

[o,<lNe ¢}

N(F,G) = — / / L(x,y)dR(x)dR(y), R=F — G,

—00 —00

is the corresponding kernel defined on the class of distribution functions (DFs). As
we noted in Chap. 22, M(F,G) = N'V2(F,G) is a distance on the class B(L) of
DFs under the condition

(o oliNe o]

//E(x,y)dF(x)dF(y)<oo.

—00 —00

Suppose that x1, . . ., X, is a random sample from a population with DF Fyp(x) =
F(x —0), where 6 € ® C R! is an unknown parameter (© is some interval, which
may be infinite). Assume that there exists a density p(x) of F(x) (with respect to the
Lebesgue measure). Let F,*(x) be the empirical distribution based on the random
sample, and let 6* be a minimum distance estimator of 6, so that

N(E[, Fgr) = min N(F,, Fy) (23.2.1)
EH
or
0* = argmingco N(F,", Fp). (23.2.2)
We have

2 [
N(F}, Fy) = ;Z / L(x; =0 —=y)p(y)dy
=iy

1
=7 2 Ll =)
ij

- / / L(x —y)p(x)p(y)dxdy.

—00 —00

Suppose that L£(u) is differentiable and £ and p are such that

/ L(X)p'(x + 0)dx = c% L(x —0)p(x)dx
= - / L'(x —0)p(x)dx. (23.2.3)

—00
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Then, (23.2.2) implies that 8* is the root of

d
—N(FF, Fg)lg=p+ =0
9 (F,", Fp)lo=¢

or
o0

2”: / L'(x; —6* —v)p(v)dv = 0.
i=1

—0o0

Since the estimator 6* satisfies the equation

D ailx; —60) =0,

j=1

where
o0

1(x) = / £(x — ) p()dv),

—0o0

573

(23.2.4)

(23.2.5)

it is an M -estimator.! It is well known [see, e.g., Huber (1981)] that (23.2.4) [or

(23.2.5)] determines a consistent estimator only if

(o]

/ g1(x)p(x)dx =0,

—00

that is,

/ / L' (u—v)p(u)p(v)dudv = 0.

—00 —00

We show that if (23.2.3) holds, then (23.2.6) does as well. The integral

oo o0 oo

(23.2.6)

/ / Lu—v)pu+ 0)p(v+ 0)dudv = / L(u—v)p(u)p(v)dudv

—00 —00 —00
does not depend on 6. Therefore,

d
dé

'See, for example, Huber (1981) for the definition and properties of M -estimators.

/ / Lu—v)pu+0)pv+ 0)dudv = 0.

(23.2.7)
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On the other hand,

o0
7|
dé

—0o0 —

Lu—v)pu+ 0)p(v+ 0)dudv

8\8 8\8

/ Lu—v)p'(u+0)p( + 0)dudv

oo

+ Lu—v)pu+0)p' v+ 0)dudv

=2 Lu—v)p'(u+0)p(v+ 0)dudy.

11
i

Here, we used the equality £(u — v) = L(v — u). Comparing this with (23.2.7), we
find that for 6 = 0

/ / L(u—v)p'(u)p(v)dudv = 0. (23.2.8)
However,
o o0 / d o0
/ / L(u—v)p (u)p(v)dudv = o / Lu—v)pw)dv | p(u)du

8\8 é\g

/ L' (u—v)pu) p(v)dudy.

Consequently [see (23.2.8)],

[o,<lNe o)

/ / L(u—v)p(u)p(v)dudv = 0,

—00 —00

which proves (23.2.6).
We see that the minimum 91-distance estimator is an M -estimator, and the

necessary condition for its consistency is automatically fulfilled.
The standard theory of M -estimators shows that the asymptotic variance of 6*
[i.e., the variance of the limiting random variable of \/n(0* — 0) as n — oo] is
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o0 o0 2
i [f E/(u—v)p(v)dv:| p(u)du

2 _ —oo L-oo

[_f R —v)p(u)p(v)dudv}

where we assumed the existence of £” and that the differentiation can be carried out
under the integral. Note that when the parameter space ® is compact, it is clear from
geometric considerations that 8* = argmingco N (F,, Fy) is unique for sufficiently
large n.

23.3 Estimating a Location Parameter: Second Approach

We now consider another method for estimating a location parameter 6. Let
0" = argmingeo N(F,, 89). (23.3.1)

where &y is a distribution concentrated at the point 6 and F,’ is an empirical DF.
Proceeding as in Sect. 23.2, it is easy to verify that 6’ is a root of

> L(x;—6)=0. (23.3.2)
j=1
and so it is a classic M -estimator. A consistent solution of (23.3.2) exists only if

o

/ L' (u)p(u)du = 0. (23.3.3)
—00
What is a geometric interpretation of (23.3.3)? More precisely, how is the

measure parameter §y related to the family parameter, that is, to the DF Fy? This
must be the same parameter, that is, for all §; we must have

Otherwise,

d
—N(Fy, 80,)|0,=0 = 0.
1o NF0 50l
It is easy to verify that the last condition is equivalent to (23.3.3). Thus, (23.3.3)
has to do with the accuracy of parameterization and has the following geometric
interpretation. The space of measures with metric 91 is isometric to some simplex in
a Hilbert space. In this case, §-measures correspond to the extreme points (vertices)
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of the simplex. Consequently, (23.3.3) signifies that the vertex closest to the measure
with DF Fy corresponds to the same value of the parameter 6 (and not to some other
value 0;).

23.4 Estimating a General Parameter

We now consider the case of an arbitrary one-dimensional parameter, which is
approximately the same as the case of a location parameter. We just carry out formal
computations assuming that all necessary regularity conditions are satisfied.

Let xi,...,x, be a random sample from a population with DF F(x,0), 6 €
® C R'. Assume that p(x, 8) = pg(x) is the density of F(x, §). The estimator

0* = argmingoN(F,", Fy)

is an M -estimator defined by the equation
1 n
= glxj.0) =0, (23.4.1)
n
—

where

g(x,0) = /E(x,v)pé(v)dv—/ /E(u,v)pg(u)pé(v)dudv.

—00 —00

Here, L(u, v) is a negative definite kernel, which does not necessarily depend on the
difference of arguments, and the prime ’ denotes the derivative with respect to 6. As
in Sect. 23.2, the necessary condition for consistency,

Epg(x,0) =0,

is automatically fulfilled. The asymptotic variance of 6* is given by

Var ( 70 L(x,v)p,, (v)dv)

092* =

00 00 2"
(_f . L(u,v)py(u) p;(v)dudv)

We can proceed similarly to Sect.23.3 to obtain the corresponding results in this
case. Since the calculations are quite similar, we do not state these results explicitly.
Note that to obtain the existence and uniqueness of 8* for sufficiently large n,
we do not need standard regularity conditions such as the existence of variance,
differentiability of the density with respect to 8, and so on. These are used only
to obtain the estimating equation and to express the asymptotic variance of the
estimator.
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In general, from the construction of 8* we have
N(FY, Fop=) < N(F), Fy) ass.,
and hence

EgN(F,, Fgx) < EgN(F,, Fy)

- %/ /E(X’Y)dF(xﬁ)dF(y,@)Wo. (23.4.2)

—00 —00

In the case of a bounded kernel L, the convergence is uniform with respect to . In
this case it is easy to verify that n N (F,, Fy) converges to

- / / L. y)dw® (F(x. 0)dn® (F(y. 0))

—00 —00

as n — oo, where w° is the Brownian bridge.

23.5 Estimating a Location Parameter: Third Approach

Let us return to the case of estimating a location parameter. We will present an
example of an estimator obtained by minimizing the 91-distance, which has good
robust properties. Let

|x| for|x| <r

£r(x) = r  for|x| >r,

where r > 0 is a fixed number. The famous Pélya criterion’ implies that the
function f(t) = 1 — }Er (t) is the characteristic function of some probability
distribution. Consequently, £, (¢) is a negative definite function. This implies that
for a sufficiently large sample size n there exists an estimator 8* of minimal 9"
distance, where N is the kernel constructed from L, (x — y). If the distribution
function F(x — 6) has a symmetric unimodal density p(x — 6) that is absolutely
continuous and has a finite Fisher information

00 ’ 2
I =/ (p (x)) p(x)dx,
—o00 \ P(X)
then we conclude by (23.4.2) that 8* is consistent and is asymptotically normal. The
estimator 6* satisfies (23.2.5), where

2See, for example, Lukacs (1969).
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o0

1) = / £/(x —v)p()dv

—0o0

and
0 for |u| >r,
1 forO<u<r,
0 foru =0,
—1 for —r <u<0.

L' (u) =

This implies that 6* has a bounded influence function and, hence, is B -robust.’

Consider now the estimator 6’ obtained by the method discussed in Sect.23.3.
It is easy to verify that this estimator is consistent under the same assumptions.
However, 0’ satisfies the equation

Xn:.c’(x,- —0) =0,

=1

so that it is a trimmed median. It is well known that a trimmed median is the most
B-robust estimator in the corresponding class of M -estimators.*

23.6 Semiparametric Estimation

Let us now briefly discuss semiparametric estimation. This problem is similar to that
considered in Sect.23.4, except that here we do not assume that the sample comes
from a parametric family. Let x|, ..., x,, be a random sample from a population
given by DF F(x), which belongs to some distribution class P. Suppose that the
metric 91 is generated by the negative definite kernel £(x, y) and that P C B(L).
B(L) is isometric to some subset of the Hilbert space §). Moreover, Aronszajn’s
theorem implies that §) can be chosen to be minimal in some sense. In this case, the
definition of 91 is extended to the entire §).

‘We assume that the distributions under consideration lie on some “nonparametric
curve.” In other words, there exists a nonlinear functional ¢ on $ such that the
distributions F satisfy the condition

¢(F) = ¢ = const.

The functional ¢ is assumed to be smooth. For any H € $)

3See Hampel et al. (1986).
4See Hampel et al. (1986).
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. N(F +tH,G)— N(F,G)
i : -

> / / L(x.)d(G(x) — F(x))dH(y)

—00 —00

= (grad N(F,G), H),

where G is fixed.
Under the parametric formulation of Sect. 23.4, the equation for 6 has the form

d
—N(Fy, F*) =0,
9 (Fo. F,))

that is,
N d
grad N(F, F,))|r=r,, —Fp)=0.
do
Here, the equation explicitly depends on the gradient of the functional N(F, F).
However, under the nonparametric formulation, we work with the conditional

minimum of the functional N(F, F,*), assuming that F lies on the surface ¢ (F) =
C. Here, our estimator is

F*= argmin N(F,F)).
Fe{F:p(F)=c}

According to general rules for finding conditional critical points, we have
grad N(F*, F¥) = A grad ¢ (F*), (23.6.1)

where A is a number. Thus, in the general case, (23.6.1) is an eigenvalue problem.
This is a general framework of semiparametric estimation.
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Chapter 24
Some Statistical Tests Based on $)t-Distances

The goals of this chapter are to:

» Construct statistical tests based on the theory of 91-distances,
» Study properties of multivariate statistical tests.

24.1 Introduction

In this chapter, we construct statistical tests based on the theory of 91-distances.
We consider a multivariate two-sample test, a test to determine if two distributions
belong to the same additive type, and tests for multivariate normality with unknown
mean and covariance matrix.

24.2 A Multivariate Two-Sample Test

Here we introduce a class of free-of-distribution multivariate statistical tests closely
connected to J1-distances.

Let £(x, y) be a strongly negative definite kernel on R? x R?. As always, we
suppose that £ satisfies

L(x,y) =L(y,x) and L(x,x) =0 forall x,y € X.

Suppose that X,Y are two independent random vectors in R, and define one-
dimensional independent random variables (RVs) U, V' by the relation

U=CLX.Y)—L(X, X)), (24.2.1)
V=LY - LX",Y". (24.2.2)
S.T. Rachev et al., The Methods of Distances in the Theory of Probability and Statistics, 581
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Here, X L x

independent.
It is clear that the condition 91(X,Y) = 0 is equivalent to N'(X,Y) = 0, which
is equivalentto EU = EV. But

< X", and all vectors X, X', X", Y,Y’,Y"” are mutually

NXY)=0 < X2y = v iy
Therefore, under the conditions
EL(X,X') <00, ELY,Y') < oo, (24.2.3)

we have
XLy < vivy (24.2.4)

. . . . d
Assume now that we are interested in testing the hypothesis H, : X = Y for
multivariate random vectors X, Y. We have seen that, theoretically, this hypothesis

is equivalent to H, : U Ca V, where U, V' are random variables taking values in
R!. To test H ., we can use a arbitrary one-dimensional free-of-distribution test, say
the Kolomogorov—Smirnov test. It is clear that if the distributions of X and Y are
continuous, then U and V have continuous distributions, too. Therefore, the test for
H will appear to be free of distribution in this case.

Consider now the two independent samples

Xi,.... Xu; Yi,....Y, (24.2.5)

from general populations X and Y, respectively. To apply a one-dimensional test to
U and V, we must construct (or simulate) the samples from these populations based
on observations (24.2.5). We can proceed using one of the following two methods:

Method 1. Split each sample into three equal parts, and consider each of the parts
as a sample from X, X', X” and from Y, Y’, Y”, respectively. Of course, this
methods leads to essential loss of information but is unobjectionable from a
theoretical point of view.

Method 2. Simulate the samples from X’ and X" (as well as from Y’ and Y”)
by independent choices from observations X,..., X, (and from Y},...,Y,,
respectively). Theoretically, the drawback of this approach is that now we do

not test the hypothesis X Ca Y, but one of the identities of the corresponding
empirical distributions. Therefore, the test is, obviously, asymptotically free of
distribution (as n — 00) but generally is not free of distribution for a fixed value
of sample size n.

Let us start with the studies of test properties based on Method 1. We simulated
5,000 pairs of samples of volume n = 300 from two-dimensional Gaussian vectors,
calculated values of U and V (the splitting into three equal parts had been done),
and applied Kolmogorov—Smirnov statistics. The values of U and V' were calculated
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Fig. 24.1 The p-values for 1
simulated (dashed line) and
theoretical 0.8
Kolmogorov—Smirnov (solid
line) test 06
0.4
0.2
0.2 0.4 0.6 0.8 1
Fig. 24.2 Power of test 1
under two-component
location alternatives 0.8
0.6
0.4
0.2
0.2 0.4 0.6 0.8 1 1.2
for the kernel L(x, y) = |Jx — y|| with an ordinary Euclidean norm. The results of

the simulation for the p-values are shown in Fig. 24.1 by the dashed line. The solid
line corresponds to theoretical p-values of the Kolmogorov—Smirnov test when the
sample size equals 100.

As can be seen in Fig.24.1, the graphs appear to be almost identical. In full
agreement with theory, simulations show that the distribution of the test under zero
hypothesis does not depend either on the parameters of the underlying distribution
or on its dimensionality. We omit the corresponding graphs (they are identical to
those of Fig.24.1).

Let us now discuss the simulation study of the power of the proposed test using
Method 2. We start with location alternatives for X and Y. In other words, we test
the hypothesis H, : X Ly against the alternative X Ly + 6, where 6 is a known
vector.

Figure 24.2 shows the plot of the power of our test for the following case.
We simulated samples of volume n = 100 from two-dimensional Gaussian
distributions. The first sample was taken from a distribution with zero mean vector

and covariance matrix
1o
A= ,
ol
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Fig. 24.3 Power of test under 0.8
one-component location
alternatives, correlation = 0.5
0.6
0.4
0.2
0.2 0.4 0.6 0.8 1 1.2
Fig. 24.4 Power of test
under correlation alternatives 0.6
0.5
0.4
0.3
0.2
0.1
0.1 0.2 0.3 0.4
where ¢ = 0.5. For the other sample, the Gaussian distribution was with the
same covariance matrix but having mean vector (0.2m,0.2m), m = 0,1,...,6.

The procedure was repeated 500 times for each sample. The portion of rejected
hypotheses is shown in Fig. 24.2.

Figure 24.3 shows a plot of the power of our test for almost the same case as in the
previous figure, but we changed only the first coordinate of the mean vector, i.e., we
had mean vector (0.2m,0), m = 0,1, ..., 6. The reduction of the power is natural
in this case because the distance between simulated distributions is approximately
1/+/2 times smaller in the second case.

As we can see from the results of the simulations, the correlation between
the components of the Gaussian vector do not essentially affect the power for the
scale alternatives. The simulations for different correlation coefficients show us that
the sensitivity of the statistic to such alternatives is essentially lower than that for
the location alternatives.

Figure 24.4 shows a plot of the power of our test for the following case.
We simulated samples of volume n = 2,000 from two-dimensional Gaussian
distributions. The first sample was taken from the distribution with zero mean vector

and covariance matrix
1l a
A B ( )7
ol

where o = 0, and the second one with zero mean vector and covariance matrix
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s (1P
#=(:7)

where 8 = 0.3m, m = 0,1,2,3. We see from the figure that the power is not as
high as it was for the location alternatives (here we have n = 2,000 while for the
location alternatives n = 100). This finding is expected because the distributions
being compared have the same marginals.

24.3 Testing If Two Distributions Belong to the Same
Additive Type

Suppose that zj, ..., zx (kK > 3) are independent and identically distributed random
vectors in R4 having the DF F(x). Consider the vector Z = (20 — z1,...,2d)-
It is clear that the distribution of the vector Z is the same as for random vectors
zj+0,j=1,....d,0 € RY. In other words, the distribution of Z is the same
for the additive type of F, i.e., for all DFs of the form F(x — ). The problem of
recovering the additive type of a distribution on the basis of the distribution of Z
was considered by Kovalenko (1960), who proved that recovery is possible if the
characteristic function has “not too many” zeros, i.e., the set of zeros is not dense in
any d -dimensional ball.

Based on the result by Kovalenko, it is possible to conduct a test to determine if
two distributions belong to the same additive type. Let Xy,..., X, and Y},...,Y,
be independent samples from the populations X and Y, respectively. We want to test

. d . .
the hypothesis X = Y + 6 for a constant unknown vector 6 against the alternative

d
X #Y + 6 forall 8. To construct the test we can do the following steps:

1. By independent sampling or by permutations from the values Xi,...,X,,
generate two independent samples X1,..., X, and X{,..., X"

2. By independent sampling or by permutations from the values Y1, ..., Y,, gener-
ate two independent samples Y/,..., Y, and Y/",... Y, .

3. Form vector samples
Zx = ((X{ —Mean(X'), X; — Mean(X")), ...,
(X, —Mean(X"), X, — Mean(X")))

and
Zy = ((Y{ —Mean(Y’), Y/" — Mean(Y")), ...,
(Y, —Mean(Y"), Y,” — Mean(Y"))).

4. Using the two methods described in the previous section, test the hypothesis that
the samples Zy and Zy are taken from the same population.
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Fig. 24.5 Power of test 1

under scale alternatives (split

sample) 0.8
0.6
0.4
0.2

2 3 4 5 6

Fig. 24.6 Power of test 1

under scale alternatives

(permuted sample) 0.8
0.6
0.4
0.2

N
w
IN
o
(2]

It is clear that Method 2 is theoretically good only asymptotically because of the
impact associated with sampling from the observed data. To avoid this impact, we
can (as we did in the previous section) split the original samples into a corresponding
number of parts. But our simulations show that Method 2 of permuting original data
works rather well. Consequently, usually we do not need to split the original sample.

We simulated 500 pairs of samples from Gaussian distributions (0, 1) and (3, o)
of size n = 300 each. Figure 24.5 shows a plot of the power of our test for the
case of split samples. The parameter o changes from 1 to 7.5 with step 0.3. On the
abscissa-axis we have m = 1+ (0 —1)/0.3. We used the kernel £(x, y) = |[x—|.

We also simulated 500 pairs of samples from Gaussian distributions (0, 1) and
(3,0) of size n = 100 each. Figure 24.6 shows a plot of the power of our test for
the case of permuted samples. The parameter o changes from 1 to 6 with step 0.2.
On the abscissa-axis we have m = 1 + (0 — 1)/0.2. We used the kernel L(x, y) =
|lx — y||. Comparing Figs. 24.5 and 24.6, we find that there is almost the same power
for both split and permuted samples.

Figure 24.7 shows a plot of the power of our test for the same case as for Fig. 24.6,
but we used the kernel £(x, y) = 1 —exp(—||x — y||?). A comparison to Fig.24.6
indicates that the last kernel produces a higher power. But this effect depends on the
underlying distribution (recall that the Gaussian is used to generate both figures).
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Fig. 24.7 Power of test 1

under scale alternatives,

L=1—exp ||-||2 0.8
0.6
0.4
0.2

24.4 A Test for Multivariate Normality

Undoubtedly, there is interest in tests to assess whether a vector of observations
is Gaussian with unknown mean and covariance matrix. Such a test may be
constructed based on the following characterization of Gaussian law.

Proposition 24.4.1. Let Z,Z',Z",Z" denote four independent and identically
distributed random vectors in R¢. The vector Z has a Gaussian distribution if and
only if

d 2 / 2 " 1 n
Z==-72'+=-2Z2"--7Z". 24.4.1
3 3 3 ( )
Suppose now that Zy, ..., Z, is a random sample from the population Z. We

can construct the following test for determining if Z is Gaussian.

1. Choosing independently from the values Zy, ..., Z, (or using permutations of
those values), generate Z/,...,Z,, Z{,.... Z),and Z", ..., Z).

2. Build two samples

X =(Zi,....Zy)

2 2 1 2 2 1
Y — 44 S _ Zgm N Z7 S _ _gm '

3. Test the hypothesis that X and Y are taken from the same population. According
to Proposition 24.4.1, this hypothesis is equivalent to one of the normality of Z.

and

Figure 24.8 shows the power of our test for the case where we simulated samples
of volume n = 300 from the mixture of two Gaussian distributions, both with unit
variance and mean 1 and 5, respectively. The mixture proportion p changed from 0
to 1 with step 0.1. Of course, the power is small near p = 0 and p = 1 because the
mixture almost corresponds to a Gaussian distribution [with the parameters (0, 1)
for p close to 0, and with parameters (5, 1) for p close to 1]. But the power is close
to 1 for p € (0.3,0.7).
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Fig. 24.8 Power of test for 1
normality with arbitrary
parameters 0.8
0.6
0.4
0.2
0.2 0.4 0.6 0.8 1
Fig. 24.9 Power of test for 1
normality with zero mean
0.8
0.6
0.4
0.2
0.2 0.4 0.6 0.8 1

We can use another characterization of the normal distribution with zero mean to
construct a corresponding statistical test. To do this, we can change the definition

2 2 1 2 2 1
)f=((gzj+ng—gzr)“.q(gzg+§Zg—§zy))

Y:(a+zg a+zg
V2T 2

Samples X and Y are taken from the same population if and only if Z is Gaussian
with zero mean and arbitrary variance.

Figure 24.9 demonstrates the power of our test for the case where we simulated
samples of volume n = 200 from a Gaussian distribution with parameters (a, 1).
Parameter a (mean value of the distribution) changed from 0 to 1 with step 0.1.

by
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Chapter 25
Distances Defined by Zonoids

The goals of this chapter are to:

* Introduce 1-distances defined by zonoids,
» Explain the connections between 91-distances and zonoids.

Notation introduced in this chapter:

Notation Description

h(K, u) Support function of a convex body
K, @K, Minkowski sum of sets K; and K,
Nt Unit sphere in RY

25.1 Introduction

Suppose that X is a metric space with the distance p. It is well known (Schoenberg
1938) that X is isometric to a subspace of a Hilbert space if and only if p? is a
negative definite kernel. The so-called 91-distance (Klebanov 2005) is a variant of a
construction of a distance on a space of measures on X such that 91> is a negative
definite kernel. Such a construction is possible if and only if p? is a strongly negative
definite kernel on X.

In this chapter, we show that the supporting function of any zonoid in R? is a
negative definite first-degree homogeneous function. The inverse is also true. If the
support of a generating measure of a zonoid coincides with the unit sphere, then
the supporting function is strongly negative definite, and therefore it generates a
distance on the space of Borel probability measures on R?.

S.T. Rachev et al., The Methods of Distances in the Theory of Probability and Statistics, 589
DOI 10.1007/978-1-4614-4869-3_25, © Springer Science+Business Media, LLC 2013
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25.2 Main Notions and Definitions

Here we review some known definitions and facts from stochastic geometry.

Let € (resp. €') be the system of all compact convex sets (resp. nonempty
compact convex sets) in R?. A set K € @ is called a convex body if K € ¢’; then
for each u € SY! there is exactly one number /(K u) such that the hyperplane

{(x e R : (x,u) — h(K,u) =0} (25.2.1)

intersects K, and (x,u) — h(K,u) < 0 for each x € K. This hyperplane is called
the support hyperplane, and the function A(K,u), u € S¢~' (where S¢~! is the
unit sphere), is the support function (restricted to S~!) of K. Equivalently, one
can define

h(K,u) = sup{(x,u), x € K}, ueR?, (25.2.2)
Its geometrical meaning is the signed distance of the support hyperplane from the

coordinate origin.
An important property of 1 (K, u) is its additivity:

h(K; @ Kz, u) = h(Ky,u) + h(Kz, u),

where K1 ® K, ={a+b: a € K, b € K} is the Minkowski sum of K and K.
For K € ¢ let K= {—k,k € K}. We say that K is centrally symmetric if K' = K’
for some translate K, i.e., if K has a center of symmetry.

The Minkowski sum of finitely many centered line segments is called a zonotope.
Consider a zonotope

k
Z =Pailvi.—v]. (25.2.3)
i=1

where a; > 0, v; € S?~!. Its support function is given by
k
WZ.u)=hz() = ailu.vi)l. (25.24)
i=1

We use the notation K’ for the space of all compact subsets of R? with the Hausdorff
metric

dp (K1, Ky) = max{ sup dist(x, K>), sup dist(y, K1)}, (25.2.5)
x€K YEK>

where dist(x, K) = inf,eg ||x — z]|.

ISee, for example, Ziegler (1995) and Benes and Rataj (2004).
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A set Z € €' is called a zonoid if it is a limit in a dp distance of a sequence of
zonotopes.

It is known that a convex body Z is a zonoid if and only if its support function
has a representation

h(Z,u) = /Sd_l [{u, v)|duz(v) (25.2.6)

for an even measure .z on SY~!. The measure y z is called the generating measure
of Z. It is known that the generating measure is unique for each zonoid Z.

25.3 Ot-Distances

Suppose that (X,2() is a measurable space and L is a strongly negative definite
kernel on X. Denote by B/ the set of all probabilities © on (X, 2l) for which there
exists the integral

/ / L0, y)du(x)du(y) < oo. (25.3.1)
xJx

For p, v € B consider
Ny =2 [ [ £teyautodno)
xJx
- [ [ et nanemane)
xJx
—/ / L(x,y)dv(x)dv(y). (25.3.2)
xJx
It is known (Klebanov 2005) that

M) = (Nw)

is a distance on .
Described below are some examples of negative definite kernels.

Example 25.3.1. Let X = R'. For r € [0, 2] define
Lr(x,y) =|x—yl"

The function £, is a negative definite kernel. For r € (0, 2), £, is a strongly negative
definite kernel.
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For the proof of the statement in this example and the statement in the next example
(Example 25.3.2), see Klebanov (2005).

Example 25.3.2. Let L(x,y) = f(x — y), where f(¢) is a continuous function on
R?, £(0) =0, f(—t) = f(t). L is a negative definite kernel if and only of

[

T dO(u), (25.3.3)

f@) = /Rd (1 —cos(, u))

where © is a finite measure on R“. Representation (25.3.3) is unique. Kernel £ is
strongly negative definite if the support of the measure ® coincides with the whole
space RY.

We will give an alternative proof for the fact that |x — y| is a negative definite
kernel. For the case X = R! define

L(x,y) =2max(x,y) —x —y = |[x —y|. (25.3.4)

Then L is a negative definite kernel.
Proof. 1t is sufficient to show that max(x, y) is a negative definite kernel. For

arbitrary a € R! consider

U (x) = gl’ T4 (25.3.5)

0, x>a.
It is clear that
Uug (max(x, y)) = ug (X)uq(y).
Let F(a) be a nondecreasing bounded function on R!. Define

K(x.y) = /_ a(max(x. y))dF (a).

o0

. . o noo
For any integer n > 1 and arbitrary cy,...,c, under condition )_ j=1¢j =0
we have

ZZK(X,’,XJ')C,‘C]' = /oo ZZuu(xi)ua(xj)cicde(a)

i=1j=1 TR =1 j=1

n 2
- / (Zua(x,-)ci) dF(a) > 0.

i=1
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But

K(x.y) = / ua(max(x. ))dF ()

= F(+o00) — F(max(x, y)).

Let us fix arbitrary A > 0 and apply the previous equality to the function

A fora > A,
F(a) = Fq(a) = ya for —A <a < A, (25.3.6)
—A fora < —A.

In this case, K(x,y) = A —max(x, y) for x,y € [-A4, A], and, as A — oo, we
obtain that max(x, y) is a negative definite kernel. O

Directly from the definition of a negative definite kernel and Example 25.3.1 we
obtain the next example.

Example 25.3.3. Letx,y € R, and f : R? — R!. Define

Llx,y) =[f() = fODI.
Then L is a negative definite kernel.

Of course, the mixture of negative definite kernels is again a negative definite
kernel.

Example 25.3.4. Let us choose and fix a vector § € S?~! and consider the kernel

Lo(x.y) = [{x.0) = (y.0)].

From previous considerations it is clear that Ly is a negative definite kernel on R?,
and for the o-finite measure &

Lz(x,y) = /S,H Lo(x, y)dE(O) (25.3.7)

is, again, a negative definite kernel.

Consider expression (25.3.2) constructed on the basis of (25.3.7). Let us rewrite
(25.3.2) in a different form. Suppose that X and Y are two random vectors in R?
with distributions p and v, respectively. We write N'(X,Y) instead of N (u,v),
so that

N(X,Y) =2ELs(X,Y)— ELz(X, X') — EL=(Y,Y"),
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where X’ £ X and Y’ £ Y are independent copies of X and Y, respectively. Note

.o d - T
that we use the sign = for the equality in a distribution. We have

N(X.Y) = E/ [4 max((X, 0), (Y, 0))
gd—1

—2max((X, 8), (X', 6)) — 2max({Y, 8), (Y', 0))|dE(6).

Denote Xy = (X, 0), Yy = (Y, 0). Then

A
N((X.Y) = 2/Sd_l Ali_)n;oE/_A(ua(Xg)ua(Xé)

Fita(Yo)ua(Yg) — 2uq(Xo)ua(Yo))dFa(a)dE (0).

But Eu,(Xg) = Pr{Xy < a}, and therefore
A
N(X,Y) =2 lim dE(@)/ (Pr{Xg < a}Pr{X} < a}
A—00 [Jgd—1 —A
FPr{Yy < a}Pr{Y] < a} — 2Pt{ Xy < a}Pr{Yy < a})dFA(a)

- 2/SH dE(0) /_Z(Fg(a) — G(;(a))zda,

where Fy(a) = Pr{Xy < a}, Gg(a) = Pr{Yy < a}. So finally we have

NX,Y) = Z/Sd_l dE(6) /_oo (Fg(a) — Gg(a))zda. (25.3.8)

1/2
If the support of E coincides with S¢~!, then M(X,Y) = (/\/ (X, Y)) is a
distance between the distributions of X and Y.
Let us return to the kernel

Lo(x,y) = 2max((x,0), (y.0)) — (x,0) — (y.0).

Choose arbitrary 6, € S¢~!, and consider the measure

[a]

1
0o = 5(800 + 5—00)a

where §g, is the measure concentrated at point 6,. Then
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Lz, (x,y) = /SH Lo(x, y)dE,(0)

= max((x, 6,). (v, 6)) + max(—(x,6,), =(y.60))
=[(x—y.0).

Now, if we have an arbitrary even measure E; on sphere S?=1 then
Loeon) = [ £t aE0)
— [ l-r.0E.0)
§d—1
is a negative definite kernel. Let us note that the function
h(z) = /d l(z, 0)|dE,(F), zeR? (25.3.9)
S —1

is the support function of a zonoid with generating measure ;.
Summarizing all the preceding relations we may formulate the following result.

Theorem 25.3.1. Each zonoid Z generates a negative definite kernel on R?

Lo(y) = ha(x—y) = /S 7. 6)lduz6), (253.10)

This kernel is strongly negative definite if the support of (= coincides with the
whole sphere SY~!, and

NGrv) =2 /R d /R L2 AR () - /R d /R L2(x DAp(Ida()

_ / / Lz(x, y)dv(x)dv(y)
R4 JRI

is the square of a distance between measures p,v € B.. This distance has the
following representation:

[e’¢) 1/2
N(w,v) = (/Sdl d[tz(@)/_ (Fg(a)—Gg(a))zda) , (25.3.11)

where

w(A) =Pr{X € A}, v(A) = Pr{Y € A},
Fy(a) = Pr{(X, ) < a}, Gy(a) = Pr{(Y,0) <a). (25.3.12)
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According to Example 25.3.2, the function hz(u) from (25.3.10) may be
represented in the form (25.3.3). Let us investigate the connection between uz
in (25.3.10) and ® in (25.3.3). To do so, we will use the following identity:

2 [ dt
lz| = ;/O (1—cos(zt))t—2. (25.3.13)
We have
hz(u) = / / 1 — cos{u, 9)) dﬂz(@)
§d—1

_ 1+ |v]?

_;/Rd(l—cos( ) g 400,
So

2 1
dO®) = ———=drdu(0),
(1) = = didu(®)
v=t-0, 0eS" t>0. (25.3.14)
If hz(u) is a support function of a zonoid Z, then clearly
hz(t-u)=rthz(u

forall T > 0 and u € R?, and, as was shown previously, hz(x — y) is a negative
definite kernel. The inverse is also true.

Theorem 25.3.2. Suppose that f is a continuous function on R? such that f(0) =
0, f(—u) = f(u). Then the following facts are equivalent:

Fact 1. f(r-u) = tf(u) and f(x — y) is a negative definite kernel.
Fact 2. f is a support function of a zonoid.

Proof. Previously we saw that Fact 2 implies Fact 1, and we must prove only that
Fact 1 implies Fact 2. According to Example 25.3.2,

fu) = / (1= cos(u, v))dO;(v), (25.3.15)
]Rd
where
2
a0, = 46 ),
[v]I?

and O is the measure from (25.3.3).
We have

f-u)=1tf(u) (25.3.16)

forany 7 > 0, u € R?. Substituting (25.3.15) into (25.3.16) and using the
uniqueness of the measure ® in (25.3.3) we obtain
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/Rd(l —cos(t - u,v))d@l(v) = r/

(1 — cos{u, v))d@l(v),
R4

(1 —cos(u,v))d®(v/7) = r/ (1 — cos{u,v))d®;(v)
R4
and
O1(v/7) = 10,(v).
We write here v = r - w for r > 0 and w € S?~!. We have
Oi(rt-w) =100 -w)

and, finally, fort = r,
1
Oi(r-w) =-0;(w). (25.3.17)
r

It is clear that representation (25.3.15) for ®; of the form (25.3.17) coincides with
(25.3.14).2 O

Note that the 91-distance can be bounded by the Hausdorf distance. Let Z,, and
Z, be two zonoids with generating measures p and v, respectively. The following
inequality holds for their supporting functions 4(Z,,, u) and (2, u):

[h(Zp,u) —h(Z,,u)| <dy(Z,. 2)).
Obviously, from this inequality it follows that
N(p,v) <2du(2,, 2,),
and therefore

N, v) < 2du(Z,, 2,))"% (25.3.18)

Note that each 91-distance generated by a zonoid is an ideal distance of
degree 1/2.
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Chapter 26
Di-Distance Tests of Uniformity
on the Hypersphere

The goals of this chapter are to:

» Discuss statistical tests of uniformity based on the 91-distance theory,
* Calculate the asymptotic distribution of the test statistic.

Notation introduced in this chapter:

Notation Description

)?,T’ Smaller angle between X and Y
located on unit sphere

Pi(x) Legendre polynomial of order k

26.1 Introduction

Several invariant tests for uniformity of a distribution on a circle, a sphere, and
a hemisphere have been proposed. In this chapter, we propose an application of
-distance theory for testing the hypothesis of uniformity of spherical data. The
proposed procedures we discuss in this chapter have a number of advantages:
consistency against all fixed alternatives, invariance of the test statistics under
rotations of the sample, computational simplicity, and ease of application even in
high-dimensional cases. Some new criteria of uniformity on S”~! based on 91-
metrics are introduced. Particular attention is devoted to p = 2 (circular data) and
p = 3 (spherical data). In these cases, the asymptotic behavior of the proposed
tests under the null hypothesis is established using two approaches: the first one is
based on an adaptation of methods of goodness of ¢-tests described in Bakshaev
(2008, 2009), and the second one uses Gine theory based on Sobolev norms; see
Gine (1975) and Hermans and Rasson (1985). At the end of the chapter, we present
a brief comparative Monte Carlo power study for the proposed uniformity criteria.
S! and S? cases are considered. Analyzed tests are compared with classical criteria

S.T. Rachev et al., The Methods of Distances in the Theory of Probability and Statistics, 599
DOI 10.1007/978-1-4614-4869-3_26, © Springer Science+Business Media, LLC 2013
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by Gine (1975) using a variety of alternative hypotheses. Results of the simulations
show that the proposed tests are powerful competitors to existing classic ones. All
the results reported in this chapter were originally obtained by Bakshaev (2009). All
of the proofs for propositions and theorems are provided in the last section of this
chapter.

26.2 Tests of Uniformity on a Hypersphere

Consider the sample X7, ..., X, of observations of random variable (RV) X, where
X; e R?and ||X;|| = 1,7 = 1,...,n. Let us test the hypothesis H, that X has a
uniform distribution on S”~!.

The statistics for testing H, based on 1-distance with the kernel L(x, y) have
the form

2 @ 1 & ,
T, =n ;;EYL(X,-,Y)—;i;lﬁ(X,-,Xj)—EE(Y,Y) . (26.2.0)

where X,Y,Y’ are independent RVs from the uniform distribution on § =1 and
EyL(X;,Y) = [ L(X;,y)dFy(y) is a mathematical expectation calculated by ¥
with fixed X;, i = 1,...,n. We should reject the null hypothesis in the case of
large values of our test statistics, that is, if 7, > ¢, where ¢, can be found from the
equation

Pro(T, > ¢cy) = .

Here Pry is the probability corresponding to the null hypothesis and « is the size of
the test.

Let us consider strongly negative definite kernels of the form L(x,y) =
G(||lx — y|), where ||.| is the Euclidean norm. In other words, G(.) depends on
the length of the chord between two points on a hypersphere. As examples of such
kernels we propose the following ones:

Lx,y)=x—y|% 0<a<2,

lx =yl
L+ [x =yl

L(x,y) = log(1 + [lx = y[*).

L(x,y) =

Note that these kernels are rotation-invariant. This property implies that the mathe-
matical expectation of the length of the chord between two independent uniformly
distributed RVs Y and Y’ on S7~! is equal to the mean length of the chord between a
fixed point and a uniformly distributed RV ¥ on S”~!. Thus, we can rewrite (26.2.1)
in the form
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1 n
T, =n[EGUY —Y'I - — 3~ G(IXi = X;1)]. (26.2.2)
=
In practice, statistics 7,, with the kernel L(x,y) = ||x — y||% 0 < o < 2, can be

calculated using the following proposition.

Proposition 26.2.1. In cases of p = 2, 3 statistic T,, will have the form

2R)T 1)/2)T(1/2 1 &
_ R+ D/2) (/)n—;ZnX,-—XjII“ (r=2),

! 7l (e +2)/2) 5=
2n 1 ¢
To= QR == == > IXi = X|I" (p=3),

ij=1
where R is the radius of a hypersphere and o € (0, 2).

In the case of L(x, y) = ||x — y||, test statistic (26.2.2) is very similar to Ajne’s
statistic A, the difference being that statistic A uses the length of the chord, whereas
here we use the length of the smaller arc given by

n 1 <
A==

ij=1

where ;; is the smaller of two angles between X; and X;,i,j = 1,2,...,n. One
can see that Ajne’s test is not consistent against all alternatives. As an example,
consider the distribution on the circle concentrated in two diametrically opposite
points with equal probabilities. Taking, instead of the arc, the length of the chord
leads to a consistency of the 91-distance test against all fixed alternatives:

T, »
B NXL Y,
n

where N'(X, Y) is the square of the D-distance between the probability distributions
of RVs X and Y.IfRVs X and Y are not identically distributed, then N'(X,Y) > 0
and 7,, —> oo asn — oo.

Further, we consider the asymptotic distribution of statistics (26.2.1) under
the null hypothesis. Particular attention is devoted to circular and spherical data
(p = 2,3). In these cases, the asymptotic behavior of the proposed tests under
the null hypothesis is established using two approaches. The first is based on an
adaptation of methods of goodness of ¢-tests described in Bakshaev (2008, 2009).
The second uses Gine theory based on Sobolev norms as demonstrated in Gine
(1975) and Hermans and Rasson (1985). For arbitrary dimension (p > 3) it is
rather difficult from a computational point of view to establish the distribution of
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test statistics 7, analytically. In this case, the critical region of our criteria can be
determined with the help of simulations of independent samples from the uniform
distribution on S7~1.

26.3 Asymptotic Distribution

26.3.1 Uniformity on a Circle

Here we consider the circle S! with unit length, that is, with R = % Let us
transform the circle — and therefore our initial sample X1, ..., X,,, X; = (X1, Xi2),

XA + X% = R*—to the interval [0, 1) by making a cut at an arbitrary point xo of
the circle

x o x* xeSh x*el0,1),

where x* is the length of the smaller arc xox.

It is easy to see that if X has a uniform distribution on S', then after the
transformation we will get the RV X* with uniform distribution on [0, 1). Let
L(x,y) be a strongly negative definite kernel in R?; then function H(x*, y*) on
[0, 1) defined as

H(x*,y*) = L(x,y) (26.3.1)

is a strongly negative definite kernel on [0, 1). In this case, 91-distance statistic 7",
based on H(x*, y*) for testing the uniformity on [0, 1) has the form!

1 1
TF = —n /0 /0 H(* y)d(Fy (%) = x)A(F () — y),

where F,(x*) is the empirical distribution function based on the sample
X5 Xy, XF € [0,1),i = 1,...,n. Due to (26.3.1), the following equality
holds

T, = T*, (26.3.2)

n

where T, is defined by (26.2.1).

Thus, instead of testing the initial hypothesis on S! using 7}, we can test the
uniformity on [0, 1) for X* on the basis of statistics 7" with the same asymptotic
distribution. The limit distribution of 7" is established in Theorem 1 in Bakshaev
(2009) and leads to the following result.

Theorem 26.3.1. Under the null hypothesis, statistic T, will have the same asymp-
totic distribution as a quadratic form:

ISee Bakshaev (2008, 2009).
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oo oo
— Akj ,
T=>)" Z o (26.3.3)
k=1j=1
where i are independent RVs having the standard normal distribution and

1 1
ay =2 [ [ HG yasinGek ) sinGry).
0 Jo

It is easy to see that in the case of rotation-invariant kernel L(x,y), the
considered transformation of S! to [0, 1) does not depend on the choice of the point
of cut.

Proposition 26.3.1. For the kernel L(x,y) = ||x — y||% 0,a < 2, we have

Hx*,y") = (sinrrd)a’

T

where d = min(|]x* — y*|, x*,Y™* € [0, 1).

26.3.2 Uniformity on a Sphere

In the case of a sphere, we also try to substitute the initial hypothesis of uniformity
on S? by testing the uniformity on the unit square. Consider sphere S? with unit
surface area, that is, RZ = %

Note that if X* = (X}, X;) has a uniform distribution on [0, 1)?, then the RV

has the form X = (X, X2, X3)
X1 = Rcosb, X, = Rsinb cos 6y, X3 = Rsin6 sin 6y, (26.3.4)

where
O = 27X, 6 = arccos(1 —2X7)

has a uniform distribution on S2.
Consider the strongly negative definite kernel H(x*, y*) on [0, 1)? defined by

H(x*,y*) = L(x,y), (26.3.5)

where L£(x, y) is a strongly negative definite kernel in R?, x*, y* € [0,1)%, x,y €
S? and the correspondence between x and x* follows from (26.3.4).

The 91-distance statistic, based on H(x*, y*), for testing the uniformity on [0, 1)?
has the form?

= [ [ HO A - A0 - ),

2See Bakshaev (2008, 2009).
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where F, (x*) is the empirical distribution function based on the transformed sample
X*. Equations (26.3.4) and (26.3.5) imply that

T,=T". (26.3.6)

n

Thus, the asymptotic distribution of 7,, coincides with the limit distribution of T*,
established in Bakshaev (2009, Theorem 2).

Theorem 26.3.2. Under the null hypothesis, statistic T, will have the same asymp-
totic distribution as the quadratic form

o

T = Z Aijki A/ %k Gij i (26.3.7)

ijkl=1

where {;; are independent RVs from the standard normal distribution,
ijkl = —/ Ay Ay, x.y € R?,
(0.1)
a;j, and Y (x, y) are eigenvalues and eigenfunctions of the integral operator A

Af(x) = /[01]2 K(x,y) f(y)dy, (26.3.8)
with the kernel

2 2
K(x,y) = [ [minCxi, y) = [ Tximi-

i=1 i=1

Note that if £(x, y) is a rotation-invariant function on a sphere, then the values
of statistics 7,, and 7,* do not depend on the choice of coordinate system on S2.
The main difficulties in applying Theorem 26.3.2 are due to the calculations of
eigenfunctions of integral operator (26.3.8). One possible solution was discussed in
Bakshaev (2009). Another possible solution is considered in the next subsection,
where the asymptotic distribution of the proposed statistics for some strongly
negative definite kernels is established with the help of Gine theory based on
Sobolev tests.

26.3.3 Alternative Approach to the Limit Distribution of T,

In this section, we propose an application of Gine theory of Sobolev invariant
tests for uniformity on compact Riemannian manifolds to establish the null limit
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distribution of some 91-distance statistics on the circle and sphere. We start with a
brief review of Sobolev tests.

Let M be a compact Riemannian manifold. The Riemannian metric determines
the uniform probability measure ;1 on M. The intuitive idea of the Sobolev tests of
uniformity is to map the manifold M into the Hilbert space L?(M, 1) of the square-
integrable functions on M by a function t : M — L?>(M, u) such that, if X is
uniformly distributed, then the mean of #(X) is O.

The standard way of constructing such mappings ¢ is based on the eigenfunctions
of the Laplacian operator on M . For k > 1 let E denote the space of eigenfunctions
corresponding to the kth eigenvalue, and set d (k) = dim Ej. Then there is a map #;

from M into Ej given by
d(k)

w(x) =Y fi(x)fi,

i=1
where f; : 1 <i < d(k) is any orthonormal basis of Ej.Ifal,a2,...is a sequence
of real numbers such that

> apd(k) < oo,
i=1
then
x> t(x) = Zaktk(x)
i=1

defines a mapping ¢ of M into L?(M, ). The resulting Sobolev statistic evaluated
on observations X;,..., X, on M is

Sufa}) = )Y (1(Xi), 1(X))),

i=1j=1

where (.,.) denotes the inner product in L2(M, ).
The asymptotic null distribution of statistic S,({ax}) is established by the
following theorem.*

Theorem 26.3.3. Let X1,..., X, be a sequence of independent RVs with uniform
distribution on M. Then

Sulach) > 3" até.
k=1

where {xi}7=, is a sequence of independent RVs such that for each k, yi has a
chi-squared distribution with d (k) degrees of freedom.

3For more details see Gine (1975) and Jupp (2005).
4See Bakshaev (2010, Theorem 3.4).
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Further, consider the 91-distance and Sobolev tests for two special cases of a
circle and a sphere.

Let M be the circle x7 + x3 = 1 in R%. Gine (1975) showed that in this case,
Soboleyv tests S, ({ax}) have the form

S, (ax)) = %Z Z cosk(X; — X;), (26.3.9)

k=1ij=1

with the limit null distribution established by Theorem 26.3.3, where y; are
independent RVs with a chi-squared distribution with d (k) = 2 degrees of freedom.

Consider the statistic 7,, on M with strongly negative definite kernel L(x, y) =
x — ¥, x,y € R% From Proposition 26.2.1 we have

~ X —X;
——- Z I =Xl = ——= Y sn ==L (26310

lj—l lj=1

where X; — X; and || X; — X || denote the length of the arc and chord between X;
and X, respectively.

Under the null hypothesis, the limit distribution of 7, is established by the
following theorem:

Theorem 26.3.4. If Xi,...,X, is a sample of independent observations of the
uniform distribution on a circle with unit radius, then

o0
d
%Tn Sy @ (26.3.11)

where X/% are independent RVs with a chi-squared distribution with two degrees of
Jfreedom and

2
, 1

ay = — (1 _r sin i) coskxdx.
2 2 2

We now consider -distance and Sobolev tests on a sphere. If M = S? is the
unit sphere xf + x% + x% = 1,thendy = (4m)~!sin HdOde, where i is the uniform
distribution on S and (6, ¢) are usual spherical coordinates. The general expression
of Sobolev tests on a sphere has the form

S,({ax}) = Z(zk + Da? Z Pi(cos X;, X ;). (26.3.12)

i,j=1

where m is the smaller angle between X; and X;, and P; are Legendre
polynomials

Pe(x) = (k12571 /dxF) (x? — 1)k,
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Under the null hypothesis, the limit distribution of S, ({ax}) coincides with the
distribution of RV

o0
> i i (26.3.13)

where )(%k 4+ are independent RVs with a chi-squared distribution with 2k + 1
degrees of freedom.

Consider the statistic 7, on S? with a strongly negative definite kernel £(x, y) =
[x — ]|, x,y € R3. From Proposition 26.2.1 we have

L —

. X, X;
——- Z 1X; = X;0l = 5= = D7 sin =5 (26.3.14)
11—1 lj=l

where X/,,Tj and || X; — X;|| denote the smaller angle and chord between X; and
X, respectively.
The asymptotic distribution of 7, is established by the following theorem.

Theorem 26.3.5. If X1,..., X, is a sample of independent observations from the
uniform distribution on S 2 then

3

o0
d
il > i g (26.3.15)
k=1

where )(%k 41 are independent RVs with a chi-squared distribution with 2k + 1
degrees of freedom and

1

x 3
a =~ / 1= 2 sin ) sinxP (cos x)dx, (26.3.16)
2 ) 255

where Py (x) are Legendre polynomials.

26.4 Proofs

26.4.1 Proof of Proposition 26.2.1

The stated formula follows directly from (26.2.2), and the property
E|lY =Y'|* = E|Y —a|",

where Y and Y’ are independent RVs uniformly distributed on S?~! and a, is an
arbitrary fixed point on S”~!.
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For the two-dimensional case calculate the expectation of the length of the chord
between fixed point a = (0, R) and a uniformly distributed RV Y:

2

Ela=Y|“= 5— [ R(Rcos’ ¢ + (Rsin” p — R)")*dg
0

za/Z—IRa 2

(1 — cos @)*?dg
7T

2a+1 R¢ 2
= / sin® pde
0

_ @R)°T((a + 1)/2)G(1/2)
- al'((a +2)/2)

In the case where p = 3, let us fix the point a = (0, 0, R) and calculate the average
length of the chord:

1 T T
Ella-Y|* = / / R?sin® 6 cos® ¢
47TR2 —7Jo
+ sin’ 0 sin? ¢ 4 (cos @ — 1)%)*/2dfdg
204/2Ra k4 b4
= / / (1 — cos 8)*/? sin 6dOdg
4 —xJo

2
= (2R)* .
( )a+2

26.4.2 Proof of Proposition 26.3.1

The kernel £(x, y) in the case of a circle equals the length of the chord between two

points x = (x1,x2) and y = (y1, y2) raised to the power of «. After the proposed
transformation, the length of the smaller arc between x and y is equal to

d = min(|x* — y*|, 1 — |x* — y*¥)).

The length of the chord of a circle with R = % based on the angle 2w d equals
sin(srd)/m. This completes the proof of the statement.

26.4.3 Proof of Theorem 26.3.4

Let us express statistic (26.3.10) in the form

4 n
T=— _Zlh(xf —- X)),
l,]=
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where i1(x) = 1 — 7 sin(x/2). The function /(x) can be represented in the form of
a series by a complete orthonormal sequence of functions {2 coskx} on [0, 277]

h(x) = ﬁZak coskx,
k=1

where
1 /2” T, X
ay = —— (1 — —sin —) coskxdx.

V27 Jo 22

Note that a; > 0 forall k = 1,2, . ... After some simple calculations, we obtain
2 T X T )
/ (1 — —sin —) coskxdx = 4/ sin x sin“ kxdx — 4
0 22 0

and

g ) ., ) wk ) k2 wk X
/0 sin x sin kxdx:—k/0 sm(l/k—2)x—2k+1/0 smde

4K°

= - l,k:1,2,....
Qk—Dk+1)

Thus, statistic 7, can be rewritten in the form of Sobolev statistic (26.3.9):
4 2 X«
;Tn == kzl 'Zl cosk(X; — X;),
—1i,j=

where a,% = oy /~/2. After that, the statement of the theorem follows directly from
Theorem 26.3.3.

26.4.4 Proof of Theorem 26.3.5

The proof can be done in nearly the same way as that of Theorem 26.3.4. Let us
rewrite statistic 7;, in the form

4 N
T, = 3—ni]Z=:lh(Xi,Xj),

where h(x) = 1 — (3/2)sin(x/2), and then decompose /(x) into a series by an
orthonormal sequence of functions {~/2k + 1P (cos x)} for x € [0, ],
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h(x) =Y V/2k + lay P(cos x),
k=1

where
/Zk 1 2 /4 2]
o = vaetrl / / (1 - Esin —) sin OPy (cos 0)dfde.
41 0 0 2 2

As aresult, statistic 7, can be expressed in the form of the Sobolev statistic (26.3.12)

4 1 e’} n -
3= ;];(Zk +Da; Y Pe(cos X;. X)),

ij=1

where +/2k + lai = ai. Applying Theorem 26.3.3 we obtain the assertion of the
theorem.
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